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EXTRACT FROM THE PREFACE TO THE 
FIRST EDITION 

The main purpose of the book is to give a logical connected 
account of the subject, by starting with the definition of “Number” 
and proceeding in what appears to me to be a natural sequence of 
steps. 

Since modern Analysis requires great precision of statement, and 
demands from the student a very clear understanding of its funda- 
mental principles, I have aimed at presenting the subject in such 
a way as to make every important concept clearly understood. The 
examples at the end of each chapter have been chosen mainly to 
illustrate the fundamental concepts, and most of them have been 
taken from a collection which I have made of questions suitable 
for examination and exercise work for my students. 

It is extremely difficult to acknowledge indebtedness to all the 
different sources in a work of this kind, and I am fully aware that 
I have benefited largely from most of the existing text-books and 
standard works on the subject, as well as from the lectures of 
Prof. J. E. Littlewood, F.E.S., and Mr S. Pollard of Trinity College, 
Cambridge. Since it is so often difficult to discover the rightful 
originator of particular theorems or modes of demonstration, no 
systematic attempt has been made to cite authorities; but where 
I have definitely borrowed from any recent work which appears to 
possess originality, acknowledgement has been made either in 
footnotes or in the text itself. 

Prof. W. E. H. Berwick very kindly read through part of the first 
draft of the manuscript, and made some helpful suggestions for 
which I am grateful. My sincere thanks are due to Prof. G. N. 
Watson, F.R.S., for valuable criticisms and suggestions which have 
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CHAPTER 1 


NUMBER 

11. Introduction. 

The foundation upon which the whole structure of the subject 
of Mathematical Analysis rests is the theory of real numbers. 

Accordingly an obvious starting-point for our study of this 
subject is the series of “natural numbers” 

2 ) ,,, f 71 ^ .... 

These numbers are so familiar that it seems quite reasonable to 
assume that the concept of “number” is one of our primitive, or 
even intuitive notions, and that consequently it does not require 
definition. In fact most of the existing text-books do begin by 
accepting the natural numbers as “known,” and therefore as not 
requiring definition. The reader who is satisfied with this point 
of view will be saved a good deal of preliminary difficulty by 
omitting much of the work with which the present chapter is 
concerned. 

The problem with which we are faced is to decide what we are 
to accept as ‘'given'' It would certainly be the easiest way out of 
the difficulty to accept the natural numbers as “given”; and 
without going outside what is usually understood to be “mathe- 
matics,” this is the only reasonable starting-point which can be 
made. 

There are two main reasons why we shall not accept the concept 
of number as a primitive concept which does not require definition. 
One reason is that by doing so we might be in danger of leading 
the reader to think that the foundations of the subject cannot be 
based upon anything more fundamental than “number” as a 
primitive undefinable concept. The second reason is that our 
preliminary investigation of a logical definition of number is the 
natural introduction to one of the best methods of defining an 
irrational number. 

It is often stated that the foundations of Real Variable Theory 
have not yet reached an entirely satisfactory position, and to a 
certain extent this may be true ; hut no reader who wishes to make 
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a systematic study of modern Analysis ought to remain in entire 
ignorance of the field of study which has been opened up by Frege, 
Bertrand Russell and others * in reducing to logic those arithmetical 
notions which had previously been shewn by Peano to be sufficient 
for mathematics. To consider this question fully would make this 
chapter unduly lengthy ; accordingly it has been thought sufficient 
to indicate the main essential ideas, and leave the reader to consult 
other treatises for a more detailed explanation f. 

No science is entirely self-contained ; each borrows the strength 
of its ultimate foundations from something outside itself, such as 
experience, or logic or metaphysics. This is the case with Pure 
Mathematics, and the definition of number which is given in this 
chapter is a logical definition ; hence some knowledge of that field 
of study which has come to be known as mathematical philosophy 
is unavoidable. 

Although the natural numbers seem to represent what is easiest 
and most familiar in mathematics, very few people would be 
prepared with a definition of what is meant by “number” or “1” 
or “3,” and a much greater difficulty arises when we consider 
how to define “0.” 

It may be remarked that 0 is a recent addition to the series of 
natural numbers, and the Greeks and Romans had no such digit. 

All the essential ideas involved in the logical definition of 
number will be explained as simply and as untechnically as possible; 
but however carefully we attempt to avoid difficult and unfamiliar 
phraseology, this chapter will unavoidably appear difficult, and 
perhaps artificial to the beginner. As we have already remarked, 
however, we must deal with these unfamiliar ideas, unless we are 
content to shirk all the difficulties by the unjustifiable assumption 
that we already understand what is meant by “number.” 

Historically, the progress of mathematics has been constructive 
in the direction of rapidly increasing complexity. In the case of 
number, with which we are now concerned, the natural numbers 
1 , 2 , 3 , ..., 71 , ... 

* Frege’s Grundlagen der ArithmetiJc (1884) gave the first correct logical definition 
of number, but the book attracted little attention, and its contents remained 
practically unknown until they were rediscovered by Russell in 1901, 
t The reader may profitably consult B. Russeirs Introduction to Mathematical 
Philosophy, and J. E. Littlewood’s Elements of the Theory of Real Functions (1926). 
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were the first to be considered, and their earliest use was in an 
ordinal sense, when they were employed for the purpose of counting. 
Our familiarity with the use of the natural numbers for counting 
is one of the chief obstacles to be removed before we are able to 
give a satisfactory definition of a cardinal number. The commonest 
every-day use of numbers (for the purpose of counting) is just the 
aspect of number which is least helpful for this purpose, and the 
definition of a cardinal number must not involve the use of counting. 
The importance of the distinction between cardinal and ordinal 
numbers will be emphasised as we proceed ; and the reader will 
see later that counting, although so familiar, is logically a very 
complex operation. All that need be said at the moment is that 
counting employs the natural numbers in an ordinal sense, and the 
logical definition of ‘‘order"' and “ordinal number” is by no means 
easy. 

The impossibility of defining a cardinal number by the process of enumera- 
tion is very obvious when viewed psychologically. “Counting/’ it is said, 
“ consists of successive acts of attention ; the result of such a succession is a 
number.’^ In other words, “the number seven is the result of seven acts of 
attention.” This makes the vicious circle obvious. 

The introduction of firactions into arithmetic was the next step, 
these arising naturally in connection with the problem of measure- 
ment i and their introduction was comparatively easy. On the 
contrary the negative numbers caused a great deal of trouble. For 
some time negative numbers were called absurd and fictitious, 
and the fact that the product of — a and — h could give a positive 
number ah was for a long time a difificulty to many minds*. The 
subsequent introduction of irrational numbers, such as jj. 

and did not excite much comment. In actual calculations 
approximate rational values were used, and it seemed quite 
natural to subject them to the same laws as rational numbers. 
Irrational numbers arose first in connection with geometry, with 
the discovery by the early Greek geometers that there is no 
fraction of which the square is 2, a result which naturally emerges 
out of the problem of determining the length of the diagonal of a 

* In the latter half of the eighteenth century, Maseres (1731-1824) and Frend 
(1757-1841) published works on Algebra and Trigonometry in which the use of 
negative numbers was disallowed, although Descartes had used them freely more 
than a hundred years before. 



4 


NUMBER 


[CH. I 

unit square. With the invention of algebra the same question 
arose in the solution of equations, but here it took a wider form 
involving also complex numbers, which will be discussed later. 

Although irrational numbers were discovered as early as the 
time of Pythagoras, no real advance towards constructing a rigorous 
theory of irrational numbers was made until the time of Weierstrass 
(1815-97) and Dedekind (1831-1916). It may be remarked that 
if we agree to accept the natural numbers as fundamental, and 
thereby avoid the necessity of considering any mathematical 
philosophy, even then some rigorous theory of irrational numbers 
is necessary before Analysis can be founded on a satisfactory basis. 
The definition of an irrational number which will subsequently 
be given is due to B. Russell, and it is a slight modification of 
Dedekind’s method. 

The other method of pursuing the study of mathematics is the 
reverse of the historical order of progress. Instead of pursuing the 
constructive process towards increasing complexity, we proceed, by 
analysing, to greater abstractness and logical simplicity. Instead 
of considering what can be defined and deduced from our initial 
assumptions, we examine whether more general ideas and principles 
can be found in terms of which our original starting-point can be 
defined or deduced. This second method is what characterises the 
study which has come to be known as mathematical philosophy. 
Thus, if our foundations are to be based farther back than on the 
mere postulation of the existence of the natural numbers, it can 
only be done by considering some of the questions with which 
mathematical philosophy is concerned. 

1*2. Fundamental notions. 

We now state what concepts must be taken as fundamental in 
order to give a definition of number. The following remarks may 
perhaps clear the ideas of the beginner, and help him to appreciate 
the definition which will subsequently be given. A trio of men is 
an instance of the number 3, and the number 3 is an instance of 
number, but the trio itself is not an instance of number. The* 
number 3 is not identical with any collection of terms having that 
number; it is something which all trios have in common, and 
which distinguishes them from other collections. It brings' us a 
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step nearer to the correct definition when we realise that number 
is to be regarded as something which characterises certain collections. 
The reference to a “collection” of objects introduces the first 
important concept, that of an aggregate. 

An aggregate (or collection) of objects which is conceived of as 
containing more or fewer objects is a concept which will be taken 
as primitive, and no attempt is made to define it. A great deal 
can be known about an aggregate without our being able to 
enumerate its members. The elements composing an aggregate 
need not possess any parity as regards size or any other special 
quality. For example, an aggregate may be “all the living creatures 
in the city of London,” “all the trees in a certain garden,” or any 
other collection of entities of entirely diverse characteristics. 

An aggregate, considered quite apart from the order of its 
members, is termed a class or set. 

A great part of mathematical philosophy is concerned with 
RELATIONS, and although only a few important relations enter into 
the discussions in this book, a few remarks may be helpful to the 
beginner. 

Amongst the most important kinds of relations is the class of 
“one-many,” “many-one,” and “one-one” relations*. If A and B 
denote two sets of entities, the relation between these two sets is 
“one-many,” if more than one member of the set B bears the given 
relation to each member of the set A. 

The following examples will make the ideas clearer. In countries where 
monogamy is practised the relation of husband to wife is oue-one, in poly- 
gamous coixntries the relation is one-many, and in Tibet, where polyandry is 
practised, the relation is many-one. The relation of father to son is one- many, 
that of son to father is many-one, but that of eldest son to father is one-one. 

The domain of a relation consists of all those terms which have 
the relation to something or other, and the converse domain consists 
of all those terms to which something or other has the relation. 

The field of a relation consists of the domain and the converse 
domain together. 

* The use of the word “one’* in the description of these relations is justifiable, 
for a meaning can be assigned to the above relations which does not require any 
concept of the cardinal number “ 1.” For an interesting remark on this point, see 
Littiewood’a Klements of the Theory of Real Functions (1926), p. 2, 
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A forther notion which is required is that of CORRESPONDENCE : 
this is the notion which underlies the process of tallying. The 
elements of one aggregate may be made to stand in some logical 
relation with those of another so that a definite element of one 
aggregate is regarded as correspondent to a definite element of 
another aggregate. 

Two aggregates which are such that to each element of the first 
there corresjponds one and only one element of the second, and to each 
element of the second there corresponds only one element of the first, 
are said to he in one-one correspondence. 

1*21. Definition of number. 

Two aggregates are said to be SIMILAR when there is a one-one 
correspondence which correlates their elements. Suppose now that 
all couples are in one bundle, all trios in another, and so on. In 
this way we obtain various bundles of collections. Each bundle is 
a set whose members are classes ; thus each is a set of classes. To 
decide when two collections are to belong to the same bundle we 
use the notion of similarity defined above. Given any aggregate, 
we can define the bundle to which it must belong as being the set 
of all those aggregates which are similar to it. 

We therefore give the following definition : 

The NUMBER of a class is the set of all those classes that are 
similar to it. 

According to this definition the set of all couples is the number 
2 ; the set of all trios is the number 3, and so on. 

Numbers in general have been defined as bundles into which 
similarity collects classes. A number is a set of classes such that 
any two of the classes are similar to each other, and none outside 
the set is similar to any inside the set. 

On the same lines the number 0 can be defined. The number 0 
is the number of terms in a class which has no members, and this 
class is called the null class. By the general definition of number, 
the number of terms in the null class is the set of all classes which 
are similar to the null class, and this is easily seen to be the set 
whose only member is the null class. The purely logical definition 
of the number 0 may therefore be given as follows ; 

The number 0 is the set whose only member is the null class. 
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1*3. Relations. 

The important type of relation known as a one-one relation has 
already been mentioned. The concept of one-one correspondence 
is of fundamental importance, for upon it depends the definition of 
number given above. There are, however, many other kinds of 
relations, and one very important type, “ serial relations,” will be 
needed when we define ‘"order.” 

The following examples of “one-one” relations may assist the 
reader to assimilate some of the essential ideas involved. 


Take the first ten integers (excluding 0), 

1, 2, 3, 8, 9, 10 (1). 

This set can clearly be correlated with the set of integers 

2, 3, 4, 9, 10, 11 (2); 


and the relation which correlates these two classes can be described as the 
relation of % to The relation is clearly one-one; also the domain and 

converse domain overlap, for all the members of class (1), save the first, are 
repeated in class (2), and class (2) contains only one new member, 11. 

If, instead of the relation of n to n+1, we take the relation of a number to 
its square, we obtain the set of integers 

1,4, 9, ...,64,81, 100 (3), 

which also bears a one-one relation to the set (1). 

1*31. Serial relations. 

An idea which obviously calls for attention is that of an aggregate 
whose members are arranged in a certain order. In defining 
number we considered aggregates quite apart from any question 
of order among their members. The numbers which we were able 
to define in this way are called cardinal numbers. 

An ordered aggregate, which appears to be a greater complexity 
than a class, is resolved in quite a simple way ; but before we can 
deal with ordered aggregates, serial relations must be understood. 
It will be seen that an ordered aggregate leads naturally to the 
definition of an ordinal number. 

In seeking a definition of order, the first thing to realise is that 
no set of terms has just one order to the exclusion of others; a set 
of terms has all the orders of which it is capable. It is true that 
the natural numbers (due to their employment for the purpose of 
counting) occur to us most readily in order of magnitude, but they 
are capable of an unlimited number of other arrangements. The 



NUMBEK 


8 


[CH. I 


definition of order is not therefore to be sought in the nature of 
the set of terms to be ordered, since the same set of terms has 
many different orders. The order lies, not in the set of terms, but 
in a relation among the members of the set, in respect of which 
some appear as earlier and some as later. 

The essential characteristics of a relation which is to give rise 
to order may be discovered by considering that in respect of such 
a relation we must be able to say, of any two terms in the set 
which is to be ordered, that one precedes” and the other “follows.” 
We require the ordering relation to have the following three 
properties : 

(1) Asymmetry. If x precedes y, y must not also precede x. 
We say that my given relation is asymmetrical when, if it holds 
from X to y, then it does not hold from y to x* 

Relations which do not give rise to series often do not have the property of 
asymmetiy. The relation “is the cousin of” is an example of this, for if x 
is the cousin of y, y is also the cousin of x. 

(2) Transitiveness. If x precedes y and y precedes z, then x 
must also precede z, A relation is transitive when, if it holds from 
X toy and from y to z, it also holds from x to z. 

The relation considered above is not transitive, for if x is the cousin of y, 
and y of z,x may not be the cousin of z, for x and z may be the same person. 
The relation “ sameness of height ” is transitive, but not asymmetrical. The 
relation “ father ” is asymmetrical but not transitive. The reader is advised 
to construct examples for himself. 

(3) Connectivity. Given any two terms of the class which is 
to be ordered, there must be one which precedes and the other 
which follows. 

A relation is connected, if given any two members x and y of its 
field, then either the relation holds from x to y or from y to x. 

The relation “ ancestor” has the first two properties, but not the third* 
Its failure to possess the third property makes it an insufficient relation to 
arrange the human race in a series. 

Definition. A relation is serial if it is asymmetrical, transitive 

and connected, 

A series is the same thing as a serial relation. 


We imply of course that the field of the relation considered is the human race. 
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1*32. Order, 

The three properties required in order that any given relation 
may be serial have now been examined. It is not possible, without 
greatly increasing the number of new ideas and technical terms, 
to go very deeply into the question of order] but to be able to 
understand the fundamental relation ‘4ess than*’ the following 
definitions are required : 

(1) A property is said to be hereditary in the natural number 
series, if whenever it belongs to a number n it also belongs to 
71 -f 1, the successor of n, 

(2) The successor of the number of terms in the class A is the 
number of terms in the class consisting of A together with Xy where 
X is any term not belonging to A. 

(3) A number m is said to be less than another number n when 
n possesses every hereditary property possessed by the successor of m. 

It is not difficult to prove that the relation “less than” so defined 
is serial, and that it has the finite cardinal numbers for its field. 
By means of the relation “less than” the cardinal numbers acquire 
an ordery and this order is the so-called “natural” order, or order 
of magnitude*. 

The generation of series by means of relations more or less resembling that 
of 71 to W.+ 1 is very common. The series of kings of England, for example, is 
generated by relations of each to his successor. This is probably the easiest 
way, where it is applicable, of conceiving the generation of a series. 

1*33. Cardinal and ordinal numbers. 

The distinction between a cardinal and an ordinal number is 
rendered difficult by the fact that each finite positive integer is 
made to serve two distinct purposes; it may he used to county 
when it is acting in the ordinal sense, and it may be used to 
number y when it is acting as a cardinal number. Symbolically there 
is no distinction whatever between a cardinal and an ordinal number, 
hut logically there is a fundamental difference between them. 
As we have already seen, the question of order is irrelevant to the 
definition of a cardinal number ; and it is partly in order to secure 
this important distinction between cardinal and ordinal numbers 
that the discussion of “serial relations” and “order”' has been given. 

* The questions considered in this section are only briefly mentioned. For fuller 
reference the reader is referred to Eussell’s book, loc. cit, Chs, i~vi. 
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Briefly it may be said that cardinal numbers are obtained from 
the idea of equivalence, ordinal numbers from the idea of likeness. 
The precise sig'nificance to be attached to these two terms can be 
seen in the following definitions : 

(1) Two aggregates A and B are equivalent (similar) if there 
is a one-one correspondenee between their members. 

(2) Two series 8 and T are like (ordinally similar) if there 
is a one-one correspondence between their members, preserving the 
order*. 

So long as our attention is confined to finite aggregates, rearrange- 
ment of the members of the aggregate cannot alter the ordinal 
number; in whatever way we count the members of a finite 
aggregate we always end up with the same number. Thus all the 
possible series which arrange the members of a finite class are like 
series. 

Two finite series which are like, are said to have the same ordinal 
number, and by analogy with the definition of a cardinal number 
we can give the following definition : 

The ORDINAL NUMBER of a series is the set of all those ordered 
aggregates that are like {ordinally similar to) it. 

The important distinction between cardinal and ordinal numbers is best 
seen by considering infinite aggregates. A simple example will suifice. 

Consider the two series 

(A) 1, 2, 3, n, 0, 

(B) 1, 2,3, .... 

The series (A) and (B) are not ordinally similar, for there is not a one-one 
correspondence which correlates each term of (A) with each term of (B) and 
which preserves the order, for there is no term in (B) with which the term 0 of 
(A) tallies. The ordinal number of the series (B) is usually denoted by a>, and 
the ordinal number of the series (A) is then denoted by oo-h 1. 

If these two series are considered classes, no account being taken of 
order, there is a one-one correspondence between them. 

(A) 0 , 1 , 2 , 3, ..., 72 -, 

(B) 1, 2, 3, 4, ..., 72-4-1, .... 

When (A) has been rewritten as (A'), the classes (A') and (B) are correlated 
by the one-one relation of n to Thus both (A) and (B) are classes 

which belong to the same set of classes, and the cardinal number which is 
characteristic of this particular set is denoted by (Aleph zero). 

* That is to say, a one-one correspondence in which, if x\ y' correspond to any 
r, y, then x' precedes y' if x precedes y. 
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The question of order has not been very fully discussed, but the 
reader should realise that we have indicated the lines on which it 
is possible to give a purely logical definition of the relation ‘dess 
than.” The phrase “less than” is not used in its primitive sense as 
referring to magnitude. By virtue of the definitions in §1*32, “less 
than” is a well-defined type of relation; it satisfies the three 
conditions which make it a serial relation (§ 1*31), so that when it 
is applied to the finite cardinal numbers it arranges them in a 
series. Thus whenever we have to deal with the ordered aggregate 
0, 1, 2, n, ... 

we are, in reality, dealing only with the relation “less than.” This 
relation, which is of the serial kind, is really what we mean by 
“the natural numbers arranged in ascending order.” 

1*4. Operations on classes. 

The reader has doubtless realised that classes and numlers are 
entities of different kinds, although it has been shewn that the 
definition of number depends on the concept of a class. The signs 
X of elementary algebra are conveniently employed to denote 
those operations on classes which are the obvious analogues of the 
operations of addition, subtraction and multiplication in elementary 
algebra. If A and B denote two given classes, the meaning of -d. -i- -B 
depends upon the definition of the addition of two classes which 
follows. 

When some or all of the formal laws of algebra are satisfied with 
new meanings assigned to the symbols , x, it is much more 
convenient to use these symbols than to try to invent new ones to 
replace them. The three concepts of class, cardinal number and 
ordinal number, involve three distinct algebras. 

If A and B denote two given classes, a and h two given cardinals 
and a and /5 two given ordinals, the meaning of the sign + is 
different in each of the expressions 

A +B, a + 6, a -h /9. 

Each new kind of number which is introduced involves a new 
algebra, for which it is necessary to shew, from the definitions, 
whether some or all of the fundamental laws of algebra hold. 

We now give the definitions of addition, subtraction and multi- 
plication of classes. 
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(1) Addition of classes* The sum class* 2^ of a set of classes A 
is the class consisting of every term which belongs to some class 
A of the set. 

The sum class of A and B is denoted by A that oi A, B 
and Ghy A+B^ Gy and so on. The sum class is independent of 
the concept of order, and 

A^B^B + A* 

(2) Subtraction of classes. If the class B is contained in the 
class Ay A— B denotes the class of those terms which belong to A 
but not to B. 

(3) Product of classes* The product HA of a set of classes is the 
class consisting of all those terms which belong to every class A of 
the set. For two given classes A and B, the product is written AB. 

It can be shewn that the formal laws of algebra, so far as they 
concern addition and multiplicationy are fulfilled, so that the nota- 
tion used for addition and multiplication of classes is convenient by 
its analogy with ordinary algebra. Thus 

(A^B)G = AG+BG=^CB-hGA. 

1*41. Operations on cardinal numbers. 

If a and b are two given cardinal numbers, a + 6 is defined to 
be the cardinal number of the class A+B, where A and B are 
exclusive classes f having cardinal numbers a and b respectively. 

The product ab is defined to be the cardinal number of the class 
of ordered couples {x, y), such that a; is a member of the class A 
and y is a member of the class B. 

It remains to define exponentiation. In order to render the 
definition of exponentiation suitable for extension to infinite classes, 
the best way to define it is as follows. Let P be the class of many- 
one correlations between the classes A and B; that is, correlations 
in which every member of B is partnered by some member of A, 
repetition of members of A being allowed. The cardinal number p 
of the class P (which is independent of the choice of the classes A 

* Although we are concerned only with finite classes, and with sets of classes for 
which the number of classes in any given set is finite, the definition of the sum class 
does not depend upon the number of classes A being finite. 
f Two classes are exclmive when they have no common member. 
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and B) depends only on a and b. The cardinal number p thus 
defined is We assume that 6=1=0 in the preceding definition. 
It is usual to define a® to be the cardinal number 1, and 0® is not 
defined. 

The genesis of the above definition in common sense is ''a kinds 
of things in b holes/' 

In the above definitions the classes A and B are required to be exclusive. 
Given any two classes A and B which are not necessarily exclusive, it is easy 
to construct two classes A' and B' which are exclusive, and such that A and 
A!y B and B' are similar ; for A' is the class of ordered couples {x, a), and B 
is the class of ordered couples (y, j3), where a and /S range respectively through 
the classes A and B*. 

1‘6. Real numbers. 

Cardinal and ordinal numbers have both been defined, but neither 
of these is capable as it stands of the extensions of the concept of 
number to negative, fractional and irrational numbers. Logical 
definitions of these extensions will now be given. 

At the outset it must be emphasised that if m denotes any finite 
cardinal number as defined in § 1-21, m is not the same as + m, nor 

is m the same as y Further, it is not necessary that irrational 

numbers, such as the square root of 2, should find their place among 
rational fractions as being greater than some and less than others. 
In fact, distinctions of this kind must be made in order that precise 
definitions may be given. 

(i) Positive and negative integers. 

Both 4- 1 and — 1 are relations, and they are converses of each 
other. The obvious and sufficient definition of 4- 1 is that it is the 
relation of r?. 4- 1 to n, and — 1 is the relation of to n 4- 1. If m be 
any cardinal number, is the relation of m + n to u (for any n), 
and — m is the relation of n to m 4- n. The point to be emphasised 
is that 4- m cannot be identified with m, which is not a relation, but 
a set of classes. 

(ii) Fractions. 

The fraction mjn is defined to be that relation which holds 
between the two cardinal numbers p and q when pn~qm. The 

* For further details, the reader should refer to the books of Russell and 
Littlewood, loc. cit. 
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definition enables us to prove that min is a one-one relation 
provided neither m nor n is zero, njifn is the converse relation to 
mjn. Accordingly 7?^/l is the relation between the two cardinal 
numbers p and q which consists in the fact that p == Hence 
again, since w/1 is a relation, it cannot be the same thing as 
which is a set of classes. 

It can be seen that Qjn is always the same relation whatever 
number n may be: it is the relation of 0 to any other cardinal 
number. This is the zero of rational numbers, and it is not of course 
identical with the cardinal number 0. Conversely m/0 is always 
the same relation whatever m, but there is no cardinal number 
which corresponds to m/0: this may be called the “infinity of 
rationals.'’ It is to be noted that this ''infinity does not require 
for its definition the use of any infinite classes or infinite integers. 

Zero and infinity are the only relations among ratios which are 
not one-one: zero is one-many, and infinity is many-one. 

Greater and less among fractions are easily defined: m/n is less 
than piq if mq is less than pn. The relation less than so defined is 
serial, so that the fractions form a series in order of magnitude. 

Positive and negative ratios can be defined in a similar way to 
that used for defining positive and negative integers. The addition 
of the two ratios mjn and p/q is defined to be the ratio {mq -H pn)lnq, 
the product of the same two ratios is defined to be mpjnq. If x be 
any number, integral or fractional, the use of a ratio as an index is 
defined by the postulate 

The symbol is to be interpreted subject to this postulate 
provided that such interpretation is possible. 

Positive and negative ratios can be defined just in the same way 
as positive and negative integers. Thus d-p/q is the relation of 
mjn +plq to mjn, where mjn is any ratio; —pjq is of course the 
converse relation of pi q. 

The reader should note that the above method is not the only one which 
could be adopted for dealing with ratios, but it has the advantage of analogy 
with the method adopted for integers. It has been remarked by Hobson* 
that the above method is open to the objection that it is of an arbitrary 
character, and it is not easy to see why the particular laws of operation have 

* Theory of Functions of a Real Variable, i (1921), §§ 12, 13, 
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been postulated, except as suggested by the traditional n on-arithmetical con- 
cept of a fraction. To remedy this, Hobson gives another method of dealing 
with ratios, and the reader may refer, for an explanation of this, to the 
reference given in the footnote. 

(iii) Irrational numbers. 

The extensions of the domain of number by the introduction of 
fractional and negative numbers were suggested by the desirability 
of constructing a domain so complete that the operations of division 
and subtraction might always be possible. In the aggregate of 
rational numbers, the operations of addition, subtraction, multipli- 
cation and division are always possible operations, but it is easily 
shewn that the operation of determining a fractional power of 
a rational number is not, in general, a possible one. 

A simple proof can be given ^ that no positive integer m other 
than a square number hojS a square root within the aggregate of 
rational numbers. 

For, if possible, let m be the square of a rational fraction pjq in 
its lowest terms; thus p^-mq^ = 0. There always exists a positive 
integer n such that n^<m<{n + 1)^; we then get nj < p < (n -i- 1) 
Consider the identity 

(mq — npY — m (p — nff = —m) {p^ — mcf) = 0 : 

from this identity it follows that m is the square of a rational 
number {mq — np)l{p-‘ nq) whose denominator is less than g. This 
contradicts the hypothesis that m is the square of the fraction p/q 
which is in its lowest terms. Hence there can be no rational 
number whose square is m. 

As an illustration, consider the case in which m = 2. An ascend- 
ing sequence of fractions, all of which have their squares less 
than 2, can be found; and, by taking enough terms of the sequence, 
a number will be reached whose square differs from 2 by less than 
any assigned amount. 

Such a sequence, for example, is 

..., 1, 1-1, 1-2, 1-4, 1*41, 1-411, 1-412, 1-413, ... (A). 
Similarly a descending sequence can be found, such as 

..., 2, 1-7, 1-6, 1-5, 1-43, 1-42, 1*417, 1-416, ... (B), 
in which all the terms have their squares greater than 2. 

* The proof is due to Dedekind, Stetigkeit und irrationale Zahlen (Braunschweig, 
1872 ). 
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This fact naturally suggests that between these two sequences of 
fractions the square root of 2, if it is to exist, must lie. On these 
lines attempts have been made to define V2. We shall now explain 
the method given by Dedekind and then, by a modification of 
this method, the definition of an irrational number will be obtained. 

Suppose that all ratios are divided into two classes according as 
their squares are less than 2 or not. We then find that among those 
whose squares are not less than 2 (numbers such as appear in 
sequence (B) above) all have their squares greater than 2. There 
is no maximum to the ratios whose squares are less than 2, and no 
minimum to those whose squares are greater than 2. Clearly a 
similar argument applies to numbers other than 2. 

Thus all ratios can be divided into two classes such that all the 
terms in one class are less than all the terms in the other, there 
being no maximum to the lower class and no minimum to the 
upper class. 

This method of dividing all the terms of a series into two classes 
L and U, of which one wholly precedes the other, was adopted by 
Dedekind, and it is called a Dedekind cut‘f» There are four 
possibilities. 

(1) There may be a maximum to the lower section L and a 
minimum to the upper section U ; (2) there may be a maximum to 
L and no minimum to U ; (c3) there may be no maximum to L and 
a minimum to U ; (4) there may be neither a maximum to L nor 
a minimum to XJ. 

An example of case (1) is the series of integers. If all the 
integers not greater than 5 constitute class i, and all those greater 
than 5 constitute class U, L has the number 5 for maximum, and 
the number 6 is the minimum for U. The series of ratios illustrates 
cases (2) and (3). If the lower section L contains all ratios up to 
and including and [7 contains the remainder, then J is the 
maximum for L while TJ has no minimum. If the ratio ^ be 

* Another method of defining an irrational number has been given by Cantor, hut 
this theory depends upon the use of convergent infinite sequences, a concept which 
has not yet been considered. An account of Cantor’s theory can be found in 
Hobson’s Functions of a Meal Variable, i (1921), § 23 et seq. A brief note on Cantor’s 
theory is given in § 6 ‘S. 

t German Schnitt : French coupure. English writers usually speak of a Medekind 
section. 
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included in JJ instead of in Z, case (3) is similarly illustrated. An 
example of case (4) has already been considered, the sequences (A; 
and (B) above being composed of typical terms chosen respectiveh 
from the classes L and V. This fourth case is important, and we 
say that there is a “gap,” or that we have an “irrational section,” 
since sections of the ratios have gaps when they correspond to 
irrational numbers. 

Of the four kinds of Dedekind section, the first three are similar 
in that each section has a boundary, upper or lower as the case 
may be. A series is “ Dedekindian” if every section has a boundary. 
To draw the fourth case into line with the other three, Dedekind 
postulated the existence of an irrational limit to fill the gap; he 
set up his axiom that the gap must always be filled. 

In order to give a precise logical definition of irrational number, 
the unjustifiable postulation of this irrational limit must be 
avoided. It is clear that an irrational Dedekind cut in some way 
“represents” an irrational number, and by a modification of the 
Dedekind definition, Russell has given one which avoids the logical 
difficulty involved in Dedekind's postulate. 

The idea that an irrational number must be the limit of a set of 
ratios is rejected. Just as ratios whose denominator is 1 are not 
identical with integers, so those rational numbers which can be 
greater or less than irrationals, or can have irrational numbers as 
their limits, must not be identified with ratios. 

We define a new kind of numbers called real numbers, of which 
some will be rational, and some irrational. Those that are rational 
“correspond” to ratios in the same kind of way as the ratio njl 
corresponds to the cardinal number but they are not logically 
the same as ratios. To decide what they are to be, we observe that 
an irrational number is represented by an irrational cut, and 
that a cut will be represented by its lower section. If we coniine 
ourselves to cuts in which the lower section has no maximum, the 
lower section is called a segment"^. Those segments which corre- 
spond to ratios are those which consist of all ratios less than 
the ratio to which they correspond, and this is their boundary; 


* Since all the fractions a such that and all the fractions such that a < ^ 
are both lower sections corresponding to the nnraber ambiguity 13 avoided bj 
defiTiinp; the lower i^cguient to be a < 
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while those which represent irrationals are those that have no 
boundary. 

We now define a (signless) real number. 

A {dgnless) REAL number is a segment of the series of ratios in 
order of magnitude^ 

If the segment has no boundary it is an irrational number, but 
if it has a boundary it is a rational number. 

In accordance with this definition the real number 3, for example, 
is the aggregate of all rational numbers which are less than the 
rational number 3 (more precisely 3/1). The irrational number ^/^ 
is the aggregate of all those rational numbers which are negative, 
and all those which are positive and which have their squares less 
than 3, the number 0 being included in the aggregate. 

The reader will observe that the real number which corresponds 
to a rational number though logically distinct from Xy has no 
properties which differ from those of £c, and it is therefore usually 
denoted by the same symbol. This is analogous to the use of the same 
symbol n to denote both the cardinal number n and the ratio njl. 

There is no difficulty in defining addition and multiplication for 
real numbers as defined above. In fact, the extension of the term 
number to the real numbers is justified by the fact that it is possible 
to define the four fundamental operations for the real numbers in 
such a way that the formal laws of these operations are in agree- 
ment with those which hold for operations within the domain of the 
rational numbers. 

Given two real numbers a and each being a class of ratios, 
take any member of a and any member of /3 and add them together 
by the law of addition of ratios. Form the class of all such sums 
obtainable by varying the selected members of a and this gives 
a new class of ratios which can easily be shewn to be a segment of 
the series of ratios. We define it to be the sum a + yQ. 

Similarly the product of two (signless) real numbers is the chivss 
of ratios generated by multiplying a member of the one class by 
a member of the other in all possible ways. 

The definitions all extend to positive and negative real numbers, 
and to their addition and multiplication. 

It will be seen that arithmetical operations between two real 
numbers are reduced to operations with rational numbers. 



COMPLEX NUMBERS 


19 


1 - 6 ] 

1*6. Complex numbers. 

Although complex numbers are capable of a geometrical inter- 
pretation, they are not demanded by geometry in the same way as 
irrational numbers are demanded. A complex number means a 
number involving the square root of a negative number. Clearly 
since the square of a negative number is always positive, a number 
whose square is to be negative must be a new kind of number. It 
is customary to use the letter i to denote the square root of — 1, 
and any number involving the square root of a negative number 
can be expressed in the form x + iy, where x and y are real. 

The study of algebraic equations led to the introduction of 
complex numbers. We desire to be able to say that every quadratic 
equation has two roots, every cubic equation has three roots, and 
so on. If real numbers only are considered, the equation -{- 1 = 0 
has no roots, and — 1 = 0 has only one. Every generalisation of 
number has first presented itself as needed for some simple problem, 
but the reader should realise that extensions of number are not 
created by the mere need of them: they are created by the 
definition, and our object is now to define complex numbers. 

Complex numbers had been for some time used by mathema- 
ticians in spite of the absence of any precise definition. It was 
simply assumed that they would obey the formal rules of arithmetic, 
mainly because on this assumption their employment had been 
found profitable. 

By choosing one of several possible definitions, we state that a 
complex number is an ordered pair of real numbers. Thus (2, 3), 
(e, '^) complex numbers. If we write 2 = {x, y), x is 

called the real part and y the imaginary part* of the complex 
number z. 

(i) Equality. Two complex numbers are equal, if, and only if, 
their real and imaginary parts are separately equal. The equation 
z=:z implies that both x — x' and y = y\ 

(ii) Modulus. The modulus of 2 , written \z\, is defined to be 

+ + y^). It is an immediate consequence of the definition that 

I 1 = 0 if, and only if, a? = 0 and y = 0. 

* Although this terminology is now sanctioned by usage, it is very ill-chosen. 
The reader must realise that there is nothing imaginary about y ; it is just as 
“real” as the real part x. 
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(iii) Definition of the fundamental operatioiis. 

liz = {x, y) and z' ^{x\ f) we have the following definitions: 

( 1 ) z-\-z' is{x-Vx',y + y'). 

(2) - is (- - y). 

( 3 ) z-z'=^z + {-z')\s{x-x\y-yy 

(4) ^ is {xx' - yy\ xf + xy). 

From the definitions it is easy to deduce that the fundamental 
laws of algebra are satisfied. 

(a) The commutative and associative laws of addition hold, 
namely 

4- -2^2 = ^2 + i 

Zi 4- { z 2 4- >2^3) = (^1 4- <3^2) + ^3 = 4- ^2 4- ^3* 

{b) The commutative and associative laws of multiplication hold, 
Z1Z2 = i 

Zi {Z^Zz) = iZiZz) Zz = Z1Z2ZZ. 

(c) The distributive law holds, 

(jl 4 ‘S^ 2 )^ 3 = 2 'ir 3 -f ^ 22 ^ 3 * 

It will suffice, by way of illustration, to prove that the com- 
mutative law of multiplication holds. We have 

zizi= {xixi - 3/13/2, cciyz 4 - xzyi) = {xzXi - 3/23/1, x^yi 4 - Xiy^) = ^2-2^1. 
Any of the others are proved similarly by direct appeal to the 
definitions. 

We therefore see that complex numbers obey the same funda- 
mental laws as real numbers: their algebra will accordingly be 
identical in form, though not of course in meaning, with the 
algebra of real numbers. 

There is no order among the complex numbers; the algebra of 
complex numbers deals only with equalities; and the phrases 
“greater than” and “less than” have no meaning within the 
domain of complex numbers. Inequalities can only be introduced 
into relations between the moduli of complex numbers. The 
modulus of a complex number is of course a real positive number. 

It remains to define division: this can be deduced from the 
definition of multiplication. 

Consider the equation z^=^z' 

where z' = (x',y') and f 3 (f, 


( 1 ), 
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The equation (1) is 

-yn, XT) + y^) = {x', y"), 

SO that a:^— y 7} = oc\ X'r]^-y^ = y\ 

and solving these equations for f and tj, we get 

--(yy' +xx*j x'y — xy' 

Hence provided that | ^ 1 4= 0, there is a unique solution, and ^ is 
the quotient z'/z. 

It will be seen that division by a complex number whose modulus 
is zero is meaningless; this conforms with the algebra of real 
numbers. 

It cannot be emphasised too strongly that complex numbers 
and real numbers belong to entirely distinct domains. It is cus- 
tomary to denote complex numbers whose imaginary parts are 
zero by the real number symbol x. In order that no confusion of 
ideas may arise from this, it is essential to point out that the 
symbol x may have two meanings, (i) the real number x, (ii) the 
complex number (a?, 0) ; which of the two meanings is to be under- 
stood for it depends upon which domain is under consideration. 

It is customary to define the complex number (0, 1) to be i ; then 
we have 

= i = 0.1-hl.0) = (-l, 0). 

In accordance with the above we see that is not the real 
number — 1, but the complex number (— 1, 0). To say that is 
equal to - 1 implies that we are interpreting the symbol — 1 in 
the domain of complex numbers. 

The abbreviated notation leads to no ambiguities, for if x denotes 
the complex number {x, 0) and y denotes (y, 0), 

x^y=^{x, 0)+(y, 0) = (a;-Hy, 0), 

X ,y = (ic, 0) . (y, 0) = (^ . y ~ 0 . 0, a? . 0 + 0 . 2/) = (a? . 2/, 0). 

Thus, so far as sums and products are concerned, complex 
numbers whose imaginary parts are zero can be treated as though 
they were real numbers. With this convention for the abbreviated 
notation it is ti'ue that 


(.07, y)~x-{- iy. 
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For x + = {x, 0) + (0, 1) . {y, 0) 

= («, 0)4(0. y-1. 0,0. 0 + 1. y) 

= {x, 0) 4 (0, 2 /)= (« + 0, 0 + 2 /) =(/», y). 

In virtue of the relation just proved, we are allowed, in any 
operation involving sums and products, to treat x, y and i as though 
they were real numbers, replacing always by — 1. 

1*61. Complex numbers are only a special case of the theory of vectors^ in 
which the 7 i-dimensional vector can be denoted by ^n)? where the 

suffixes denote correlation with the integers used as suffixes, and the correla- 
tion is one-many, not necessarily one-one, because and x, may be equal 
when r is not equal to s. This definition, with a suitable rule of multiplication^ 
serves all purposes for which 7i-dimensional vectors are needed. 

In particular, in the three-dimensional case, we have the definitions 

(i) {x, y, y, z')^(x+x\ 

(ii) {x, y, z) . (^, y, zf)=^xaf+yy'+z 2 ^^ 

where the right-hand side is not a vector, and is called the “ scalar product,” 

(iii) F . {x, y, z) . ( 5 /, y, zf) = (y^' - y*z, zxf - z!x, x/ - xfy\ 
where the symbol F denotes what is called the “ vector product.” 

The components of the vector product are the co-factors of i, y, Jc in the 
determinant 

i, j, h 

I y, y, / 

The reader can easily verify that 

7 . {x, y, z ) . {xf, y', /)= - F . {of, y, y) . {x, y, z), 

which shews that the vector product is not commutative. 

If ^=(l,0,0), i=(0, 1,0), /r=(0,0,l), 

then it is easily verified that 

y = 0, K=0; 

the vector (.r, y, z) then behaves like xi-\-yj-{-zk, and the fundamental laws of 
algebra hold when applied to the sum and to the scalar product. 

Further information about vector algebra may be found by reference to 
any of the standard works which deal with the subject*. Yector algebra is 
of considerable importance in the modern treatment of certain branches of 
Applied Mathematics and Physics, but it does not come within the scope 
of this book. 

* For example, E. B. Wilson’s Treatise on Vector Algebra (Yale University Press 
1913 ). 
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1*62. Geometrical representation of a complex number. 

If we choose a pair of rectangular axes 0^, Oy in a plane, then 
a point P whose coordinates referred to these axes are {x^ y) may 
be regarded as representing the complex number x + iy. In this 
way, to every point of the plane there corresponds some one com- 
plex number ; and conversely, to every possible complex number 
there corresponds one, and only one, point of the plane. 

If we denote (x^ -f by r and choose 6 so that r cos 6 = x^ 
r sin ^ = y, then r and ^ are clearly the radius vector and vectorial 
angle of the point P, referred to the origin 0 and axis Ox. 

The representation of complex numbers thus afforded is often 
called the Argand diagram. 

By the definition already given it is evident that r is the 
modulus of z, where z = (a?, y) ; the angle 9 is called the argument^ 
or amplitude of z. 

We write ^ = arg^. 

The argument is not unique, for if ^ be a value of the argument, so also is 
+ ^ (w = l, 2, 3, ...). The prindpaZ value of arg 2 is that which satisfies 
the inequality - tt < arg ^ < jr. 

The reader who wants further information about the geometrical 
representation of a complex number, or who is unfamiliar with 
de Moivre’s theorem and its applications, must consult some other 
treatise*. 

It may perhaps be worth while to remind the reader that 
theorems on complex numbers may be readily illustrated by means 
of the geometrical representation mentioned above, but these in- 
tuitions do not constitute an analytical proof. 

The point of this remark will be illustrated in the next section. 

1*63. Theorem. The modulus of the algebraic sum of any number 
of complex numbers is not greater than the sum of their moduli. 

To fix the ideas, consider first only tivo complex numbers Zi and 
Z 2 : we shall prove that 

ki ± ^2 k i 1 + U 2 1 (1), 

* See for example Hobson’s Trigonometry, Oh. xm, or Hardy’s Pure Mathematics, 

Ch. III. 
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which is equivalent to proving that 

{(a;i ± + (yi ± + yi^)^ + + yi)^ ■ ■ -(2). 

Squaring both sides, we see that (1) is true if 

± 2 xiXi + yi® + yi + 2yiy2 < + y-^ + + yi 

+ 2 {(V + y^) (xi + yi)\^, 

i.e. if ± (xxXi. + yiyz) « {(«i® + y^) ipi + yi)]^, 

i.e. if {xxXi + yiy^'f 4, {xi + y^) (*2* + Vi), 

i.e. if 0 $ + yi®) {xi + y^) - (xix^ + yiy^y, 

i.e. if 0:g(a:iy2-a:2yi)% 

which is obvious, since the right-hand side is a perfect square. 

In a similar way, 

± ^2 ± 2^3 k I - 3 ^ 1 1 + 1-2^2 ± <2^3 I 

^ki| + k 2 |+k 3 |. 

Thus, in the case of n complex numbers we get 

ki i ^2 ± • • • ± k 1 2'i I + k2 1 + • • • + kft I (S). 

Ey adverting to the geometrical representation, we see that the inequality 
(1) expresses the well-known result that any two sides of a triangle are 
together greater than the third. 



If Pj denote the point {xuyi) and the point y^), then | | = ( 9 P,, 

I Z2 ( = 0P2=A.P3 and |3i+22l = dP3. Hence (1) is either equivalent to 
OPs^OP.+PiP, 

(equality holding only if Pj lies in OP3, that is when the oomplei numbers 
and 22 have the same argument) ; or else (1) is equivalent to 
AA^oPi+OPj, 

sincfcl I X J — Xj j .-ae 
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1*7. Conjugate complex numbers. 

If z = a} + iy, the conjugate complex number cc — iy is denoted 
by z. It is easy to see that the numbers conjugate to and 

h + % ^Eid ^ 1^2 respectively. 

The following three formulae are easily proved: 

\z\^ — zZj 2Rz = z + z, 2ilz = 2 — z; 
where Ez and Iz denote the real and imaginary parts of z. 

Proofs of theorems concerning complex numbers may frequently 
be simplified by the use of conjugate complex numbers. The 
theorem of § 1*63 may be neatly proved in this way: 

\zi + ^ 2 ! ^ = (^1 4 - Z2) (Zi 4 * Z2) 

== ZxZi -h ZiZ2-h Z1Z2 + Z2Z2 

= I'SlP + 2R(ZiZ2) + 

< |?iP + 21^1^21 + 

= (l^il + |^^|)^ 

and so \zi + 5^2! < |%| + \zt\- 

Also we have 

\zx-Zz\^ = \zi\^-2R{Zi,Zi)+ \zi\* 

>M'^-2\z,z^\+\z,f 

=i\zi\-\z 2 \y‘, 

leading to the important and useful inequality 


EXAMPLES I. 

1 . If a and are two real numbers for which Ai, Bi, ... are members of 

the respective L classes and A2, ••• Q-r© members of the corresponding 

U classes of a Dedekindian section of the rational numbers, prove that the 
class determined by .dli-f ^1, ... and the class determined by A2 + JB2J ... form 
a definite section of the rational numbers. 

[One member of each class plainly exists; it remains to prove that there is 
at most one rational number which is greater than every Aj + A l®ss 

than every J.2 + ^2* Assume that there are two such, and shew that this 
leads to a contradiction.] 

2 . Shew that the preceding example gives a unique meaning to the number 
a +13. Discuss similarly the definition of the real number a/3. 


3 
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3. By taking KusselPs definition of a real number, shew that Example 1 
can be modified to give the definition of 
[Dedekind defines the real number (when irrational) to be the “ cut which 
then separates the L class from the ^7 class. Russell defines it as the lower 
segment of the series of ratios. Example 1 establishes the existence of a 
definite unique lower segment which is the real number a-h/S.] 

J 4. Prove that between any two real numbers there lie both rational and 
irrational numbers. 

5. Shew that a parabola can be drawn to pass through the representative 
points of the complex numbers 

2-hi, 4+4t, 6+9^, 84-16% 104-26^. 

6. Prove that, if and sj are two complex numbers, 

(i) Mj| = |*,|.K|aEd|5|=j^, 

(ii) arg(^i;82)*=arg^i + arg22; arg )=arg5i -arg^j, 

\^2/ 

(iii) |*i-*2P+Ui + 2j|*=2|*iP+2U3|“. 

7. Discuss the loci on which 

respectively are constant, where ^ is a variable complex number, while o and 
l3 are fixed complex numbers. 

Prove that these loci cut orthogonally. 

. 8. If ^ be a complex number such that ||{|=1, prove that the point z 
given by 

g^4-^ 

i-y 

describes a circle as t varies, unless 1^1^=!. 

Wbat is the locus of z when | y | = 1 ? 

9. Prove that has exactly q different values, when j> and q are positive 
integers which are prime to each other. 

Factorise completely ih), 

and shew that the five values of z represent the vertices of a regular pentagon 
on the Argand diagram. 

10. Shew that 

i co4-Ci 24-. .. I ^ 1 1 h (1 - npj] z |), 

provided that | z | exceeds the greater of 1 and np, and p is the greatest of 
|co/c„ I, |c„_,/c, |. 
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1. Shew that the area of the triangle whose vertices are the points ^i, 
on the Aigand diagram is 

Shew also that the triangle is equilateral if 

+ V + ^3^ - ^2^3 - - Si^2“0. 

12. If 0<ao<ai<,..<anj prove that all the roots of 

are outside the circle of unit radius 1^1 = 1, 

13 . If a, i 3 are real and a is a complex constant, shew that if 

Ct^Jj ij + <35% ^ “1" ^2 — 0 

and a^-aa< 0 , then the values of 2i/% lie on a real circle, or on a straight 
line in a special case. 

14 . Shew that, if c is real, the equation 

(az + = 2 (bz + 60) 4- c 

represents a parabola. 


15 . Determine the regions of the 0-plane specified by 


2~a 

1-50 


<1, =1 or >1, 


where a is a complex number such that | a | < 1. 


16 . If 01 and 03 are two complex numbers such that 1 01 1 < 1 , 1 02 1 < 1 , shew 
that there exists a positive constant k (depending only on 01 and 02) such 
that, for every point 0 (other than 0=1) which lies inside the triangle whose 
vertices are the points 1, 01, 02 > 

yi 7 . If Pf g, r, 8 are all rational numbers, and 

(ps-gr)^+i(p-r) {q-s)=0, 

prove that either (i) p—r, q^s or else (ii) 1— pg and l—n are squares of 
rational numbers or are zero. 

J 18 . If all the solutions of the equations 

are rational solutions, prove that both 

a/{( 6 - m)2 - (a - ?) (c - n)] and ^J{{an - elf + 4 {am - hi) (cm - nh)} 
are rational, when a, 6, c, Z, n are rational numbers. 
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BOUNDS AND LIMITS OF SEQUENCES 
21. Introduction. 

We now introduce two concepts which are fundamental in 
Analysis j they are (i) the concept of a hounds and (ii) the concept 
of a limit 

The definition of a bound follows immediately from the defini^ 
tion of a real number, so that it is naturally the next subject for 
consideration in a logical order of development of Analysis. Before 
the actual definition can be given we must examine an important 
property of the aggregate of real numbers, or as it is sometimes 
termed, the continuum. 

If an irrational number is defined by Dedekind's method, a 
theorem, known as Dedekind^s theorem, must be proved. The 
theorem can be stated as follows : 

If the aggregate of real numbers is divided into two classes 
L and U in such a way that (i) every number belongs to one or other 
of the two classes, (ii) each class contains at least one member, and 
(iii) any member of L is less than any member of U, then there is 
a number a which has the property that all numbers less than it 
belong to L, and all numbers greater than it belong to U. The 
number a itself may belong to either class*. 

Dedekind’s theorem expresses the fact that the continuum is closed. In 
other words, the real numbers do not produce any further extension in the 
field of numbers. Real numbers are obtained as definite collections of rational 
numbers (see § 1'5), but collections of real numbers only yield real numbers, 
not some further extension to some still more general species of number. 

211. The Principle of Continuity. 

The reader will recall that the definition of a real number given 
in the previous chapter differs slightly from the one given by 
Dedekind f. The concept of a segment of the series of ratios, 
which was used to formulate the definition of a real number in 
Chapter i, will now be applied to the continuum. 

* The reader should notice that the aggregate of rational numbers does not 
possess this property. 

+ See Exs. I, note on Question 3; also § 1*5. 
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Imagine that all the real numheirs are laid out before us, and 
that we select one of these numbers, say a ; it is clear that a 
determines two segments of the aggregate of real numbers, a low&r 
segment and an upper segment : the number a itself is the dividing 
number, or the number which determines the segments. 

The characteristic property of a lower segment is that if /3 
belongs to the segment, then so do all the numbers less than 

Similarly the characteristic property of an upper segment is that 
if yS belongs to the segment, then so do all the numbers greater 
than /3. 

The assertion that every segment of the aggregate of real numbers 
determines a definite real number constitutes the PHnciple of 
Continuity. 

When allowance is made for the difference between Dedekind’s 
method and Russell’s method of defining real numbers, the reader 
will see that the Principle of Continuity is equivalent to Dedekind’s 
theorem. For this reason no proof of the latter theorem was given 
in §21. 

In the case of a lower segment, the boundary number a has the 
following properties : 

If X < a, then x belongs to the segment. 

If X > a, then x definitely does not belong to the segment. 

The number a itself may or may not belong to it. 

Similarly in the case of an upper segment, the number a has the 
properties : 

li x>OL, then x belongs to the segment. 

If < a, then x definitely does not belong to the segment. 

The number a itself may or may not belong to it. 

2*2. Upper and lower bounds of a set of numbers*. 

We now define two kinds of bounds, rough bounds and exact 
bounds. Let 8 denote any linear set of numbers x ; for example, 
S might be the set of numbers defined by the relation 0 < 1. 

If there exists a number H which is less than every number x 
of the set, then 8 is said to be hounded below, and H is called a 
rough lower hound. 

* We shall hereafter use the word “number” to mean “real number,” as 
defined in § 1*5. 
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Similarly if there exists a number K which is greater than every 
number x of the set S, then S is said to be hounded above, and K 
is a rough upper hound. 

The Principle of Continuity is needed in order to give the defini- 
tion of an “ exact bound/' If rough lower bounds exist at all, they 
form a lower segment, for if H' is less than H, then H' is another 
rough lower bound. The aggregate of rough lower bounds thus 
determines a definite real number. This real number, which will 
be denoted by m, is the {exact) lower hound* of the set of numbers S. 

Theorem 1. The lower hound m of a set of numbers S has the 
properties : 

(i) m ^ every number x of the set, (ii) m + e > some one number 
of the set at least, where e is an arbitrary positive number as small 
as we please. 

To prove (i), suppose that m>xi (say), where xi is a member of 
the set 8 , then 

m = iTi + S, 

where S is positive ; hence 

— JS >^i ; 

but m — and it is a rough lower bound. 

Hence the supposition that m>Xi leads to a contradiction ; and 
this establishes (i). 

To prove (ii), if possible suppose that 

m + e ^ every one of the numbers x of the set 8 
then m 4- Je < every one of the numbers x ; 

so that m + is a rough lower bound. This is impossible, for 
m + This contradiction establishes (ii), and the theorem 

is provedf. 

By a similar argument it may be shewn that there is an {exact) 
upper bound M determined by the upper segment which consists 
of the aggregate of rough upper bounds. 

* The word “exact” has only been used to distinguish between the two kinds of 
bound which have now been defined. In what follows, m will be called the “lower 
bound’’ of the set and the word “exact” will not be used unless it is desired to 
emphasise that the bound in question is not a “rough” bound. 

t The reader should be familiar with this mode of proof : it is frequently used in 
Analysis. 
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Theorem 2. The upper bound M of a set of numbers 8 has the 
properties ; 

(i) every number x of the set, (ii) M — e < some one number 
of the set at least. 

The proof, which follows the same lines as that of Theorem 1, is 
left as an exercise for the reader. 

It follows directly from the properties of M and m that 

M'^m, 

2*3. Limit points of a set of xmmbers. 

Before a formal definition is given, it may he said by way of 
general description that a '‘limit point” of an infinite set is a 
mimber in whose immediate neighbourhood is concentrated an 
indefinite number of members of the set. Consider, for example, 
the aggregate of points representing the numbers 

ill 1 

i, 2» 3^ •••> •••• 

In any interval, however small, extending from the origin to the 
right, there is an indefinite number of points of this aggregate. 
The origin is therefore a limit point, for an indefinite number of 
points of the aggregate are clustered about the origin. At a limit 
point the concentration of the members of the set has the property 
of endlessly great density. 

We now give a formal definition. 

The point a is a limit point of an infinite set E* if, however small 
6 may he, there is a point of the set E, other than a, whose distance 
from OL is less than e. 

If there is one such point within the interval (a — e, a + e) there 
must be an indefinite number ; for if there were only n of them, 
and On were the nearest to a, there would not be in a point 
other than a whose distance from a was less than | a — [ f. 

* The letter E, the initial letter of the French word ensemble, is often used to 
denote an arbitrary set of points. The German word corresponding to aggregate or 
set is Menge. 

t When « is a complex number, we have already defined the meaning of | a; |. If 
X be real, the symbol [a; | means simply the positive (or absolute) value of x. 
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2*31. Weieestkass's theorem. Every bounded infinite aggregate 
has at least one limit point. 

To fix the ideas, consider only a linear infinite set of points 
included in the interval (a, 6). Take any point c, such that a<c<h\ 
then since (a, h) contains an infinite set, there must be an infinite 
set either in (a, c) or in (c, b) or in both. Suppose, for definiteness, 
that there is an infinite set in (a, c). The set of points ^ in (a, c), 
such that none or only a finite number of members of this infinite 
set is less than £c, is bounded above by c, so that o, and every number 
greater than c, is a rough upper bound. The aggregate of rough 
upper bounds determines a unique number i, the upper bound of 
the set. The number ^ has the properties, 

^ ^ every ce, 

I - e< at least one r; ' 

hence in any interval (i-e, i -he) there are points of the infinite 
set in (a, c) other than The number f is therefore a limit point. 

2*4. The concept of a function. 

A function is merely a relation between real numbers. If x denote 
any real number, since ‘‘ the square of x is the relation between 
3^ and X, the phrase the square of x ” implies the existence of a 
function of x. The concept of a function of the real variable x will 
be more fully discussed in the next chapter, but for our present 
needs the concept of a function of the positive integral variable n 
must be understood. 

Let us consider the sequence of numbers 

^ 1 j ^ 3 ^ •••> Sfif 

it being understood that some law exists according to which the 

general term can be written down*. For example, if 2n + - , 

1 

we see that 

~ 3 , Sg = 4 ^ , §3 = 6^ , S4 = 8^ , .... 

Since, when n assumes in turn the integral values 1, 2 3 
there is a corresponding set of numbers Si, s^, sg, may be 

• The law of formation need not be embodied in any explicit formula which 
enables us to obtain s, for a given n by direct calculation. For example, a sequence 
{.„} may be defined by the statement that “s„=the decimal fraction for J2 Urmi- 

natGtl at thf? nth digit.” 
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described as a function of the integral variable n. Such a function 
may be denoted by <j) {n), so that all that is implied by the equation 

is that as n assumes in turn the values 1, 2, 3, ... there is a corre- 
sponding set of values of g, say yi, where 

gi-‘l>(^\ y2=<#>(2), gz = ^(S),.... 

The notation {s„} will be used to denote the infinite sequence of 
numbers 

^2) Szi Sn,} •••• 


2*5. Lixnits of sequences. 

The limit of a sequence {sn} as n increases indefinitely is an 
extremely important concept which needs to be discussed in some 
detail. Two phrases are of constant use, and they must be under- 
stood. They are, 

(1) “ For all sufficiently large values ofn,'* 

(2) ‘‘ For values of n as large as we please!' 

We now assign a definite meaning to each of these phrases. 

(1) Suppose that it is possible to find a fixed integer p such that 
whenever n>v the number Sn possesses some definite property. 
It need not possess this property for every value of n; all that we 
need to know is that it possesses this property for every value of n 
8LS soon as n exceeds a fixed integer p. If this is the case, we say 
that the property holds for all sufficiently large values of n. 

To illustrate this, consider an example of the kind in which this 
phrase occurs quite frequently in the theory of limits of sequences. 
If € denote an arbitrary positive number which may be as small 
as we please^, then we can say that, if s^ = l/n, 

“ s.fi < €, for all sufficiently large values of n/' 

This is easily seen, for 1/n < e whenever n'^p, if z/ is the greatest 
integer m 1 + - . 

The reader to whom this idea is novel, is advised to consider 
the above example in greater detail by assigning different small 
numerical values to 6,and calculating the corresponding values of v. 

* The symbol e will be used in this sense tbronpjhout the book. In future, tbare- 
fore, € will bo used without tho above description being repeated each time. 
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Two facts should be noticed, (1) that v is always an integer, 
and (2) that the value of v depends upon the chosen value of e. 
The latter statement is especially important, and it must be clearly 
understood by every reader who wishes to acquire a proper grasp 
of the theory of limits. 

To take numerical examples, if 

e = 01, = 

e=0’01, 

6 = 0 - 0001 , 1 ^ = 10 , 001 ; 

and so on. 

We shall often write v (e) to indicate the dependence of v upon 
the arbitrarily chosen value of e. It is to be emphasised that € is 
quite arbitrary, and to each chosen value of e there will be a cor- 
responding value of v* 

(2) A property is said to hold for values of n as large as we 
please,” if it holds for at least one value of n greater than any 
assigned JV", however large. The idea is perhaps best comprehended 
if we think of an attempt to prevent some property holding for { 5 »}. 
We endeavour to assign some large value If of n, such that when 
n^N a certain property of fails to hold. If no such value If 
of n can be found, we say that the property holds “/or values of n 
as large as we please'* 

For example, it is true that (- 1/ is greater than zero for values 
of n as large as we please, for no matter how large N may be, so 
long as n is an even integer (- 1/ > 0. Thus no integer If can be 
found so large that (—1)” is not greater than zero when n'^N, 
The reader should observe that we could not say that (— l/>0 
for all sufficiently large values of n, for whatever value is selected 
for V, every odd integer which exceeds v renders the inequality 
(_ l)w > 0 untrue. 

2*51. Upper and lower limits of a bounded sequence. 

Let {Sn} be any bounded sequence, H and K its lower and upper 
bounds. Any real number A which is such that 

A^Sn 

for all sufficiently large values of n, is called an inferior number 
for {sn}* Similarly a number B which is such that 

B s^ 
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for all sufficiently large values of is called a superior number 
for {Sn}- 

A number G which is such that G<Sn for an infinity of values 
of n, and also G>Sn for an infinity of values of n, is called an inter- 
mediate number. 

Consider the aggregate of all superior numbers. It is bounded 
below, for none of its members is less than H : this aggregate 
therefore has a lower bound which is denoted by A. 

Similarly the aggregate of inferior numbers has an upper bound 
which is denoted by X 

The number A is called the upper limit of the sequence { 5 ^} as 
n<^oo, and the number X is called the lower limit of {sn} as 00 . 

It is customary to write 

A= lim Sn, X= ^ Sn, 

n-^co n-^os 

or more simply, by omitting “ n cjo 

lims„ and lim s„. 

It is clear from the mode of definition of the numbers X and A 


We have also the following elementary properties, stated for 
convenience in the form of theorems. 

Theoeem 1. The numbers A and X are the upper and lower 
bounds of the aggregate of intermediate numbers, if any such exist. 

Since A > X there are two cases to consider. 

(1) If A = X = there can be at most one intermediate number I 
and there is nothing to prove. 

(2) If A > X, since, by definition, any intermediate number G is 
less than any superior and greater than any inferior number, we 


have 


X ^ ^ A. 


If X < 0 < A, then C must be an intermediate number, since it 
is clearly neither superior nor inferior. Hence there are inter- 
mediate numbers as near as we please to X or to A. 


Theorem 2. Given e, then 

(i) Sn<A + e for all sufficiently large values of n, and 

(ii) s„ > A - 6 for an infinity of values of n. 
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For, the number A -f ^ is a superior number, and A — e is either 
intermediate or inferior. The result is then an immediate conse- 
quence of the definition. 

Similarly we have 

Theobem S. (i) >X — € for all sufficiently large values of n, 
(ii) ^71 < X -i- € for an infinity of values of n. 

We now give two illustrative examples. 


Example 1. Let 



By forming a table of values 


n 

1 

2 

3 

4 

5 

6 

8 

16 

48 

Sn 


-It 

1 

-i 

A 

-i 

0 

t 

A 


we see that, as soon as % exceeds 4 every value of lies between - ^ and -J-. 
As n increases indefinitely, 4/w tends to zero, and the limit of as oo is 
either - i or J according as n ranges through odd or even values. Hence 
X= and 


L- 


X Sg A $3 

I I I I 

0 i I 

Fig. 2 


Si 

-JL. 


As n increases through odd values, Sn tends to the value - and we see 
that the points representing values of when n is large and odd cluster 
about the point - J on its right. Similarly the points representing values of 

when n is large and even cluster about the point ^ on its left. The upper 
and lower limits of a bounded sequence therefore both have the character of 
limit points of a set as described in § 2-3. 

It is evident in this example, that with few exceptions, the points repre- 
senting values of lie within the interval (X, A). In fact, for this sequence, 
the only points lying outside this interval are those representing 53 > 
and 54 coincides with X. 

It is however possible that an infinite number of terms of the sequence 
may lie to the left of X and to the right of A. This is illustrated by the 
following example. 

Example 2. Let s„=( _ )» 4 . . 

The first few terms of this sequence are 

-2, ?, -i, f, 

and evidently X = — 1 and A=l. In this case an infinite number of terms lie 
to the left of X and to the right of A and no torni of t]jc Hoquoru'c lies hetwe^yi 
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X and A. It is not therefore necessary that there should be only a finite 
number of terms of the sequence outside the interval (X, A). 

In virtue of Theorems 2 and 3 above, 5,^ < A + e and > X - for all suffi- 
ciently large values of so that at most a finite number of terms of the 
sequence lie to the left of X - € and to the right of A-f e. 


2*52. The unique limit of a sequence. 

If the upper limit coincides with the lower limit, so that A — X, 
their common value I is defined to be the unique limit of the 
sequence {5„} as n^cc . The unique limit is often called simply 
the limit. When the sequence has a unique limit it is said to 
converge to that limit. Symbolically this may be expressed in 
either of two ways, 

(1) lim5n = J, 

«>-SNQO 

or (2) Sn ^ as 71 -Hi** 00 . 

Since A - X ^ 0, it is a direct consequence of the above definition 
that the necessary and sufficient condition for the existence of a 
unique finite limit {convergence of the sequence) is that 

A — X < 6, 

for every arbitrary e > 0. 

Thus, when a unique limit exists, the lower bound of the superior 
numbers is equal to the upper bound of the inferior numbers 
(A = X = 1), and so every number greater than I is superior, and 
every number less than I is inferior. 

2*53. Theorems on unique limits. 

A different definition of a unique limit is frequently given. The 
'-- sequence {^n} i^ said to tend to a limit I, if given e, there eadsts a 
number v (e), such that 

I s„ - Z I < e 

whenever n'^v{e). 

It is immaterial which of the two possible definitions is adopted, 
but whichever one is selected as the initial definition, the other 
must be proved to be a consequence of it. Since we have taken as 
our initial definition the one given in § 2*52, it is necessary to prove 
that the definition just given is equivalent to the one which we 
have adopted. This is done in Theorem 1 which follows. 

The reader is advised also to adopt the second definition and 
then prove as an exercise that the first definition is equivalent to it. 
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Theorem 1. The necessary and sufficient condition that the 
sequence [^n} converges to a limit I is that, given €, there exists a 
V (e) such that 

\Sn-l\<6 

whenever n'^v (e)* 

(a) The condition is necessary, for if Sn^l, bhen every number 

greater than I is superior for { 5 ^}^ and every number less fchan I is 
inferior for Hence 

i — e<5», for n'^vx\ 
l'\-e>Sn, for W ^ V2, 

If* V == max (^ 1 , V 2 ), 

? — € < 5ft < i 4* €, foi n^v, 
that is to say 1 5ft — Z j < e, for n^v. 

(b) The condition is sufficient, for suppose that 1 5ft — Z | < e for 
n'^v, then Z — e is an inferior number for {5ft}, but since e is arbi- 
trary every number less than I is an inferior number for { 5 ft}. 
Similarly every number greater than Z is a superior number for 
the sequence. Hence a unique limit exists. 


Theorem 2. Cauchy’s General Principle of Convergence. 
The necessary and sufficient condition for the convergence of any 
sequence {5ft}, is that corresponding to every arbitrary e there eansts 
%n integer v, such that 

j Sp Sp^p j < € 

for all positive integral values of p, 

(a) The condition is necessary, for by Theorem 1, if s^ tends^o 
a limit I, whenever n'^v, 

In particular we have 

I 5,; — / I < ■!• 6 , I Sp^p — ' Z I < 6 . 

Now + 

< ie + |6= e; 

that is, U.-s,+p|<e. 


max (ir, , .5) means the greater ot the two numbers and v,. Similarly we use 
mm (»!, rj) to denote the lesser ot the two numbers ooncerned. The symbolism 
applies equally well to more than two numbers ; thus max (a, b c, d k) means 
the greatest of the numbers a,b, e,d, k, ' »•*•»/ 
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_ (b) The condition is sufficient, for, if j ~ | < e for ail positive 

integral values of p, we have 

5 ,; — 6 < e, 

that is s, - 6 is an inferior number and s, + e is a superior number 
for the sequence {s^}. Hence 

A — \ ^ (j, + e) _ _ 2g- 

and so, by remembering that A - and that e is arbitrary it 
must follow that 

A-\ = 0. 

Since this is the condition that a unique limit exists, the suffi- 
ciency of the condition is established. 

2-54. Unbounded sequences. 

In the preceding sections only bounded sequences have been considered 
and the upper and lower limits of such sequences must be finite. It is some^ 
times convenient, though not indispensable, to extend the concept of upper 
and lower limits to unbounded sequences. In order to do this it is nece;W 
to say that in certain cases A= +co and X= - oo . So far we have assigned no 
meaning to the symbol “ oo » standing alone, and up to the present the symbol 
has been regarded as meaningless except when it has occurred in the notation 
which is merely a convenient abbreviation for the phrase “w is 
indefinitely increased.” A precise defimtion of what is meant by the state- 
ments A=co,X =— 00 is given below, but the reader should be able to see 
the need for their employment in the following examples. 

The sequence defined bj the relations 

52n-l = lM S2n = 7i (7i= 1, 2, 3, ...) 

is clearly one for which X exists and has the value 0, but unless we say that 
A = -f 00 we cannot assign a value to A. 

Again, if the sequence Sn—{~)^n 

is to be considered as possessing upper and lower limits at all, we must sav 
that ^ ^ 

X— - GO , A= + 00 . 

The reader must clearly understand that the symbol “ oo ” and the terms 
infinite, infinity and tends to infinity have purely conventional meanings. 
Phrases in which these terms are employed have a meaning only when hy a 
definition some suitable meaning has been assigned to them. 

When we say that a number n tends to infinity (n -*- oo ), we are using a 
short and convenient phrase (or a still shorter symbolical expression) to ex- 
press the fact that n assumes an endless sequence of values which eventually 
become and remain greater than any arbitrary positive number, however 
large. 
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Por this reason the reader is advised not to use the concept of X and A 
being supposed infinite until he fully realises what that concept really means. 
The precise meaning to be attached to the symbols A=oo, X=— oo is con- 
tained in the following definitions : 

(i) A sequence {Sn} niay be such that, when n exceeds j/, inferior numbers 
exist and have a finite upper bound X, but superior numbers do not exist 
because an infinity of values of Sn can be found which exceed any arbitrary 
positive number however large. In this case X eansts and is finite^ and we 
say that A=oo, 

(ii) Similarly { 5 ^} may be such that, when n exceeds i/, superior numbers 
exist and have a finite lower bound A, but inferior numbers do not exist 
because an infinity of values of s^ can be found which are less than any 
arbitrary negative number - G, however large G may be. In this case A exists 
and is finite^ and we say that X = - oo . 

(iii) Sequences {5^} exist for which there are neither inferior nor superior 
numbers, so that X and A do not exist finitely, but there is always an infinity 
of values of s^ which exceed any arbitrary large number (?, and an infinity of 
values of Sn which are less than any arbitrary number — G. It is this case 
which is represented symbolically by the statements X = — 00, A=oo, 

2*55. Divergent and oscillatory sequences. 

When the sequence (^n} does not converge to a unique finite 
limit, there are several possibilities which will now be considered. 

( 1 ) Divergence. If the terms of the sequence have the property 
that, however large the positive number ff may be, an integer v 
can be found such that 

Sfi ^ G 

whenever n exceeds r, then {5^} is said to diverge. This may be 
expressed symbolically by writing 

Sn-^00 as n->oo, 

Similarly, if an integer can be found such that 

Sn<-G 

whenever n ^ v, then [sn] diverges. This may be expressed sym- 
bolically by writing 

as GO. 

In both cases {Sn] is a divergent sequence, and (.svj may be said 
to diverge to oo ^ or to diverge to — ^ , 

( 2 ) Oscillation. When the sequence while not convergent, 
possesses a finite upper limit and a finite lower limit, then it is 
said to oscillate finitely. 
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For example, the sequence «n=(“)" |l oscillates finitely, for X® -1, 
A = l. 

Now that the meaning of the expressions A= co , X=s - oo has been precisely 
defined, a sequence for which A and X have these values may be said to 
oscillate infinitely. Infinite oscillation does no^ differ much from divergency 
and some writers use the latter term to include infinite oscillation. The 
difference is clearly seen by considering the following examples : 

If = ^2, {5 J diverges, and oo as w oo . 

If = - -n® { 5 ,^} diverges, and - oo as n oo . 

If {^n} oscillates infinitely, the even terms increasing and the 

odd terms decreasing without limit. In other words 52w-*-oo as w-*- qo , and 
hm+i ~^ — as m-^co. 

2*56. Tlieorems on limits of sequences. 

For the sake of brevity the following notation is adopted. If 
[sn] converges to a unique limit, say y as n is indefinitely increased, 
we shall write simply Sn’-^s, leaving the phrase ‘‘as n tends to in- 
finity” to be implicitly understood. Also the word “limit"’ will be 
taken always to imply “unique limit,” unless the contrary is stated. 

In §2*53 we proved two fundamental theorems, the second of 
which, the general principle of convergence, is of immense theo- 
retical importance. It gives a means of deciding whether a sequence 
tends to a limit or not, without any previous information concerning 
the value of the limit. 

Although in elementary work the limit theorems which will 
now be proved may be employed more frequently than the 
“general principle,” the reader must not underestimate the im- 
portance of the general principle on the grounds that it seems to 
be rarely used. Most of the abstract theorems which involve the 
concept of a limit depend for their proof upon the employment, in 
some form or other, of this important result. 

Proofs of the fundamental limit theorems will now be given. 
We begin by proving two lemmas. 

Lemma 1. If \sn — s\< ke for n^v, where k is a positive con- 
stant y then Sn-^s. 

Keplace e by e/k, as is clearly permissible, since cis arbitrary and 
e/k is positive. Thus if e" = e/k we can find an integer p, depending 
on e', such that 

|5n~sl<A*e' for 
i 5n — 5 I < € for n'^v] 


that is 



42 BOUNDS AND LIMITS OF SEQUENCES [CH. II 

and, since ^ is a constant, j/ ia a. function of e, so that by the 
ordinary criterion. 

The reader may be inclined to regard the above lemma as trivial, but it 
has been proved for a special reason. In the proof of Theorem 2, § 2*53, the 
first ineciuality was taken to be | The reason for the choice of 

■|6 was to ensure that the final result should read 1 | <€. Although 
such a procedure is frequently adopted for the sake of artistic elegance, the 
lemma shews that it is quite unnecessary. If e had been chosen at the outset, 
the final result would have read 1 | < 2^, which would do just as well. 

The reader should observe that it is rarely possible to decide beforehand 
whether -Je, or Je, or must be chosen first, so as to be left with e at the 
final step of the proof. The lemma shews that this artificial choice of some 
fraction of c is unnecessary. 

Lemma 2. Every convergent sequence is hounded. 

If Sn-^s and s is fiinite, then when i/, 

S-“€<5n<S + e, 

Let g and G be the least and greatest respectively of the i; — 1 
numbers 

5l, 52> ••• j !• 

If A = min (s — €,g) and H = max (s -f e, ff), then 

h^Sn^H (1) 

for all values of n] in other words {5„} is bounded. 

Corollary. An equivalent inequality to (1) above is 

where i/ is a constant. Plainly M == max ( | A |, | J? | ). ' 

2*561. The fundamental limit theorems. 

If Sn-^s and where s and t are finite, then 

( 1 ) 5 , 1 + 5 -}- 

( 2 ) Sntn"^Stj 

1 1 

(3) — so long as s^O. 

Sfi S‘ 

Proof of {!). We have 

1 - s I < 6 for n ^ Vx, 

1 4 - ^ I < 6 for w ^ 


and 
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now (Sn + t„)-(s+t)=-(s„-s)+(t„-f), 

hence I («n + <n) -(^+ 0 Uls„- s | + | « Se, — 

for n'^ V = max {vi, Vi). This proves that s„ + -»• 5 + t, by 

Lemma 1. 

First proof of (2). 

By Lemma 2, {sn} and are bounded; hence there is a positive 

constant M such that, for all values of n, 

{ ^« I ^ j j 

If we write S for | s | and ? for | ^ |, then 

^nln St = Sn (tn — t (Sji — s'), 

hence 1 | ^ j ^ I *f* ^ I ^ I (-^ “b F) €> 

for n^v. Thus, by Lemma 1, Sntn^st 

Second proof of (2). 

We can write 


^n^n, St~~- (Sn s) ^ (Sn — 5) + 5 (fn “ 0> 

SO that, for n'^v^ 

I ^71 535 1 < e « 6 4“ Te 4- Se\ 

and, since we may suppose that e < 1, when w > v we have 

1 5^ I < (1 4" J^4“ ^ e. 

Hence, by Lemma 1, the theorem follows. 

Proof of {Z). 

Since we must assume that * s^O, we may write | 5 1 = 28, 
where 8 > 0. Since a number vi can be chosen so that, 

when n ^ vi, 

I ^71 5 j < 8, 

and accordingly, when n'^vi, 


Now 

and 


1 5„ I > 8. 

I 1 5 5,^ 

Sji S St Sji 

1 1 i 5 5 , 7 , [ j S Sf i] 

Sn S I 5 1 1 Sn I 28.8 


* The reader should observe that the condition that s + O is necessary, for IJs 
has no meaning when 8=0. If s=0, l/s„ may not even possess a unique limit; for 

example, 8,^= (- )” - -►0, but i = and this oscillates infinitely, 

n 8- 
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for values of n which exceed A number can be found such 
that, when n^V 2 , 

\sn-s\<€; 

so that if max (i^i, v^), as soon as n ^ v, 

Sn s ^ 2B^ ’ 

hence by Lemma 1, since is a constant, the theorem follows. 

2*57. Theorems on upper and lower limits. 

Let {sn} and be two bounded sequences, and let their upper 
and lower limits be respectively denoted by A, \ ; A', A set of 
general limit theorems applicable to upper and lower limits can 
be obtained, but the proofs of some of these are rather diflScult, 
and there is a great variety of results. 

The reader should observe that the relations which hold between 
upper and lower limits are not the same as the corresponding ones 
for unique limits. 

It is not proposed to deal exhaustively with the relations between 
upper and lower limits^; it will suffice, by way of illustration, to 
prove two of the simpler results. Several others have been set as 
examples for solution at the end of this chapter. 

Theorem. To prove that 

(a) lim Sn + lim tn ^ lim (s^ H- tn)> 

(b) lim Sn + lim tn ^ Imi (s^ + if»). 

Proof of {a). 

Since lims.;i = A and = A', then, in virtue of Theorem % 
§2*51, there is at most a fiyiite number of values of n for which 


Sn > A +-^€ (1), 

and at most a finite number of values of n for which 

^^>A' + Je (2); 

hence it follows that 

5„+f„>A + A' + € (3), 


* For fuUer information the reader should consult Carath^odory, Vorlesungen 
ilber Reelle Funktionen (Beilin, 1918), §§ 85-95. Unfortunately the author is unable 
to refer the reader to any English text-book which deals fully with this topic. 
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for at most that finite number of values of n for which the in- 
equalities (1) and (2) hold. 

Since A -f- is a superior number for {5^1} we have 

for n'^vi, and since A' + is a superior number for 

tn ^ A' +•!•€, 

for > 1/3. Hence for n ^ max {vi, 

^ A -f A^ + 6 (4). 

It follows that 


lim {Sn + < x\ 4 - A' -f e ; 

and since e is arbitrary, the inequality (a) is established. 

The proof of (6) follows the same lines, and is left as an exercise 
for the reader. 

If a unique limit exists for both {s^} and the above theorem 
reduces to the fundamental theorem (1) of § 2*661. 


2*58. Monotonio sequences. 

A very important type of sequences will now be considered. Let 


{5n} be any given sequence, then if either 

( 1 ), 

or ^ ^2 ^ ^ ^ C 


is said to be monotonic {monotone). Sequences of type (1) are 
said to be monotonic increasing, those of type (2) are said to be 
monoionic decreasing. 

A sequence is said to be strictly monotonic, if the equality 
signs in (1) and (2) are not allowed. The sequence (1) may be 
said to be increasing in the wide sense, but if the equality signs 
are disallowed the sequence is said to be increasing in the strict 
sense. 

Theorem. A monotonic increasing sequence tends to its upper 
hound. 

Let the upper bound of the sequence be M) then either 
(i) if is finite or (ii) M is infinite. 
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In case (i) we have 

for all values of n (3), 


$n>M— e for at least one value of nj 
suppose that Sy>M 

Since the sequence increases, for n^v we have 

SO that > if — e (4). 

By comparing (3) and (4) we have, for 
if — € < Sn < if -f e, 
which implies that, as , 

In case (ii) M is infinite. This means that, given any number 0 

8n > Gy 

for at least one value of % say n — Vy so that 

Sy, > G. 

Since {^n} increases we must have, for n^v, 

Sn>G, 

in other words . 

Similarly it may be proved that a monotonic decreasing sequence 
tends to its lower hound. 

The proof is left as an exercise for the reader. 

2'6. An important limit theorem. 

To move that if Sn-^ly then - - ^ 

n 

Write Sn^l-Viny and we have to prove that if then so 

does (^1 + ^2 "h • • • 4" tn)ln. 

Divide the numbers ti, ^ 2 , - into two groups: 

(1) tlyt2y ...ytjSf (2) 

The number A is a function of n which tends to infinity more 
slowly than n*y in other words we suppose that k’-^oo but 
kjn-^Q. 

* The number in a, number which tends to infinity more slowly than n, 
for *Jn~»-ao , but {s/n)ln 0 as n go . 
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However small e may be we can find a number Pi such that 
every term in group (2) is numerically less than e when n'^Pi^ 


I + . . . + I 


n-h 

< € . < e, 

n 


there being n — k terms on the left-hand side. 

Let T denote the greatest of | |, ] fg i, . . • , then we have 


n ^ n ^ 


and since hjn--^0 as n oo this number kTjn can be made less 
than € for n > v^. Thus 

[^14-^2 + ... -f^n I ^ ...+4I , |4+l4- ... + ^nl /i \ 


for n > z/, where v = max (vi, The theorem is therefore proved. 

Instead of making h a function of % we can prove the theorem by choosing 
a Tc such that | | < f for all v>h Now is a fixed number and we shew in 

a sinailar way that each of the terms on the right-hand side of (1) is less 
than €. The details of this alternative method of proof are left as an exercise 
for the reader. 


2'7. Complex sequences, v 

For complex sequences inferior and superior numbers do not 
exist, nor do upper and lower limits. In fact there is no general 
theory of complex sequences, and they can only be treated by con- 
sidering their real and imaginary parts separately. A systematic 
theory of convergent complex sequences may however be developed, 
for which the following inequalities are fundamental : 

1 ^ I 

Since | 4- iy | = sj{a? + y^), the first inequality is obvious; and since 
|i| = 1, the second depends on the theorem in § 1’63. 

Definition. The sequence {^4, where Sn = (Tn + irn, is said to 
converge to the limit $^a + ir if {o-n} converges to g and {t4 
converges to t. 

We write an + irn ^g + ir, which implies that both Gn-^cr and 
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Theorem. The necessary and sufficient condition that the sequence 
(«„}, where s« = + Wn, should converge to a limit s, who'e s=a + iT, 
is that for Ji > v, j s„ - s | < e- 

( 1 ) It is necessary, for, if s, we have 

|<r„-o-|<€, torn-^Vi, 
and |T„-Tl<e, forn^vj, 

so that, for n > max (vi, v^), 

ls„-sl = l<rn + ^T„-(<r+iT)l^|<r„-<rl + lT„-Tl 

< 26 , 

(2) It is suffimnty for, if, when n'^v, 

I *“ 5 j ■< €, 

it follows that, for n ^ r, 

and lTn-T|$|5n"-5|< €. 

Hence and that is to say the sequence {Sn} con- 

verges to a limit s* 

2*71. The general principle of convergence holds for complex 
sequences. 

When { 5 «} is complex the statement of the general principle 
assumes exactly the same form as in the enunciation of it for real 
sequences in § 2*53. 

The proof follows at once in virtue of the inequalities 

I 0-, - <7-„+p L I I ^ I I ^ I I _ 

1 T 'Tiz-i-p I 

The details of a formal proof are left to the reader. 

The reader should observe that the criterion for convergence 
and the general principle of convergence for complex sequences 
are precisely the same as for real sequences. This is because in the 
statement of these theorems only the moduli of the terms appear, 
and the modulus of any complex number is real and positive. 

No inequality can hold between complex numbers, so that the 
preceding theorems exist only because they involve the moduli of 
the complex numbers concerned. 
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2*8] THE EXPONENTIAL LIMIT 


2 8. An important limit. 

It will now he proved, on the hypothesis that, when cs is reed dnd 
positive, the series 

s=i +«,+-+_+ (1) 

is convergent, that the limit of the sequence 




is the sum-function s of the series (1). 

By the Binomial Theorem for a positive integral index. 


\ nj n 


2 ! 


1) ^ n (?i — 1 ) (ti — 2) 

__ ^ -j- ^ 


3! 


= 1 +« + 




2 ! 




3! 




the series terminating since n is a positive integer. 

We observe that (i) each term increases as n increases, and 
(ii) as n increases new positive terms are added. Hence {^n} is 
monotonic increasing, and therefore tends to its upper bound. 
Thus if we shew that (5«j is bounded above, the limit sought must 
be finite. 

up' 

Clearly Sn< 1 +a; + ^,-4* ••• 


and, since every term is positive, this is less than the sum of the 
infinite series* s. On the hypothesis that the series (1) converges, 
s must be finite, so that 

from which we deduce that 

lim Sn^s (2). 

n-a^oo 


If p be fixed, and n >p, we have 


^71 > 1 + + 




... + 


p\ 


xP; 


* Although the proof is simple, the reader should realise that the above statement 
requires proof. For a series of positive terms the sum to n terms, increases to 
the limit s ; hence s must exceed the sum of any number of terms, taken arbitrarily, 
in the series, for n can he chosen large enough to ensure that includes all these 
terms. See §§2-58, 5*11, 512. 
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SO that 



The only restriction on p is that it must be less than % so that p 
can be as large as we please, hence 

hm + 

n-^Qo ^ • Jr * 

however large p may be. It follows that 

lim Sn^s (3). 

By comparing (2) and (3) we have 
lim s^=^s. 

W-a^QO 

L The sequence 5,^ is a function of n only, for throughout the pre- 
ceding proof X is regarded as having a jixed real and positive value. The 
reader may recognise that the series (1) above is the exponential series ^ which 
converges absolutely for all real values of x, and the sum-function s is usually 
denoted by e® (or exp x), Further reference to the exponential function will 
be found in §§ 4-33, 10*12. 


Note 2. The number e may be dejSned to be the sum of infinite series 

1 +^+ 2 ’! + ^ + ^ 


which we assume to be convergent*; and from what we have just proved, 
e is also the value of 

lim (l + ~y. 

\ nj 

Now 

(^+9 =l + l + -2f+ Vi ^ + -<l + l+i + ^2 + - + 2«-i. 

and, by summing the geometrical progression, 

Hence e is not greater than 3, and from the series (4) it is clear that e>2. 
• The series is easily proved to be convergent by Test in, § 5'2. 



EXAMPLES 11 


51 


EXAMPLES II. 

1. For the following sequences examine whether or not they are bounded 
and whether or not they are monotonic. Determine the bounds, the upper 
and lower limits or the unique limits, whichever exist. 

/ \ 12 3 n 

W 2 , 3 , 4 , ..M .... 

(b) 2 , 1 , If, If, 1 §, If, .... 

( 0 ) 1 , 2 , 2 ^, f, 2 f, 2 §, 

s/% i/% ..., ifn, .... 

(e) 7, - 2 , 2 , 3, If, 3f, If, 3f, 1 |, 3§, •••• 

2. Shew that, if a> 0 and 0 <Si< 6, the sequence 


$1 — Cfc, 52 * 


’v \ /’ ■■■’ V V a+1 /’ ■“ 


is an always increasing bounded sequence, and find its limit as 00 • 

3. Ifa>0and 




^1 = 7 




prove that {5,1} is monotonic, and has the unique limit l/(a+l)as7i-^QO. 


4. Prove that, if a > 1, the sequence {x^} defined by 

... 

converges if 

5. If Si and 52 are positive and 5„+i=f (s^+^n-iX prove that the sequences 

5i> ^3> ; 52) ^45 ^6 j ... the one increasing and the other decreasing; and 

shew that their common limit is f (51 + 252). Discuss similarly the sequence 

«n+2=\/(^n+i*n)» shewing that the common limit in this case is (siS2^)^ 


6. If {5,1} is any hounded sequence, and 11 ^ are respectively the upper 
and lower bounds of the sequence 

^/I) ^n+l) ^»+2) •*•) 

shew that the sequences Ui, U2, Uz^ •••) A, A3, ... are each monotonic 
and bounded. 

Prove that the sequence {5„} is convergent, if, and only if, the unique limits 
U and L of the sequences { and are equal, and in this case 

Z'=lim 5„=Z. 

Shew also that if U^L the numbers U and L are respectively the upper 
and lower limits of {5n}. 

[This last result is sometimes taken as a dejimtion of upper and lower 
limits for a bounded sequence {5„}.] 
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7. If {«,} and {«„'} are two bounded sequences having lower and upper 
limits respectively X, A ; X', A' ; prove that 

(i) iim(-s„)=-lme„, 

(ii) 


8. With the notation of the last example, prove that, if the sequences {« J 
and are of positive terms, 

(i) XV^lim(5,»Oi 

(ii) 

9. If (w) - - 1) ^ as 00 , prove that <l> (n)ln L 

10. If Sn denote the sum to n terms of the series 


prove that 


sin ^ + isin 2^ + psin 

lira ^ 4 8m 6 

i-*.ool n j 5-4 cos d ' 


11. Prove that 




12. If ;?i , 7 • • • j Pn> * • • are arbitrary positive numbers such that 2 p,, oo 

1 

a.an-*-co, prove that, if a.n-*-a as n-*-oo, the sequence {a^} tends to the 
same limit a, where 

" Pl+Pj+.-+Pn 

13. If a„ a and ^ as 21 co , prove that both 

O ti 6] + 0^2 62 +•...+» » 5,1 
n 

and <^i5n+ct26n_i’f .. . + a„ hi 

n 

tend to 0 / 3 . 


14. (i) If {5,j} is a positive monotonic decreasing sequence, and if a » 0 

5,^ -^0 as 00 , prove that 

lim lim 

a-^oo 0„ u-^K, ^n“ 5,^ + 1 

provided that the second limit exists. 

(ii) If 5,1 + j > and 5 „ -**■ co as n 00 , prove that 

lim lim 

n~j^oo On n-*>oo 

provided that the second limit exists. 
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LIMITS AND CONTINUITY 
31. The concept of a function. 

In §2*4 reference has already been made to the concept of a 
function with regard to the integral variable By recalling what 
was stated there, the reader will see that, if we take as our defini- 
tion the statement that a fimction is a relation between real numbers^ 
the equation 

implies that, given any set of arguments a;, to some or all of them 
there correspond values of y. The same value of y may correspond 
to more than one value of the argument x\ when to each value of 
X there corresponds one, and only one, value of y the function is 
said to be single^valued or uniform. 

The reader must guard against the idea, which is so easily 
acquired after reading some elementary text-books, that the concept 
of a function applies only to those functions which are capable of 
graphical representation. The concept of a function is of very wide 
application, and is not restricted even to those functions for which 
the relation between x and y is expressible by means of an analytical 
formula. 

For example, let y denote the number of windows in house number x on 
the odd side of a certain given street in London. Then y is defined for a 
certain number of odd integral values of .r, namely 1, 3, 5, ..., w, where m is 
the number of the last house on the odd side of this street. 

In order that later terminology shall not be misunderstood, we 
now mention briefly some of the commonest types of function to 
be met with in Analysis. 

(1) Polynomials. 

A polynomial in x is of the form 

Oo 4- -f . .. + Un, 

where the coefficients are constants. This polynomial is of 
degree n. 
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(2) Rational functions, 

A rational function is the ratio of two polynomials, so that if 
P{(c) and Q{og) denote two polynomials, the general rational func- 
tion R {x) is given by 

P{x) and Q (x) having no common factor. 

(3) Algebraic functions. 

The function is an algebraic function of x, if y is the 

root of an equation of the ?^th degree in y whose coefficients are 
rational functions of x, 

We shall assume that the above equation is irreducible, that is 
to say it is incapable of resolution into factors whose coefficients 
are also rational functions of x. 

For example the equation 

is reducible, since it implies that either ^^+^=0 or elsey2~^’=s0, and each 
of these equations is irreducible. 

(4) Transcendental functions. 

All functions which are not rational nor algebraic are called 
kxnscendental; this is a wide class of functions, and includes such 
well-known functions as sin x, cos x and log x, as well as many which 
are less familiar. 

It is not difficult to prove that sm.jr and cos a? are transcendental; in fact 
we can prove the more general results that no periodic function can be either 
a rational function or an algebraic function. 

A function said to be jpenodic with period co if f(z)=/(x+m) for 

all values of x for which the function is defined. The functions sin x and 
cos X are periodic in Stt, as are also the other trigonometrical functions tan x^ 
cot 4?, sec X, co&Qcx. (See reference to these functions in § 4*33.) 

Theorem 1. JVo peHodio function {unless it he a mere constobnt) cobn he a 
rational function. 

Suppose that /(j;) =^if) , (Q (o) 4 . 0), 

where P and Q are polynomials, and that f(x) ^f{x + a>) for all values of x. 
Let /(0)=a, then the equation of the nth degree 
P {x) - aQ {x)=^0 

is satisfied by n 4-1 values of x, viz. 0, ©, nw. 

Hence, by the fundamental theorem of algebra, f{x) must be identically 
equal to a for all values of x. 
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Theorem 2. No periodic function can he an algehrazc function. 

For, let the algebraic function be defined by the equation 

(1), 

where the ^’s denote rational functions of x. This equation can be written 

Ar+^iy’‘''' + ... + Pn=0, 

where the P’s denote polynomials in x, Let/(0)==a, as above, then 
Poa’‘+Pia«~i + ...+Pn=0 

for all values of x : hence y=^a satisfies equation (1) for all values of 4 ?, and 
one set of values of the algebraic function reduces to a constant. Now divide 
(1) by y — a and repeat the argument; divide again by y ~ % and so on until 
it has been repeated n times. We conclude that the algebraic function has, 
for any value of the same n values at, <aq, a 2 » -••5 ®n-i i other words it is 
composed ot n constants. 

It is also of some interest to prove that log ^ is a transcendental function. 
By assuming that the reader is already familiar with elementary differential 
calculus, it is possible to give a simple proof that logo? is not a rational 
function. 


Theorem 3. The function log x is not a rational function, 
It will be seen in § 4'33 that log a? satisfies the equation 




(^>0). 

Let X and 7 denote two polynomials having 

no common factor, so that if 

log X be rational. 



1 ^ 

logx^Y •••• 

(1). 

whence, by differentiation*. 

— =:rjr'-.ZF, 

X 

(2)- 


Thus, Y must be divisible by a certain number of times (say and con- 
sequently X cannot be divisible by x since X and 7 are prime to each other. 
Write 7—Zx'^j where .^is a polynomial not divisible by x. 

N 0 w 7' = mZx'^ " ^ 4“ Z^x^y 

and, on substituting, in (2), 

Z^x^^-^==ZX'x^-mZXx^-^- XZ'x^y 

that is, " mXZ= x [ZX* - XZ*') — Z^x’’^^ 

which is impossible, for the right-hand side is divisible by Xy but the left-hand 
side is not. Hence equation (1) cannot hold, so that log . 3 ; is not a rational 
function of x. 

It is proved in Examples X, 10 that log x is not an algebraic function of x. 
When this has been proved, log x will have been shewn to be a transcendental 
function. ^ 

• We use the symbol X' to denote j- X 
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The reader should realise that besides the transcendental functions 
mentioned above there are others, perhaps less important, but 
nevertheless of frequent occurrence. An example will suffice at 
this point. Consider the function defined as follows : 

2/ = 2 when x is rational, 

2/ = 0 when x is irrational. 

The graph consists of two series of points arranged upon the lines 
2/ = 2 and 3/ = 0 ; and although these would not be visibly dis- 
tinguishable from two continuous straight lines, in reality an 
indefinite number of points is missing from each line*. 

311. Functions of more than one variable. 

So far only functions representable by the relation y = (f)(x) have 
been considered, but the extension to the concept of a function of 
several variables is easily made. 

If y^(f> {x\ the argument x is called the independent variable 
and y is called the dependent variable^ for if values of a? are arbitrarily 
assigned the corresponding values of y are determined by the 
functional relation. 

If we consider a set of n independent variables x,y,z, ...,t and 
one dependent variable u, the equation 

u=^(l>(x,y,z, ,.,,t) (1) 

denotes the functional relation. In this case if ^1, 3/1, ^1, ..., ti are 
the w arbitrarily assigned values of the independent variables, the 
corresponding value of the dependent variable u is determined by 
the functional relation. 

The function represented by equation (1) is an explicit function, 
but where several variables are concerned it is rarely possible to 
obtain an equation expressing one of the variables explicitly in 
terms of the others. Thus most of the functions of more than one 
variable are implicit functions, that is to say we are given a 
functional relation 

z, t) = 0 (2), 

connecting the n variables x,y, z, ...,t, and it is not in general 
possible to solve this equation to find an explicit function which 
expresses one of these variables, say in terms of the other n - 1 

TunctioEs of tills type will be considered in more detail in §3-6, 
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variables. Even when only two variables are involved it may be 
impossible to find an explicit algebraical expression for one variable 
y in terms of the other variable x. A simple illustration of this is 
afforded by the equation 

Although a? can be found explicitly in terms of y by writing 

no algebraical expression for y in terms of x can be found. 

Further details about implicit functions will be considered later; 
and when we have to discuss differentiability of functions of several 
variables the reader will see the importance of distinguishing 
carefully between dependent and independent variablea 

3‘12. Function of a function. 

In the equation y = <f> (x\ suppose that x, instead of being the 
independent variable subject to choice, is dependent upon some 
other independent variable t, for which the functional relation is 
f(t). If values of t, say ti, tm, are assigned arbitrarily 

we obtain values for x from the relation x=^f{t): when these 
values of x are substituted in y = ^ {x) we obtain values for y which 
are dependent on the arbitrary choice of values for t 
If we write 

{/(<)}. 

the symbolism denotes that y is a function of a function. 

This kind of relation is easily extended to the case of several 
variables. 

3‘2. Limits of functions. 

For simplicity we confine our attention first of all to functions 
of a single real variable. 

The reader should have no difficulty in realising that there is a 
theory of limits for functions of a real variable similar to that for 
limits of sequences which was discussed in the preceding chapter. 

The sequence f^n} is a function of the positive integral variable n, 
where n assumes only the integral values 1 , 2, 3, p , and we 
were concerned with the behaviour of 571 as n is indefinitely 
increased. 
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lif{x) denotes any given function of where x denotes any real 
number for which f (x) is defined, we shall also discuss the behaviour 
of f{x) as X increases indefinitely, ranging through all real values. 

Clearly the approach to infinity in which the variable assumes 
the integral values 1, 2, 3, ... only is a particular case of the more 
general method of approach in which the variable . assumes all real 
values. Hence, if a definite limit exists when the variable assumes 
all real values, the same limit must be obtained if a special set of 
these values be selected (say the positive integral values) and the 
variable restricted to range through this special set only. It is 
important to realise that the converse is not necessarily true 

3*21. Definitions. 

For the sake of precision it is convenient here to consider the 
exact meaning of some of the statements which we shall frequently 
have occasion to use. 

A point is an ordered aggregate of real numbers. For example 
{x^ y, z) represents, for different values of x, y and z, a set of points 
in three-dimensional space. 

A function^ in the general mathematical sense, is a relation 
between numbers and points. For instance z = /(a?, y) expresses 
a relation between the point {x, y) and the number which is 
called the value of /(^, y). 

An interval is a collection of points. Thus, the points {x, y, z) 
defined by the three inequalities 

a^x^h, a^y^l\ a"^z^b" (1) 

all belong to the interval which these inequalities define. 

The interval defined by the inequalities (1) is called a closed 
interval, for the end-points are included among the points (x, y,z) 
which compose the interval. 

The interval defined by the three inequalities 
a<x<h, a' <y<h', a' <z< 6" 

is called an open interval, the end-points not being included among 
the points which compose the interval. 

A neighbourhood is a special kind of interval. If (aj, ag, oq) be 
any point, the interval \ai - ai 4- A ; ag - h, a 2 + h; A, ug -f Aj, 

* See Examples III, 20. 
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whether open or closed, is described as a neighbourhood of the 
point («!, Us). 

Koughly speaking, a neighbourhood is a ‘"cubical” interval with 
its centre at the point. 

By the phrase y, z) is at the point (ai, as)” we mean 
that £c = ai, y^u^y 

By the phrase “(a;, y, z) is near the point (ai, a2, cts)” we mean 
that {x, y, z) lies within some neighbourhood of the point (aj, Us). 
When we wish to imply that the number h which defines the 
extent of the neighbourhood may be as small as we please, the 
point {x, y, z) is said to be sufficiently near the point (ai, a2, <23). 

Let f{x) be a function defined and bounded in the linear 
interval (a, 5), then, if M and m are the bounds of f{x\ the 
number 1/ — w is called the oscillation of the function f (x) in the 
interval. 

Although all the above definitions have been formulated or illustrated in 
terms of three-dimensional space, they are applicable equally to space of any 
number n of dimensions. 

A point in n-dimensional space is the ordered aggregate of real numbers 
(Ziy Xn)- Similarly the other definitions can be given in a form which 

is applicable to space of any finite number of dimensions. 

3‘22. Finite limit at a finite point. 

In the preceding chapter the only kind of limit which was 
contemplated was the limit of a sequence Sn as n was indefinitely 
increased. A function may approach a definite limit when the 
variable tends to some finite value, as well as when the variable 
tends to infinity. 

The definition of the existence of a limit for a function of one 
variable /(x) as x approaches a finite value a will now be given. 

f{x) is said to have the limit b as x tends to a when, given e, 
a positive number 77, depending on e, can be found such that whenever 

If the above criterion is satisfied w’e write 
lim f(x) — hy 

C6-*- a 

and / {x) may be said to converge to (or approach) the limit h oa x 
tends to a. 


5-2 
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In some cases the variable co may approach the value a from one 
side only. 

When x-^d through values of x greater than a, x approaches a 
from the right (or from above). Similarly when x-^a through 
values of x less than a, x approaches a from the left (or from below). 
If when either of these methods of approach is considered a definite 
limit exists, the following notation is adopted* : 

If a right-hand limit exists as x approaches a from above, this 
limit is denoted by 

lim f(x)oTf(a+ 0 ). 

If a left-hand limit exists, the limit is denoted by 
lim f(x) or f(a — 0 ). 

The statement that lim f{x) = h involves the equations 

x->-a 

lim /(a;) = 6 = lim /(^). 

x-*-a—Q flj-^o+O 

When f{x) approaches a finite limit h x tends to a we write 
f (x) 6 as a? a. 

Similarly, if a right-hand limit &i or a left-hand limit 62 exists 
as X approaches a from above or from below, we write 
/(iz?) 61 as a? a + 0 , 

or f{x) ^ 62 a — 0 . 

The reader should observe that there is no reason why &i and 62 
should in all cases be equal, nor is it necessary that either hi or 62 
should be equal to /(a). There are cases in which the three 
numbers 61 , fca, /(«-) all exist and are equal, and any two of them 
may be equal while the third is different. Again, it may happen 
that some or all of these three numbers may not exist. The 
importance of these remarks will be seen later when continuity is 
considered; and several illustrative examples are given in § 3*31 
below. 

If f{x) does not approach a definite limit as x-^a, it may 
diverge to 00 or diverge to ~ 00 . This is expressed formally as 
follows. 

* The late Dr Leathern has suggested that the notation x\af a would prove 
useful in these cases. See The Mathematical Theory of Limits (1925), 35. 

Another notation sometimes used is x — ^a and x — ja. 
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If wh en any positive number (?, however large, is chosen, a positive 
number r]{G) can be found such that /{so) > G when | £b — a | < 17, then 
we say that 

lim /(a?) = 00 or / (ic) 00 as a. 

x-^-a 

Similarly the formal definition of divergence to — 00 can be 
given. 

If /(^) h® ^ function which possesses a graph, the curve y=/(^) possesses 
an asymptote parallel to the axis of y at the point 5?= a. 


3‘23. General limit theorems. 


Analogy with the definition of the limit of a sequence {^n} as 
n 00 suggests that there will be similar limit theorems to those 
proved in § 2 * 561 . This is in fact the case, and the proofs of the 
first three of the following theorems will be left as exercises for 
the reader. 


Suppose that as a, f{w) a and g (^) -^iS, then 

( 1 ) + + 

( 2 ) f{x)g{x)-^a^, 

1 1 


( 3 ) 


/(«) « 


providei that a 4 = 0 . 


( 4 i) If asu-*fi, then 

lim f{g{x)] = f{\img{x)}. 


Proof of ( 4 ). Since f{n) -»• /(/S) as u -*■ y8. given e, there 
corresponds a number r)i{e), such that, when |5'(«) — / 3 | 

l/{5f(*)}-/(i9)|<6 (!)• 

But g(x)~*~^ as so that corresponding to the above 

number rji, a number g (depending on t),, and therefore on e) can 
be found such that, when | .r - a ) :$ V. 

\g{x)-^\<ri, ( 2 ). 

By combining (1) and (2) we have, when j a: - a | ^ ij, 

\f[g{^)]-fm<^- 

lim /{p («)} =/(/S) =/{lim g (a:)}. 


Hence 
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The reader ■will see later that the condition laid down above for the validity 
of (4) is equivalent to the statement that the function / (w) must be continuom* 
at the point w=|3. Thus it is only true to state that 
lim/(p)=/(liin^) 

if / be a continuous function, 

3*24. Finite limit as x increases indefinitely. 

The function f{x) is said to approach the limit b as x tends to 
infinity if given e, there exists a positive number X such that 
\f(x) — b\<€ tvhenever x^X, 

When the above condition is fulfilled, we write either 
lim f (x) = 6 or f(x) 6 as a; oo , 

a-*. 00 

The reader may easily modify the above definition to include 
the case in which x tends to infinity through negative values, that 
is when x^— co. 

If the function f{x) possesses a graph, the above definition corresponds to 
the existence of an asymptote parallel to the axis of x ; the asymptote is the 
liney = 6. 

All the different cases of tendency to a limit are included in a 
single general definition which can be stated as follows: 

A ny endless progress of x generally determines a corresponding 
endless progress of f{x\ If there is related to this progress a 
number 6, such that if we select any positive number e as small as we 
please^ there is always a corresponding definite stage in the progress 
of f{x) after which it is always the case that | f{x) - 6 1 < e, then 
f{x) in this progress tends to a limit 

As we have already seen, in the case of functions of the positive 
integral variable n, tendency to a finite limit or to infinity are not 
the only possibilities. In fact monotonic sequences are the only 
ones which possess this property. The reader should observe that 
finite or infinite oscillation is possible for functions of the real 
variable x, and it will be found to be a helpful exercise to formulate 
precise definitions corresponding to these cases. 

The general limit theorems of the preceding paragraph all apply 
to the case in which x tends to infinity. By contrasting the 
definitions of the existence of a limit as and as oo , the 
reader will see that, with slight modifications, the proofs are almost 

• For tbe definition of a continuous function see § 3*32 below. 
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identical. In fact, the proofs of these theorems in the case where 
cc^oo differ only slightly from the proofs of the fundamental limit 
theorems for sequences given in § 2*561, 

3*3. Continuity. 

The notion of continuity is a direct consequence of the concept 
of a limit. The special class of functions known as continuous 
functions possesses many important properties which will be 
investigated in this chapter. It is very important to separate the 
properties of continuous functions from those of functions in general. 
In many elementary text-books, in which none but continuous 
functions are contemplated, the properties of continuous functions 
are assumed and applied freely to every function considered. This 
leads to no difficulty so long as continuous functions alone are 
considered, but it is easy to construct cases of failure by considering 
a discontinuous function for which the property in question fails 
to hold. Examples which are given later will illustrate this point 
clearly. 

For simplicity we confine ourselves mainly to functions of a single 
real variable, but the extensions to functions of more than one 
variable will be suggested in § 3*5. It may, however, be stated that 
the proofs of most of the theorems which follow can be adapted, 
usually with only slight changes in terminology, to the case of 
functions of more than one variable. 

3*31. Continuous functions. 

Roughly speaking, continuity means the identity of limits with 
values. Continuity is the property of a point, and the question for . 
our consideration is as follows. Given any function f{x) defined 
in the range say, then at the point xq, where a < < &, is 

the function f {x) continuous or not? 

We can extend the concept of continuity and say that a function 
f{x) is continuous in an interval if it is continuous at every point in 
the interval. Essentially, however, continuity is the property of a 
point, and the concept is only extended to an interval in the way 
just indicated. 

Several examples will now be considered. 



64 


LIMITS AND CONTINUITT 


[CH. Ill 


Exuviple 1 . Consider the function defined us follows: 


/w= 


when 0^x<a^ 


f(x)~a when a. 

Distritss the behaviour of this function at the point r « a. 
Now, except when 

^2_Qf2 


but as X approaches the value a from below, it is clear that the value of the 
fraction (x^-^u^)/(x — a) becomes more and more nearly e(jual to 2d35, in fact 


lim 




.( 1 ). 


x -*-a—0 X — CL 

It must be clearly realised that the value of the fraction a) 

when x^a is indeterminate or meaningless, for the ratio 0/0 is undefined. 

The function f{x), however, has the value a when a:==a, for this value has 
been assigned to it definition^ hence, when 4 := a, 

f{x)^a ( 2 ). 



Examination of the graph of the function f {x) in Fig. 3 at once suggests a dis- 
continuity* when x^a. As we shall see, this is ensured analytically by tbe 
inequality of the limit (1) and the value (2). 

Example % Consider the function 

Jfp! ^2 

^ (^) ^ 0^x<a, 

(f) (x) = 2a when x^a. 

The graph of <jf> {x) is illustrated in Fig. 4, and it suggests no discontinuity 
when j:=a, 

* The primitive geometrical concept of continuity for a function which possesses 
a graph is that the function is continuous if its graph be an unbroken curve. A 
point at winch there is a sudden break in the curve is thus a point of discontinuity. 
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The limit (1) of Example 1 is again the same, but in this case when x—a 

<t>(3^)=2a (3), 

so that the limit of cj6 (x) as is the same as the value of (.«) at x=a^ 

both being equal to 2a. In this case there is no sudden break in the graph. 

Example 3. ^ (x) = — — ‘when 0 ^ ^ < a, 

yjf{x) — a when ^ = a, 

— 2a when x > a. 



In this case lim i//- (x) * 2a, yjr (a) — a, lim ^|r (x) = 2a, 

aj->-a-0 K-^o+O 

and there is again a discontinuity when x—a due to the isolated point Pin 
Fig. 5. 

3‘32. Formal definitions of continnity. 

The reader who has carefully examined the preceding examples 
will have realised how easily discontinuities may be recognised in 
a graph. In fact for those functions which admit of simple graphical 
representation, this is certainly the easiest way of finding points of 
discontinuity. We now give the formal definitions of continuity, 
from which definite conclusions can be drawn for any function, 
whether it be capable of graphical representation or not. In any 
case the graphical method illustrated above only indicates points 
of discontinuity of functions which can be represented graphically; 
it does not prove anything. 

Definition 1. The function f{x) is said to be continuous when 
x = cco, iff(x) possesses a definite limit as x tends to the value Xo 
FROM EITHER SIDE, and each of these limits is equal to fi xa): 

lim / (x) =f(xo) = lim / ( j;). 

a* - 0 j' -w jPo+O 
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Definition 2. The function f{x) is continuous when if 

aiven e, a nuniher ri (e) can be founds such that, whenevev | a? — | ^ 

I «. 

The equivalence of the two definitions is at once obvious if the 
second be compared with the definition of a limit in § 3*22. The 
remark in that section about the right-hand and left-hand limits 
as X tends to a not necessarily being equal will now be understood. 
We have now seen that only in the case where f(x) is continuous 
when x = a wull it be true that 

lim /(ic)=/(a)= lim f{x). 

For most simple functions the graph will suggest at what points 
in a given range of values of x discontinuity is to be expected. 
It must however be borne in mind that the analytical method of 
deciding whether or not a given function is continuous at a specified 
point ;ro (say) is to examine whether the three numbers 
lira f{x\ f(xo), lim f{x) 

x-*-xo-0 x-^a+0 

are or are not equal. Cases frequently arise in which one or more 
of these numbers do not exist. If f(x) assumes, when x = Xq, the 
indeterminate form 0/0 we must say that f(xo) does not eccist. In 
such a case there cannot be continuity at x — xo, even though 
f(xQ-O) and /(a7o+ 0) both exist and are equal. 

The function (^-a2)/(r-a) is defined for all real values of a: except 
Since its value when x^a is indeterminate, nothing more can be said about 
its continuity when x==a. However, a value for the function when x=a may 
be assigned by definition. It will be seen that the function defined as follows : 

/ (/) " ^ when x%a, 

f(x)^A when x—a, 

is a discontinuous function at the point for all values of A except A = 2a. 

The function defined above when ^ = 2a is said to be continuous at the 
point x=^ahy completing iU definition. 

Continuity in an interval. A function f{x) is said to be con- 
tinuous in the closed interval (a, b) if it is continuous for every 
value of a: in a <x <b, and ify (a -f 0) exists and is equal toy (a), 
and/ (6 - 0) exists and is equal to / (b). 

It is easily deduced from the theorems on limits that the sum, 
product, difference or quotient of two functions which are con- 
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tinuous at a certain point are themselves continuous at that point 
(except that, in the case of the quotient, the denominator must not 
vanish at the point in question). 

Further it is true that a continuous function of a continuous 
function is a continuous function (§ 3*23, 4). 

Examples, The polynotaial 

P ( = ao 1 4- . . . 4- 

is continuous for all values of x. 

The rational function R ix) = 

^ ^ Q{^) 

is continuous in any interval which does not include values of x which make 

The functions sin x and cos x are continuous for all values of x; log a? is 
continuous for 0; ^ is continuous for all values of x ; tan x is continuous 
in any range not including any of the points x^(7i-^^)'Tr (ti—O, 1, 2, ...). 

3*4. Properties of continuous functions. 

Theorem 1. The fundamental theorem on intervals. 

If Ii, l 2 i *•., In> ••• linear intervalSy each of which is con- 
tained in the preceding^ and the lengths of which tend to zero 05 n 
tends to infinity y then there exists a unique point ^ such that every 
neighbourhood of f contains all hut a finite number of the given 
intervals. 

Let In be (a„, 6^), then since contains /„+i, 

Ofl, ^ ^ 


Hence, 

ai<oa^...:^On^ (1), 

^ ^2 ^ • • • ^bfi^ ( *^)' 


The sequence (1) of left-hand end-points is monotonic increasing 
and every term is less than 6i, hence, by § 2 '5 8, 

On a ^ 6i. 

Similarly the sequence (2) is mono tonic decreasing, and 

bn-^/3>a^. 

If we shew that a = yS, we have proved the existence of the unique 
point 
We have 

I o„ — a I < 6 for n'^viy 
\bn- I3\<€ for n ^ 
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and since the length of In tends to zero as n oo , 

I 0.^ — i < e for 71 ^ z/3. 

Now 

|a-i8l = |a~ + an + “/SI 

<|«-an 1 + 1 an -6n|+|6n-/3|<86 

forw^j^, where z/ = max(7^i, z/g). 

Since a and ^ are independent of n, it follows that a and yS 
coincide and a = /3 = ^. Clearly h can be so chosen that the 
neighbourhood — h, ^ + h) strictly contains the interval and 
hence 4»+2 j •••i and however small h is chosen there will be 
a value of n such that the length of In is small enough for In to 
be strictly contained in the neighbourhood (f - A, f + h). Hence 
every neighbourhood of ^ contains all but a finite number of the 
intervals /. 

3 - 41 . Theorem 2. Borel's theorem* 

Let (a, h) be a closed linear interval; suppose that we are given 
a set J of closed intervals such that every point P of (a, h) is an 
interior point f of at least one of these intervals J(P); then a 
FINITE number of these closed intervals 

Jli Jjj, Jm 

can he chosen which possess the same property: — every point P of 
(a, 6) is an interior point of at least one of them: in other words the 
interval (a, h) can he completely covered hy a finite number of 
intervals of the set J, 

A set of intervals jr can be associated with the intervals J as 
follows. Each is an interval which contains at least one point 
(not an end-point) Pr of (a, A), and no poinb of jr lies outside the 
interval J (Pr). The intervals;; will be called suitable intervals, or 
briefly intervals (S). 

If the whole interval (a, b) is suitable, the theorem is proved. 
If not, bisect (a, 6) ; if either or both of these intervals is not 

* Also called the theorem of Borel-Lebesgue or the Eeine-Borel theorem. The 
proof given by Heine that every continuous function is uniformly continuous con- 
tained the germ of this theorem {Journal fur Math, lxziv (1871), 188). It appears 
to have been first explicitly stated and proved for a linear interval (a, b) by Boiel 
Ann. de Vhcole Norm. (3), xii (1895), 50. * 

+ Except when P coincides with a. or 5, when it is an end-point. 
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an (S), bisect it or them*. The process of bisecting intervals 
which are unsuitable either will terminate or it will not. If it does 
terminate the theorem is proved, for (a, b) will have been divided 
into a finite number of suitable intervals ji, ja, say, and the 

set of associated intervals /i, J 2 , will be the finite set 

required. 

Suppose that the process of bisection does not terminate, and 
let an interval which can be divided into suitable intervals by the 
process of bisection be called an interval (B), 

By hypothesis (a, b) itself is not a (B), therefore one at least of 
the bisected portions of (a, b) is not a (B). Choose the one which 
is not (if neither is a (B) choose the left-hand one); bisect this and 
select again that bisected part which is not a (B), and so on. This 
process of bisection gives an unending sequence of intervals 

^l> •••> -^n) •••> 

such that 

(i) each is contained in the preceding, 

(ii) the length of tends to zero as w co , 

(iii) the interval In is not an (S). 

The same argument as was used in Theorem 1 shews that these 
intervals converge to a unique limit point f, which is certainly a 
point of (a, 6). 

By hypothesis there is a number h such that every point within 
a distance h from ^ is a point of one of the intervals J. If n be 
chosen so large that the length of In is less than h, then f is an 
interior or an end-point of and the distance of every point of 
from f is less than h. 

Hence In is an (S), which contradicts (iii). 

The hypothesis that the process of bisecting intervals does not 
terminate involves a contradiction : hence the process does terminate 
and the theorem is proved 

3*411. Note on the preceding theorems. 

Both the preceding theorems are of an abstract nature, and the 
reader may wonder what is their importance. The importance of 

* A suitable interyal is not to be bisected, for one of the parts into which it is 
divided miKht not be suitable 
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these theorems cannot be over-emphasised, for they are fundamental. 
Without appealing to one or other of these it is impossible to 
prove the theorem which follows concerning the oscillation of 
a continuous function, a theorem which wull be seen to have 
fundamental, importance in the theory of integration. 

It is essential that the reader should realise that a point has 
now been reached beyond which we cannot proceed unless the first 
or second of the above theorems has been proved. This will be 
clear vrhen it is seen how all the theorems which follow depend 
upon those which have preceded them. Since the important 
theorems of the differential calculus, including Taylor’s theorem, 
depend for their proof upon the properties of continuous functions, 
the preceding theorems are therefore also fundamental to the 
differential calculus. 

The reader will see that Theorem Ids sufficient for our immediate 
requirements, and the properties of continuous functions which 
will now be proved can be demonstrated without appeal to Borel’s 
theorem. Theorem 1 is a theorem on intervals which is less general 
than Theorem 2, but Borel’s theorem has important applications 
in other branches of Pure Mathematics* and it is one of the 
important theorems in Analysis. There are several other theorems 
of the same type which are outside the scope of this book ; 
theorems of this kind are sometimes spoken of as “covering 
theorems.” 

3*42. Theorem 3. is continuous in the closed interval (a, 5), 

then, given e, the interval can always he divided up into a finite 
number of sub-intervals such that 

l/C*'' )-/(«") I <e, 

when x* and x'* are any two points in the same sub-interval. 

Suppose that the theorem is false. Then, however we sub-divide 
{a, b) there must be at least one of the sub-intervals for which the 
theorem is filse. 

* It was pointed out by Baker, Proc. London Math. Soc. (1), xxx7, 459, and 
(2), 1, 24, that Goursat’s proof of Cauchy’s fundamental theorem in the theory of 
functions of a complex variable [Tram. Amer. Math. Soc. i (1900), 16) practically 
contains Borel’s theorem. 

Borel’s theorem is also of fundamental importance in the theory of sets of points; 
in particular in the theory of measure of a linear set. See de la Yali6e Poussin, 
Ini^graU* de Lebesgut (1916), § 17. 
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Apply the process of repeated bisection; and at each stage 
choose a bisected part for which the theorem is false. In this way 
we obtain a set of intervals (a^, bn) satisfying the conditions of 
Theorem 1, and whose end-points therefore converge to a unique 
limit point Also each interval (a„, bn) is such that the theorem 
is false for it. Suppose, for definiteness, that | does not coincide 
with a or 6. 

Since /(a;) is continuous when there is a value of 9? such 
that, when | a; — ^ | ^ t;, 

If n be chosen so large that - an is less than t], then the 
interval (a„, bn) is contained entirely within the interval 

for ^ is such that 

Thus, if x' and x'* are any two points in 6n)> 

1/(^0 -/(D I |/(^")-/(OI<e. 

Hence, W) -f{x") | ^ \f{x') -/(|) | + 1/(?) | 

<2e. 

The supposition of falsity leads to a contradiction, hence the 
theorem must be true. 

The argument is easily modified if ^ coincides either with a or 
with 6. 

3*421 . Theorem 4. A function which is continuous in an interval 
is hounded therein. 

Suppose that the interval (a, 6) is divided into sub-intervals which 
satisfy the conditions of Theorem 3. Let the dividing points be 

== U, /Ti, ..., Xn-Xi Xn~b, 

Now l/(a:)l=S|/(a)l + l/(®)-/(a)l 

<l/(«)| + e, 

when 0 < iP — a < a?! — a, so that 

l/(;^i)l<l/(«)l+e 

Similarly, when 0 < ^ ^2 — 

!/(«) I ^ \f{xi) I -f !/(«) -f{xi) I 

< |/(a^i)| + e 

< l/(a) I + 2e, 


YD. 
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by (1). Hence, | < |/(a) j + 26. 

By proceeding in this way we get, when 0 < ® ^ 6 — 

l/(«)i<l/(®)|+«« (2). 

Thus, since inequality (2) is clearly satisfied in the whole interval 
(a, &), the theorem is proved. 

3 * 43 . Uniiform continuity. 

We have seen that, if f{x) is continuous in (a, 6)*, then, given e, 
we can find a number 77 such that, whenever | a?' — a? | < 7;, 

We know that 7; depends upon the chosen value of e, but 77 is also 
a function of x, for 77 will in general be different at different points 
of the interval (a, h). 

This is at once clear from Fig. 6, for if AB is divided into equal 
parts each of length €, the corresponding sub-division of (a, h) is 
such that the value of 77 is not the same for all points x in (a, i>). 



If it is possible to find a positive number h, such that, when € 
has been chosen, 

|/(^)-/(*')|< 6 , 

whenever | a?' - a? | < A (e), 


The interval (a, b) is taken to mean the closed interval unless the contrary is 
•stated. 
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the number h being independent of x, then f(x) is said to be uni- 
formly continuous in (a, h). 

In general, the value of t) depends upon the particular pair of 
values X and of. The important point in the definition of uniform 
continuity is that the number h must be independent of x. When- 
ever such a number h can be found, 

\f{(o)-f{x')\<e 

for every pair of values x and a?' in (a, h) whose distance apart does 
not exceed A. 


Theorem 5 . A function which is continuous in an interval is uni- 
formly continuous in the interval^. 

Let the given interval (a, h) be divided up into sub-intervals 
(a, ^i), {xi, X2\ , (xn-u such that for any two points x, x in the 
same sub-interval, 

|/(«)-/(«OI<|e- 

Let A be a positive number not exceeding the least of the numbers 
— a, X2 , • * • > h 1 • 

Now choose any two points x\ x" in (a, h) such that j a?' — a?" | does 
not exceed A. 

If these two points belong to the same sub-interval, then 

!/(«') -/(«") i<i«- 

If they do not belong to the same sub-interval, they certainly lie 
one in each of two consecutive intervals ; suppose Xr is the dividing 
point such that 

Xj‘ j X Xij^ ^ X ^ X/f^x J 

then |/(aj') -fix") \ « \f{x) -/(«,) | + \f{xr) -/{x") | 

Hence, given e, there exists a positive number h, such that 

I /(«')-/(*") I <e, 

when x' and x" are any two values of x in (a, b) such that 

I a:' -a:" I 

N'ote. It is essential to the above theorem that (a, b) should be a dosed 
interval, so that f(x) is continuous at every point in a ^47;$ 6 . For example 

consider the function sin i in ( 0 , 1 ). 


6 


* This theorem on uniform continuity is due to Heine, loc. ciu 


Pa 
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Now sin i is continuous in but it is discontinuous when 

The function sin ~ is not uniformly continuous in (0, 1) ; it is of course 
uniformly continuous in (S, 1) where d>0. 


3*431. Note on the concept of uniformity. 

The above theorem shews that it is unnecessary, for a function of a real 
variable ^r, to draw any distinction between functions which are uniformly 
and those which are non-uniformly continuous in the continuous domain of 
ar, for all continuous functions are uniformly continuous. 

The concept of uniformity, however, is of fundamental importance in 
Analysis, and should be clearly understood. 

Given e, suppose that /(^, f) is a function of two variables x and which, 
for every point a? of a given closed interval (a, b), satisfies the inequality 

( 1 ), 

when ^ is given any one of a certain set of values denoted by fg., the particular 
set of values depending on the particular value of x under consideration. If 
a set lo can be found, such that every member of the set is a member 
of all the sets fa,, then the function /(jr, f) is said to satisfy the inequality (1) 
uniformly for all points x in (a, h). If a given function 0 (.r) possesses some 
property for every value of e in virtue of the inequality (1), the function {x) 
is then said to possess the property uniformly. 

One of the most important ideas of Analysis is that of uniform comergence. 
Consider the sequence (^), which is a function of n and of x. In this case 
the ^ of the preceding statement is the integral variable n. 

Suppose that s^ {x) s (x) as oo for all values of x in a given interval 
(a, b). If given e, a number m can he found, such that 

|Sn(^)-5(^)|<e 

for all values of where m is independent of x, then {x) is said to 

converge uniformly to s (x) in the interval (a, h). 

In general, m depends on t and on x\ if m (e, x) denotes the least m for 
which the above holds, and if, for fixed e, and for all values of x in (a, 6), 

m (€, x)^fM(€\ 

then can be chosen instead of and the convergence of (x) to ^ (x) is 
uniform in (a, b). 

Uniformity of convergence is a highly important concept, and it will be 
considered in detail in the last chapter. We have seen that continuity in an 
interval implies uniformity of continuity, hence the latter concept is not an 
important one. Convergence however does not imply uniformity of conver- 
gence, and so uniformity of convergence is a highly important concept. 
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3*44. Theobem 6. A continuous function attains its hounds. 

If f(x) is continuous in (a, b) and M and m are its upper and 
lower bounds, it will be proved that there are at least two points 
and ^^2 in (a, b) such that 

f{cci)=M, /(5'2) = m. 

Suppose that ilf is not attained; then M-f(x) does not vanish 
at any point of (a, 6); hence is a continuous function, 

and therefore bounded. If G > 0 be its upper bound, we have 

SO that M -/ ^ ^ , 

that is, 

but this contradicts the fact that M is the upper bound of /(a?) 
in (a, b). 

Hence M must be attained. 

Similarly it may be proved that m is attained. 

Corollary. In virtue of the above theorem we can now state 
Theorem 3 in the following useful form: 

If f {x) is continuous in the interval (a, J), then (a, b) can he sub- 
divided into a finite number of partial intervals in each of which the 
oscillation of f {x) is less than any given e. 

3*45. Theorem 7. If f{x) is continuous in (a, 6) and /(a) and /(6) 
differ in sign^ then f (x) vanishes at least once between a and b. 

To fix the ideas, suppose that f(a)<0 and f{h) >0. Since f{x) 
is continuous, it will be negative in the neighbourhood of a and 
positive in the neighbourhood of b. The set of values of x between 
a and I which make f {x) positive is bounded below by a, and hence 
possesses an exact lower bound k: clearly a< k <b. 

From the definition of the lower bound, the values off(x) must 
be negative or zero in a^x<k. Since f{x) is continuous when 

lim f(x)==f{k). 
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Hence is also negative or zero. We shall shew that fQc) can- 
not be negative; for if — where c is positive, then there 

exists a positive number rj ip) such that 
\f{oc)-f{k)\<c when 

since /(^r) is continuous when x-h The function f{x) would then 
be negative for those values of x in (a, h) which lie between k and 
4 + ^, which contradicts the fact that k is the lower bound of the 
set of values of x between a and b which make f(x) positive. 

It follows that f(k) = 0, and the theorem is therefore proved. 
CoEOLLARY. Iffip) and f(b) are unequal, and f(x) is continuous 
in (a, b\f(x) assumes at least once every value between f{a) and 

m. 

Let G be any number between f{a) and /(6). The continuous 
function {x) =f{x) ~ Q has opposite signs when x = a and when 
x—h. Hence, by the theorem, <j> (x) vanishes at least once between 
a and b, so that for this value of x,f(x) = G. 

3*5. Continuity of functions of more than one variable. 

Consider, for definiteness, the case of three variables x, y, e. The 
extensions of the preceding theorems to functions of more than one 
variable are rendered more simple by the following method of 
reducing multiple limits to simple limits. 

If x^a, y^b, z^c, expressed symbolically as 

{x,y,z)-^(a,b,c) (1), 

and we define co by the equation 

<o=^\x-a\ + \y -b\-{-\z — c\, 

then the statement that g) tends to zero is equivalent to the three 
statements which are symbolically expressed by (1). 

If 7) be defined by the equation 

7}-{{x- a)^ + (y — by -f (^ - c)^[i 
the statement that tends to zero is also equivalent to (1). 

The geometrical interpretation of ca and r) is that o> is the length of the 
shortest path from (a, h, c) to {x, y, z) which is composed solely of segments 
parallel to the axes, while j; is of course the distance between the points (a, 6, c) 
and {x, y, z). 

Although the geometrical analogy does not extend to more than three 
dimensions, the above notions can be extended to a function of n variables if 
(jTi , '••1 denote the coordinates of a point in 5i-dimensional hyper-spaca 
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3*51. Continuity for a function of two variables. 

For definiteness, the definitions of a limit and of continuity will 
now be given for a function of two variables x and y. The reader 
will see that they are the obvious extensions of the definitions 
already given for functions of one variable. 

Definition of a limit. The function f{x, y) is said to tend to 
the limit I as x tends to the value a and y tends to the value b if 
given e, a positive number (jl (e) can he found such that 

y) “ ^ I < 

for all values of x and y such that 

and 

Thus for all points {x, y) within the square of centre (a, 6) and 
whose sides are of length 2//,, the values of f{x, y) will differ irom 
I by less than e. 

Clearly we could substitute for the square a circle of centre (a, b) 
and in this case the statement that 

replaces the statements 

Definition of continuity. The Junction f(x, y) is said to be 
continuous at the point (a, b) if given e, we can find a positive 
number p (e) such that 

I /(«. y) -/(«> i!>) i < e 

whenever j a: — o | ^ /a and | y — 6 1< 

The alternative definition of continuity is that f{x, y) is con- 
tinuous at the point (a, b) if f{x, y)-^f (a, b) when x-^a and 
y^b in any manner. 

The reader should observe that to assert the continuity of a 
function of two variables is to assert more than its continuity with 
respect to each variable separately. Clearly, if / {x, y) is continuous 
in both variables in accordance with the above definition, it will also 
be continuous with respect to x (or y) when any fixed value is given 
to y (or x). The following example will shew that the converse is 
not necessarily true. 

ExampU, Consider the function 

/( 0 , 0 )= 0 . 


when X and y are not both zero, 
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If the function is continuous for all values of x, including 

the value a?=0, and similarly the function ^ayj{a^-^y^) is continuous for all 
values of y, including the value y =0. 

Write a?=T; cos d^y=ri sin then the statements ^ 0, y 0 are equivalent 

to the statement that But /(j?, y)=sin 2^, which is independent of 7 

and may have any value between - 1 and 1. 

Since the value of the function at the point (0, 0) is zero, the limit and the 
value are not the same at the origin, so the function is not continuous in 
both variables in any domain which includes the origin. 

The explanation is as follows. When we assign a fixed value jS to y the 
consideration of the continuity of the function involves only the 

behaviour of this function along the axis of x. A similar remark applies to 
the function of y obtained by giving x a fixed value a. Continuity in both 
variables involves that the function /(.r, y) shall tend to the same limit when 
the point (a, b) is approached along any radius of the circle whose centre is 
(a, h) and which passes through the point (^, y) ; that is to say, the limit micst 
be independent of B. 

3*6. Some special functions. 

An illustration has already been given in § 3*1 of a type of 
function which has a good deal of importance in Analysis. The 
example given there was the function defined as follows; 
y = 2 when x is rational, 
y == 0 when x is irrational. 

The reader who has only been accustomed to functions defined 
by analytical expressions may be inclined to regard such functions 
as the one given above as artificial and unimportant. This is not 
however the case, and functions of this type are frequently met 
with in Analysis. 

Also, functions which at first sight seem to have no possible 
analytical expression sometimes have quite simple ones. We shall 
consider a few examples. 

(1) Let y=l whenx>0, 

y— 0 uohenx^O, 
y = — 1 when ^ < 0, 

The graph is illustrated in Fig. 7. 

Analytical expressions for this function are 

2 , 2 r* sin 

y=- lim arctan?i^=- | dt. 

fr ■n’jo i 

This function is important in the Theory of Numbers; it is sometimes 
called “ signum x ” and it is written 


y=*ggn;F. 
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(2) Let when 

y — 0 when ^=0. 

An analytical expression for this function is 

nx 

yss lira . 

tt^ool+na? 

(3) Even the function referred to at the beginning of this section may be 
represented by the somewhat complicated analytical formula 

ys=:2{l- lim sgn(sin2 7i!Tr^)}. 

It is a special case of Dirichlet’s function, and, as will be seen later in 
§ 7'32, it is a function which cannot be integrated by Riemann’s method. 
The graph of this function cannot be represented in a diagram. 


|0 


I 

Fig. 7 


a 



0 

Fig. 8 


3'61. Classification of functions. 

The functions considered above may be described as “ functions defined as 
limits.” A classification of functions has been made by Baire*, in which 
continuous functions constitute class 0, discontinuous functions which are 
limits of continuous functions constitute class 1, the limits of functions of 
class 1 which are neither of class 1 nor of class 0 constitute class 2, and so on. 

The function given in example (2) above is a function of Baire’s class 1. 
The function nx/(l'i-nx) is, for all values of n, a continuous function of x 
and is therefore of class 0. The function y = lim nx/(l -i-nx) is discontinuous 

n->- » 

when x==^0, and is therefore of class 1. The graph is illustrated in Fig. 8. 


3*7. Classification of discontinuities. 

The points of discontinuity of a function may be classified as 
follows : 

(1) If x~a be the point under consideration, then if both the 
limits /(a — 0), /(a + 0) exist and have different values, the point 
a is said to be a point of discontinuity of the first kind, or a point 
of ordinary discontinuity. 

* See the Borel tract by de la ValUe Poussin, InUgrales de Lebesgue, § 33 et seq. 
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The difference between the greatest and least of the three 
numbers /(a + 0), /(a~0), f{a) is the saltus, or measure of dis- 
continuity of the function at the point a. 

If /(«)=/(« — 0) while /(a)4=/(a-f 0), the function is said to 
be ordinarily discontinuous at a on the right A similar definition 
can be given of an ordinary discontinuity on the left. 

If it happens that f(a + 0) and /(a — 0) have equal values which 
differ from / (a), the discontinuity at a is said to be removable, since 
by altering the functional value at the one point a the function 
can be made continuous at the point. 

(2) If neither of the limits /(a + 0), /(a — 0) exists, the dis- 
continuity at a is said to be of the second kind. 

(3) It may happen that one of the two limits /(«+ 0),/(a— 0) 
exists, while the other does not. Such a point a is sometimes 
called a point of mixed discontinuity. 

If f (a) exists and is equal to that one of the two limits f(oc-h 0), 
/(a— 0) which exists, then the function is continuous at a on one 
side and has a discontinuity of the second kind on the other side. 

(4) If either of the limits /(a ± 0) is indefinitely great, the 
point a is a point of infinite discontinuity. 

(5) When f{x) oscillates at a on one side or the other, a is said 
to be a point of oscillatory discontinuity. The oscillation is finite 
when f{x) is bounded in some neighbourhood of a; it is infinite 
when there is no neighbourhood of a in which f{x) is bounded. 

3*8. Semi-continuous functions*. 

The condition of continuity of a function f{x) at a point x, namely that, 
given e, an open interval {x—h, x-\-h) exists such that for any point a/ in it, 
\f{x')~f{x) I < 6, can be divided into two separate conditions, 

(i) /(^)</(^) + f, 

and (ii) /(^)>/W-6. 

It is possible that at a point x one of these conditions may be satisfied and 
not the other. This fact gives rise to the concept of semi-continuity. 

If fix) be a function defined in a given interval (a, h) and if, corresponding 
to every chosen value of €, an open neighbourhood {x - A, a? + h) of a particular 
point X can be determined such that, for every point x' in this open interval 

* The concept of semi- continuity is due to Baire, AwnaH di Mat. (3 a), hi (1899). 
For further information the reader should consult Hobson, Functiom of a EeaJ 
VariaUe, i (1921), 290. 
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the condition /(^)</(^) + 6 is satisfied; then the point x is said to be a 
point of upper semi-continuity of the function f{x). 

If an open neighbourhood of the point x can be determined for each £, such that 
fipd) €, then the point x is said to be a point of lower mni-continuity. 

It is clearly necessary that both the above conditions shall be satisfied in 
order that x may be a point of continuity of/(:r). 

If every point of the interval (a, 6) in which / {x) is defined is a point of 
upper semi-continuity, then the function f{x) is said to be an upper semi- 
continuous function in (a, h). 

A similar definition applies to a lower semi-continuous function 


3‘9. Continuity in an infinite interval. 

Suppose that f{x) is continuous in the interval where a is some 

definite positive number, and that lim / {x) exists. 

X CO 

If we write ^ — ajx, the interval x'^a becomes 0<^<1; with the values 
of ^ in 0 < 1 associate the values of f (x) at the corresponding points in 

x'^a, and assign as the value of the function when f =0 the number lim /(^?). 

a:-*- 00 

We thus obtain a function of | which is continuous in the closed interval 
(0, 1). On this understanding we can speak of the continuity of a function 
f{x) in the closed interval (a, co) and we denote by /(oo) the value of 
lim f(x). 

To a function f{x) continuous in {a, oo ) we can extend some of the results 
already proved for functions which are continuous in a finite interval (a, h). 
In particular, such a function f{x) is bounded, attains its bounds, and takes 
at least once every value between these bounds. 
x^ 

The function continuous in (0, oo ) ; it does not attain its upper 

bound, unity, when x'^0, but /(»)= lim {x^l{l-\-x^)}=:'l, so that its upper 

a; w 

bound is attained at the point x^co. 


EXAMPLES III. 

1. If f{x)<4>(x) for a-h<x <a-\-h while f{x)~^li and (p(x)-^l 2 a-s 
^ a, show that ^ • 

2. If lim f{x) — l, shew that lim l/(^)|=|i^!. Prove that, unless l—Oy 

x-^a x->-a 

the converse does not hold. 

/3. Eind the limits of the following functions*: 


... sin 2.r x 1— ^ 
X "^sin 2r l+a; 


as 0, 


(ii) x‘^~x-\-^-\- rT+cos(^-l) asj:-^l, 

^ ^ sin(^-l) ^ 


ABsume that lim 


1, Bee p. 98. 
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(iii) 


14- cos rrx 


- 1 . 


t -Itt, 


tan^ TT^ 

(iv) sec^—tan^F 

M N/(i+^)-v^a+^) 

^ 4. Prove that the function /(4?)~^sin- 

/( 0)=0 

is continuous for every value of oo ; and sketch its graph. 
Is/(:f) uniformly continuous in the range (0, 1/rr) ? 


I 


(iF4=0), 


6. Shew that the function f{x\ which is equal to 0 when to J — ^ in 
to ^ when to f when ^<:r<l and to 1 when a?~l, is 

discontinuous when ^=0, ^=^,47=1. 

Illustrate by a sketch of the graph in the interval (0, 1). 


^6. Shew that the function defined as follows : 

<j>(3:)—(x^la)~-a 0<x<a^ 

(a:) =» a — {a^jsP) x> a 

is continuous at ^=a. Sketch its graph. Is ([>' (x) continuous when 


■ a'i 


7. Pind the sum to n terms of the series 

a m . X 

1 1 ) ( 2 . 27 + 1 ) ( 2^4 1 ) * 

by making n oo , find the sum-function a {x) of the infinite series. Shew that 
« {x) is a discontinuous function in the neighbourhood of the origin . 


8. Construct an example to illustrate that if f{x) be continuous at every 
point of the infinite interval f{x) is not necessarily uniformly con- 
tinuous. What happens if, in addition, /(j;) tends to a limit as .a;-*- oo ? 


y 9. For the function (j) {x)^x\og x when a? >0, 

<^(0)-0, 

discuss the continuity on the right at the origin. 

10. (i) Discuss the continuity in the neighbourhood of the origin of the 
function 


f(x, ^ when x and y are not both zero 


/(O, 0)-0. 

(ii) Consider the same problem for the function 


<#> 


2.ry 


<j>{0,0)^0. 


11. Deduce from BoreVs theorem that, if /(^) is continuous in (a, h\ the 
interval can be divided into a finite number of sub-intervals in each of which 



EXAMPLES III 


83 


the oscillation of / (x) is less than any assigned €, Shew also that, given €, 
we can fiod a number rj such that if (a, b) be divided into sub-intervals of 
length less than rj^ then the oscillation of /(j?) in each of them will be less 
than €, 


12. Examine whether the conditions of BorePs theorem are satisfied for 
the interval (0, 1 ) in the following cases : (i) if the interval is divided into 
n equal parts; (ii) if with each point ^ of (0, 1) an interval (|-d, f + 5) is 
associated, where 0<§<1, and with the points 0 and 1 we associate the 
intervals (0, 5), (1-5, 1) respectively; (iii) with each of the rational points 


piq we associate the interval ~ ^ rejecting the parts 

of the intervals associated with 0 and 1 which lie outside (0, 1)). 


13. Shew that the function 
V* lim 

^ n^oo l+^sin-Tra? 

is equal to f{x) when a is an integer, but is equal to <j> (a?) in every other 
case. Define the same function by another analytical expression. 


14. Sketch the graph of the function where 

in the interval and explain why the function does not vanish 

anywhere in this interval, although /(O) and fdrr) differ in sign. 

15. Find the points of discontinuity of the function defined as follows in 
(0, 1): /(^) — (log m)“i when :c = (2n+l)/2”‘, where n takes all integral values 
such that 271 + 1< 2^”, and m ranges from 1 to ao ; otherwise f(x)=^0. 


16. Classify the points of discontinuity of the following functions ; 
(i) /{x) = sin xfx when x=^0j f{x)= A when x=0. 


(ii) f{x)^ 


1 

a* 


(iii) /(«)=l/(l-e‘/*). 

(iv) f{x)=‘pnx^ where pnx denotes the positive or negative excess of x 
over the nearest integer; when x exceeds an integer by J lety)?ij?— 0. 

17. Prove that, if f{x) is an upper semi -continuous function in (a, h\ 
then f{x) has an upper bound, and it attains that upper bound somewhere 
in (a, h), 

18 . The upper limit of the function f{x) {hounded in 0 <^< 1 ) as x^\ 
( lim f{x)) may he defined as lim g (y), where g{^) is the upper hound of f {x) 

*-*•1 y-^l 

in y^x<\. 

Define similarly lira f (x) as 1. 

Prove that if y = (1 - x^) sin l/x, y ** - lim y = 1 as ^ 0. 
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a?” 


19. If lim 

n 

prove that, as 1, 




4-&+siii 


5?- 1 




i2Hmy=a-{-l, Zlim^=6+1, 


20 . Shew that the function 


m- 




does not tend to a unique limit as 4? “*-00 through all real values^ but if 
X ranges 
f{x)-^Z. 


X ranges through the sequence of values (ri=0, 1, 2, ...), then 


21. Prove that lim (l+“') = lim a 

a-*- 00 \ X!j U '-»>0 

[It must be proved that the function approaches the same limit 

when X tends to infinity ranging through all real values^ as it does when 
X ranges through the particular sequence of values 1, 2, 3, 71 , .... 

If + 


X 71 + 1 ’ 


and so (1 +^) > (1 +^) > ( 1 +~^ , 

and so on. See § 2 '8. 

The second limit is equivalent to the first if u= 1/a?.] 


22, Outline a proof of Borel’s theorem for a two-dimensional region. 

[In the notation of § 3*41, the interval (a, b) is replaced by a closed two- 
dimensional region, the interval J (T) by a circle of centre P, and the interval 
by a square with sides parallel to the axes.] 

23. If (Jj, ct 2 , ..., otp are all positive and if 

A‘«=(<^i”+a2’‘+ ... + 

prove that the sequence {fin+ilfj^n} steadily increases; and deduce that the 
same is true of 


24. For the function /(a?) of Example 4, find an upper bound of 1/ (a?)| in 
^ 1 and hence shew that, if the interval ( - 1, 1) be divided into n sub- 

intervals in each of which the oscillation off{x) does not exceed then n need 
not exceed 46"" 2 + 2. 



CHAPTER IV 


DIFFERENTIAL CALCULUS 
4’1. Introduction. 

Throughout this treatment prominence will he given to the 
concept of a “differential.” This important concept is either 
ignored or else badly and inadequately treated in almost every 
English text-book. The concept of a “differential,” which is a 
development of the work of Leibniz, has, with few exceptions, been 
fully treated only in Continental text-books*. Although for func- 
tions of one variable the concept of a differential is not so important 
as it becomes when dealing with functions of several variables, it 
is essential at the outset to distinguish carefully between deriva- 
tives and differentials, and between the processes of derivation and 
differentiation. In subsequent chapters the reader will see how 
the formal treatment of differentiability of functions of more than 
one variable can be rendered both more simple and more concise 
by the use of the differential notation. 

4*11. Derivatives. 

Let y = f{a)) denote a single-valued function of a? in a given 
interval (a, 6), and let x be any point in this interval. If x be 
given a positive or negative increment Ax = A, then the corre- 
sponding increment of y, which we denote by Ay, will be 

The ratio of these increments is 

Ay^ /(g?H-A) -f(x) 

Ax h 

If this ratio tends to a definite limit, as h tends to zero, this 
limit is called the derivative of f{x) at the point x, and it is usually 

* See, for example, de la Vall6e Poussin’s Gouts d' Analyse Infinitisimale, i (1921), 
Chs. I and iii, in which the theory of difierentiais is given its due importance in the 
development of the subject. 

For a historical account of the dispute between Newton and Leibniz and its 
consequences, see Rouse Ball’s History of Mathematics (1912), 356-S62. 
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denoted by /' (^). Other accepted notations for the derivative* are 
or Dy. 

If A be restricted to have only positive values, and if a definite 
limit exists when h approaches zero through positive values only, 
this limit may be called the right-hand derivative of at the 
point X and it will be denoted by Rf' (x). 

If h approaches zero through negative values only, the left-hand 
derivative Lf*{x) is similarly defined. 

The function f{x) only possesses a unique derivative f {x) if 

Rf(x) = Lf(x). 

If the function/ (x) possesses a unique derivative at every point 
of the open interval (a, b), and further, a right-hand derivative at a 
and a left-hand derivative at 6, then f(x) is said to be DERiVABLEf 
in the interval (a, 6). 

We now prove three elementary but very important theorems. 

(1) Every function f(x) which possesses a finite derivative for 
a given value of x must be a continuous function of x at this point. 

Since / {x) possesses a finite derivative at the point x, say a, 

hence |/(i» + A) -/(«) | = | A 1 (|a| + e), 

where as Since a is finite we have 


\f(x + h)—f(x)\^0 as |A|-^0. 
Hence / (x) is continuous at the point x. 

(2) If f(x) be a constanty its derivative is zero. 

For 0. 

A A 


(3) If f{x) — Xy its derivative is unity. 

For = = L 

A h 


* The reader who is accustomed also to use the notation ^ should note that in 

(fX 

this treatment we cannot ijet allow it to be used to denote the derivative of f {x). 

f The reader is warned not to use the term differentiable as a synonym for the 
term derivable. The definition of differentiability is given in § 4T2. 
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4-12. Differentials. 

A function / (a?) is said to be differentiable at the point a?, if it 
is finite and determinate in the neighbourhood of this point, and 
if when a? is given the increment Aa;, which may be assigned 
arbitrarily, the increment Ay can be expressed in the form 

Ay = A Aa? + eAa; (1), 

where A is independent of Aa;, and e 0 as Aar 0. 

In this case the first term on the right-hand side of (1) is called 
the differential of y, and it is denoted by dy (or by df). 

Thus dy=^A^so, 

so that Ay = tZy 4- eAa?. 

By making Aa;-->-0 we deduce from equation (1) that 

Um^ = 4; 

Aa? * 

and hence that, if /(a?) is differentiable, /“'(a?) exists and has a finite 
and definite value A, 

Also, by the definition of the derivative, if /' (a?) has a definite 
value A, equation (1) holds. 

ThuSf the necessary and sufficient condition that the function 
y=f{w) should be differentiable at the point x is that it possesses 
a finite definite derivative at this point 
When this is so, we have 

dy==f'(x)^x (2), 

and so the differential of a function is the product of its derivative 
and an (arbitrary) increment Aar of the independent variable x. 

Now suppose that f{x)^x; we have seen that /' (it?) = 1 and 
equation (2) becomes 

(fa? = Aa?; 

and so we define the differential of the independent variable to be 
the same as the (arbitrary) increment of that variable. 

Equation (2) now becomes 

=/' («) (3), 


or, dividing by dx. 


(4). 
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We have thus proved that the derivative of a function f(cc), of one 
variable x, is the ratio of the differential of the function and the 
differential of the variable. This now enables us to employ the 
expression for the derivative which is most frequently used, and it 
is due to Leibniz. 

The reader will now see that, from the point of view of the differential 
notation, the statement which is frequently made in elementary books that 

^ is not a ratio^ but a symbol denoting the operation ^ (y ), is quite misleading. 

Of course it is allowable to define ^ to have whatever meaning is most 

suitable for our purpose, but it is not easy to give any justification for writing 
an equation such as =(^ {x) dx unless dy and dx have been defined. When 

— is defined as synonymous with /' {x\ then no meaning can be given to dx 

and dy standing alone, unless dx and dy are subsequently defined. 

4121. Geometrical interpretation of a differential 



Let P and Q be the points {x^y), y + Ay) on the curve y^f{x). 

The derivative /' {x) is the slope of the tangent to the curve at P, so that 


f {a)=iaaTpR=^. 


Now by equation (4) above, 




RT 

Mir' 


and MN^6.x (which for the independent variable is the same as dx)^ so that 
dy = KT^ while i^y = RQ. This illustrates the important fact that Ay and dy 
are not the same, for 


Ay-dy^Rq^RT=^TQ. 
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This geometrical consideration suggests that the nearer § is to P, that is the 
smaller (or dx) is taken, the smaller does the difference between Ay and 
dy become. It assists us to understand that, as Ax 0^ we may expect that 

Ax dx' 

4'2. Infinitesimals. 

In the older forms of the Infinitesimal Calculus the fallacious 
theory that numbers, called infinitesimals, existed, which, when- 
ever convenient, could be neglected, has led to a good deal of 
confusion of ideas in the presentation of the foundations of the 
differential and integral calculus. 

By assuming that every section of the aggregate of real numbers 
defines a single real number, it is implicitly assumed that if a and 
h are any two positive real numbers such that a<b, then a positive 
integer rt can be found such that na>b. This is the theorem of 
Eudoxus (usually called the principle of Archimedes). It is not 
difficult to prove that the aggregate of real numbers satisfies the 
theorem of Eudoxus* and an important consequence of this fact 
is that so-called infinitesimal numbers do not exist within the 
aggregate. Every positive number e, being such that an integer n 
can be found so that ne > 1 is a “finite” number, in the sense in 
which finite numbers were distinguished from infinitesimals in the 
older forms of the Infinitesimal Calculus. 

A correct theory of infinitesimals can he based upon the follow- 
ing definition: 

An infinitesimal is a variable whose limit is zero, 

A variable a is said to be infinitesimal with respect to another 
variable jS when the ratio tends to zero. Two infinitesimals 
a and j3 are said to be of the same order if a positive constant k 
exists such that | a | ^ /c | 1. The above definitions are frequently 

expressed concisely by writing: 

a = o(/3), a^O(^) 

respectively f. 

A particular infinitesimal cc is chosen, called the principal 
infinitesimal, and by means of it all other infinitesimals may he 

* For a proof, see Hobson, Functions of a Real Variable, i, 41. 

t The “0” notation is only completely unambiguous if we know the limit to 
which the variable tends. Thus the function 2x + is 0 [x] when x--*- 0, but 0 (x®) 
when ac-*.® . 



90 


DIFFERENTIAL CALCULUS 


[CH. IV 

classified. Thus, an infinitesimal /S which is such that /3 = 0 (a) is 
said fco be of the first order. If /3 = 0 («**)> ^ is infinitesimal 

of order r. 

If a function be expressible as a sum of a number of infinitesimals 
of different orders, the one of lowest order is called the principal 
part. 

Example, Consider the function where x^a and 

Then x—a and y — 6 are the principal infinitesimals. It is clear that the 
given function is an infinitesimal since its limit, as and is zero. 
By writing 

[x +y - af - 52 __ 25 {(a? - a) 4 - (y - 5 )} ct) + (y - 6)}* 

the first term on the right-hand side is the principal part, and the second 
term on the right is an infinitesimal of order 2. 


4*21. Theorems on infinitesimals. 


Theorem 1. The limit of the ratio of two infinitesimals a and jS 
is unaltered when two other infinitesimals oli and are respectively 
substituted for them so long as ajai and /3//Si both tend to unity. 


For 


^ _ a ^ ^ 


and by the fundamental limit theorems, 

A ^ « A 


= lim 


a 


Theorem 2. If the ratio of two infinitesimals a and ai tends to 
unity y then their difference S is infinitesimal with respect to each of 
them; and conversely. 

For S = a — 

may be written — = — — 

but the right-hand side tends to zero, and hence S = 0 (ai). 
Conversely since — = 1 -h — , 

«i CLi 

and S = 0 (fli), then «/ai 1, 
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Similarly it may be shewn that 8 = o(a), and that if S = o(a), 
a 


4'22. Application to differentials. 

For the function y =/ {x\ if Aa; he infinitesimal^ and if the 
derivative f' (x) is finite and different from zero at a given point x, 
then Ay and dy are equivalent infinitesimals. 

By the definition of the derivative 


where e 0 as A^r 0. 

Hence, by using the formula dy=ff{x ) . Ax, we get 
^=i+-i- 

f'i^y 

since, hy hypothesis, /' (x) does not vanish. 

Now € tends to zero as Ax tends to zero, and so 


dy 


1 . 


Thus, when Ax is infinitesimaly Ay and dy are two infinitesimals 
which may be substituted for each other. 


4*3. Rules for derivation. 


du 


Let u and v be two given functions of x, and suppose that ^ 

Cm) 

and exist and are finite, then it is easily shewn that 
CLx 




.. .. , dy dll , dv 

i) if y = M + D then ^ = 


.. . , dy dv du 

(u)ify = «i; then ^ = + 

(iii) if y = ^ then | (.40). 


To illustrate the method it will suffice to prove (iii>. Let Ay, 
Au and Av be the increments of the functions y, u, v corresponding 
to the increment Ax x. Then 


u +■ Au u Au Av 

Ay V + Av V __ Ax Ax 

Ax A^ v{v-tAv) * 


7*2 
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and by taking the limit when it follows that* 

dy ( du dv\ / « 
d^~V dx "^dxJr^ 


4*31. Notation for the derivative. 


There is much to be said for adopting a notation such as D^iy 
for the derivative of a function y — fix), for when this is done it 
emphasises further the distinction between the derivative of a 
function and the concept of differentials. 

dy 

In this book, however, we shall use the notation thereby con- 


forming with the usual custom of English writers. 

d'u 

The reader should observe, however, that ^ has the meaning 


which has been assigned to it in §4T2, namely that it is the ratio 
of the differential dy of the dependent variable to the differential 
dx of the independent variable. We have proved in that section 
that if/'(^) exists finitely it is equal to the ratio dy:dx, and that 
whenever f{x) is differentiable the ratio dy : dx is equal to the 
derivative f'{x) which then certainly exists finitely. 

It should be observed that the rules for derivation proved in 
the previous section become at once rules for differentiation by 
multiplying each of the equations in (i), (ii) and (iii) by the 
differential dx. 


4*32. Kules for derivation f. 

We now prove two theorems, 

1. Let y — f{x) and x = <f)(t) be functions such that /' (x) is finite 
at a certain point and (}>' (t) is finite at the corresponding point, then 
y is a function oft having a finite derivative at that point given by 
the formula 

dy _dy dx 
dt dx* dt' 


* Note that u + A7;=|=0 when Ax is sufficiently small, for the function v is con- 
tinuous and not equal to zero at the point a;; thus division by v + Av is always 
permissible, and also An^O as Aa:-^0. 

t The reader is expected to be familiar with the simple standard forms and the 
technique of derivation. See, for example, Gibson’s Elementary Treatise on the 
Calculus (1919), Ch. vi. 
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By hypothesis, to each value of t iu the given interval (a, p) for 
t there is a value of x in the corresponding interval (a, 6), and to 
this X there corresponds a value of y. Hence y may be regarded 


as a function of say 

( 1 ) 

and x=<f){t), «+ Aai = <3E>(i + At) (2). 


Now, however approaches zero, + At) <5^ (^), since ^ (t) is 
continuous by § 4*11 (1). Hence, by (2), Ax^O as At 0. 

With the conditions stated above, from the identity 

^ Ay Ax 
At Ax' At 

the result follows by a direct appeal to the fundamental limit 
theorems. 

Ifote on the above theorem. 

If x—(l> (^) be a function such that Ax=^Q for some point in every neigh- 
bonrhood of the point t, the case needs 
more careful examination. It will be best 
to consider two illustrative examples'^. 

Example 1. Let 

47=isin 

The function sin ^mirt is periodic in l/«i; 
if m be very large and fixed, the value of x 
will oscillate a great many times in the 
neighbourhood of the origin. Where the 
graph cuts the axis of t, that is when 
113 

we have A 27 — 0. However large m be taken, 
a number b can be chosen such that there 
is an interval for 0<^<d, in which 
A^=+=0, for all that is necessary is to 
choose b < 1 1 {2m). 

Example 2. Consider the function 
= t^ sin TT jt when i =i= 0, 

— 0 when jf=0. 

In this case we cannot determine an 
interval for t near the origin throughout 
which =# 0 ; for, however small b be taken, the value of x oscillates 

infinitely often in 0<^<5, so that for an infinity of points in this interval 
A.r=0. The graph of the function is shewn in Fig. 10. 

* See Pierpoat. The Thexm^ of Func-tiom of Real Variable^ (Giuii, 1905), i, 3.SH. 




94 DIFFERENTIAL CALCULUS [CH, IV 

In most cases in ■which the rule is required in practice, the functions ^ and 
(f) will be found to satisfy the conditions of the above theorem. 

2. Let y^fiso) he single-valued^ monotonic and continuous^ and 
letw^g (y) he the inverse function, then, if f' (cc) be finite and not zero, 
5^' (y) =!//». 

Since f{x) is monotonic, the identity 

^ 

nowhere involves division by 0, and the theorem is proved by pro- 
ceeding to the limit. 

The fundamental existence theorem on implicit functions is 
proved in § lOT. For the present we shall assume that the inverse 
function exists whenever the above theorem is used. 

4*33. The derivatives of the elementary transcendental 
functions. 

The so-called elementary functions” log a?, sin a?, and cos^r 
are usually introduced into elementary text-books by methods 
which involve an appeal to geometrical intuition. 

Since the only satisfactory definitions of these functions involve 
an appeal to the theory of integration and infinite series, it is 
impossible to introduce these functions hy methods which are 
completely rigorous until the subject has been developed up to the 
stage at which these theories have been fully discussed. However, 
in order to enrich our applications, and to provide useful illustra- 
tive examples, it is convenient to be able to use these elementary 
transcendental functions as early in the book as possible. Accord- 
ingly we state here some of the most important properties of these 
functions, which we shall always assume to be known wherever 
necessary, but rigorous proofs of most of them must be postponed 
until the functions can be properly defined, and their properties 
deduced direct from the definitions. Care must of course be taken 
to avoid the use of any of these functions in the proofs of general 
theorems which are part of the fundamental structure of Analysis. 

(1) The function logx. 

It is assumed that the reader is familiar with the usual discussion 
of the function logo? which is given in elementary treatises, and 



THE ELEMENTARY FUNCTIONS 


95 


4-33] 


that he knows the form of the graph of this function* The func- 
tion log a? may be defined in more than one way, but the most 
satisfactory definition is by means of an integral, as follows. If a? > 0, 



The function is so defined f in § 1011, and its elementary properties 
are there deduced from the definition. 

In Algebra the logarithm is defined in the following 'way: if a and 
b are two real numbers such that a>0 and 6 > 1, then the number 
(Vj such that 6® = a, is called the logarithm of a to the base b and is 
written 

a;=log5a. 

For all theoretical considerations the particular real number e, 
of which one definition has already been givenj, is chosen as 
the base, but for practical calculations the common or Briggian 
logarithms, of which the base is 10, are used. We shall assume 
that the reader is familiar with the rules for working with logarithms, 
and so he will already know such properties of logarithms as the 
following : 

logi {axa^) = log6 at + logs ci2 , 
logi 1 = 0, log6 (1/a) = - logs a, logs 6 = 1, 
logsa’^ = mlogsa. 

The problem of indefinite integration (which is the inverse 
problem of derivation), when applied to the power a?” requires the 
solution of the differential equation 



>(1> 


[t is clear that, except when n= — 1, the solution is 
y = -h 1) 4- (7, 


• See, for example, Gibson, loc. eit. §29. 

t AUhongh in this book definite integrals are not defined nntil Ch. vrr, the 
reader should observe that since a definite integral only depends upon the concept 
of a bound, which was introduced in Ch. ii, the definite integral, and consequently 
the definition of log x, might have appeared earlier in the book. 

X See §2-8. Whenever log a; is written the base e is implied. It is only when we 
contemplate the use of any other base that the base will be definitely indicated (as 
in the equation a:=log{>a above). 
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where C is an arbitrary constant; but the solution of the equation 

dx X 


.( 2 ) 


is an exception to the general rule. This indicates that the primi- 
tive of equation (2) is a function of a different t 3 q)e from that of 
equation (1). This function is called log^. We have already seen 
in § 3*1 that the function logx so defined cannot be a rational 
function; and it can also be shewn, as in Examples X, 10, that it 
cannot be an algebraic function either. It must therefore be a 
transcendental function. 

Many of the important properties of the function log^ are 
suggested intuitively to us from geometrical considerations, and 
so, until these properties are proved direct from the definition in 
§ lOTl, we shall assume the following results: 

(1) log X is defined only for a? > 0, and it is a continuous function 
of X at every point in the interval a? >0; 

(ii) log a? steadily increases from — oo to oo as ranges from 0 
to 00 , and log 1=0. 

(iii) The function satisfies the fundamental laws of operation 

log (^y)= log + logy, 
log (1/a;) = — log X. 

(2) The function e* 

It will be seen in § 10*12 that when log x has been defined as 
indicated above, the obvious way to define the exponential function 
is as the inverse of the logarithmic function, so that if 
y = log Xf a; = 

The fundamental existence theorem on implicit functions is 
proved in § 10*1, and by an appeal to this theorem many properties 
of the exponential function can be deduced from those of the 
logarithmic function. 

In § 2*8 the number e has been defined as 



and if y is real and positive we have proved that 

nj 
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is the sum-function of the convergent power series 

The identification of the value of the above limit with the function 
e'^y which is the inverse of the logarithmic function, must be post- 
poned until later* 

If Ave assume the existence of this inverse function, that is to say 
that if 

2 /=ioga;, 

then since ^ i 

dx X 

O-Ut/ 

we have, by § 4*82, 2, g- = a? = 

Hence the derivative of the exponential function is the function 
itself. More generally, it x = where k is any constant, 

dx 


dy 


=^he^y. 


(3) The general power a®. 

The function a®, where a is positive and x is rational, is a function 
which is defined in elementary Algebra. 

Let ^ be a positive rational number, say pjq\ then the positive 
value y of the power is given by and it follows that 

qlogy^p log a, log y = (pjq) log a = a; log a, 
and so y = 

If X is irrational the last equation may be taken as the definition f 
of a®. Thus 

j j 

dx ~ Wx = log log a. 

Since a® is always expressible in the form properties of 

the function a® are similar to those of 


(4) The circular functions. 

We have already made use of the functions sin x and cos x, the 
two fundamental circular functions, and in doing so it has been 


* See § 10-ia. 

t Notice that both a and are positive. Another method of dehning a* when x 
is irrational is given in ^6'3. 
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tacitly assumed that the reader is familiar with the usual method 
of defining these functions which is adopted in books on elementary 
trigonometiy. It is not yet possible to define these functions with- 
out any reference to geometrical intuition as an element of proof. 
The definition which we shall give of the circular functions sin a? 
and cos a;, based solely on the concept of a real number, implies a 
knowledge of the theory of power series ; and this theory is not 
discussed until the last chapter*. 

There are diflSculties in every elementary mode of introducing 
the circular functions, but these difficulties can be satisfactorily 
overcome by defining the functions sin x and cos x to be the sum- 
functions of the absolutely convergent power series 

a? 



4! 


for all values of a?, and then developing their properties from this 
definition. 


In order to be able to take full advantage of the use of the 
functions sin x and cos x for the purpose of illustration, it is con- 
venient to be able to use the results that the derivatives of sin x 
and cos x are respectively cos x and — sin x. 

These results cannot be rigorously proved unless we assume the 
validity of term-hy-term derivation of a power series (see § 13’6). 
The usual elementary demonstration f based upon the inequalities 

6 <d< tan 6 and upon the result that lim = 1, cannot be 

entirely freed from geometrical intuition; and in any case it involves 
an appeal to the concept of the length of a curve J (length of an 
arc of a circle). 

The definitions of sin x and cos x by means of the above power 
series, and the deduction of their properties from the definition, are 
considered in Chapter xili. 


* Another method of defining the circular functions begins by defining the 

/ * dt 

. See Hardy’s Pure Mathematics (1928), 

t See, for example, Gibson’s CalculiiSf pp. 77 and 129. 

: See §8*6. 
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4-34. Note on some special functions. 

(1) An example similar to Example 2 in § 4’32 is worth closer 
examination, for it reveals points of considerable importance. 

Let f(ps) = a^sinl/ai, a!=fO, 

/( 0 ) = 0 . 

Since lim sin Ijx = 0, the function is certainly continnous at 

the origin. Let ns consider the derivative of this function. 

If 33 4 by the ordinary rules we get 

f*{x) — 2x sin IJx — cos 1/a?. 

When a?==0, since sinl/a? and cosl/x have no meaning, the 
ordinary rules of derivation do not apply. We cannot, however, 
conclude from this that /' (0) does not exist. In fact, 

f' (0) = lim 0. 

hr^O ^ ^ 

We therefore see that, although the function /' (x) does not tend 
to any limit as 33->0 (for cos I/ 3 ; oscillates infinitely often near the 
origin), yet f (0) has a perfectly definite value 0. 

Thus /' (a) may have a definite value without being equal to 
lim /' (x). In fact, f' (a) ^ lim /' (x) only if f' (x) is continuous at 

the point 33 = a. 

(2) A very curious function was discovered by Weierstrass which 
is continuous for every value of 33, while it has no derivative any- 
tohere*. 

This function is defined by the sum of the infinite series 
00 

2 a” cos 6^ 7733, 

»=0 

where h is an odd integer, 0 < a< 1, and a6 > 1 4- f??. 

We merely mention this as one among several other extraordinary 
functions which have been discovered more recently. It should help 


* This function appears to have been first mentioned by Du Bois-Eeymond in 1874. 
The reader should consult a paper on “Infinite Derivatives” by G. C. Young, 
Quart. Jotirn. of Math, xlvii (1916), 127. See also Hardy, Traiu. Amer. Math. Soc. 

XVII (1916). 
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to convince the reader that even among continuous functions there 
are many which cannot be represented by a graph. 

4*4. The theorems of the differential calculus. 

The theorems which will now be proved are of great importance 
and are of frequent application in the subsequent development of 
the subject. The proofs of the theorems themselves are not difficult, 
but rigorous proofs can only be given by appealing to the proper- 
ties of continuous functions, and the proofs of these properties 
depend upon the abstract theorem known as Borefs theorem (or 
something equivalent to it). The difficulty of Borel’s theorem is one 
of the main obstacles which prevents the giving of a rigorous 
elementary account of the subject of Analysis. 

J 4*41. Boilers theorem, 

Letf(x) be a function subject to the conditions, 

(i) / {x) is a continuous function in the interval a 

(ii) f' (x) eodsts in the open interval a<x<by 

(iii) /(a)=/(6); 

then there is a point c, such that a< c<b, at which /' (c) = 0. 

By the theorems on continuous functions, / {x) is bounded in 
{a, h) and it attains its bounds. Hence, either f (x) is constant 
throughout (a, b), in which case the theorem is obvious, or else one 
or other of the bounds of / (x) is different from / (a) and is attained 
at c. In this case we shall show that /' (c) — 0. 

To fix the ideas, let the bound attained at o be the upper 
bound; then 


/(c±/0</(c), 

where h is positive. 


Hence 

h ^ 


That is 

f(c+h)-f(c) 

h 

•(1). 


f{c-h)-f(c) 

-h 

,.(2). 

Now make h 

->0 and (1) gives f'{c)^0, (2) gives 

hence 


/'(c)-0. 
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> 4 * 42 . The mean- value theorem*. 

Let f(x) be a function subject to the following conditions: 

(i) / {x) is single-valued and continuous in a^x^b, 

(ii) f' (x) exists in the open interval a<x<b] 
then there is a point c, such that a < c < 6, for which 

/(J)~./(a) = (6^a)/'(c). 

Except for the fact that f(b) is not equal to /{a), the conditions 
are the same as those in Rollers theorem. Define the function (x) 
such that 

ir(x)==f(x)--A.x ( 1 ), 

where is a constant to be so chosen that ^{r(b) — ^{r (a). 

Clearly '\}r(x), the difference between the functions f(x) and 
A.x which both satisfy conditions (i) and (ii), now satisfies all the 


conditions of Rolles theorem; hence 

t'(c) = 0, 

for some value of c such that a<c<K 

From (1) 5ve get 0 (c) = /' (c) - 4 (2). 

Now -d. is given by the equation 

/(6)~^.6=/(a)-il.a (8). 


By equating the values of A from (2) and (3) the theorem is 
proved. 

Note. The reader may observe that although f {os) is not restricted to be 
necessarily finite at every point of (a, 6), the point c must be one at which 
/' (c) is finite. 

4*43. Geometrical interpretations. 

(1) Rolle’s theorem is almost obvious geometrically, for if f{x) 
be a continuous function which possesses a graph, and /(a) =/ (6), 
the diagram in Fig. 11 indicates the existence of a point or points 
between a and b at which /' {x) vanishes, that is at which the 
tangent to the curve y = f{x) is parallel to the axis of x. 

The conditions of the theorem involve that the graph of f {x) 
possesses a tangent at every point of the interval (a, h) (save 

* This theorem is variously called “ the law of the mean,” “ the formula of finite 
increments’* {formule des accroissements finis) and “the first mean- value theorem,** 
to distinguish it from the no -oallfid “ second mean-value theorem.” See Examples IV, 
11 . 
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possibly at tbe end-points A and E). At some point G the tangent 
is parallel to the /r-axis. Since /'(^) may be infinite, the graph 
may have points of inflexion with vertical tangents, as at P, 



The curve must not have a vertical cusp or angular point, for at 
such a point /' {x) does not exists and condition (ii) is therefore 
not fulfilled. 

The reader should observe that although it is impossible to draw 
a curve with an infinite number of oscillations or which does not 
have a tangent at = u or at a? = 6, neither of these cases need he 
excluded in Rolle’s theorem. 

When f {x) is a polynomial^ and /(a) =f(h) = 0, we deduce the 
useful result that between any two roots of the equation y(a;) = 0, 
there is at least one root of /' (x) = 0. 

(2) The geometrical interpre- 
tation of the mean- value theorem 
is also simple. 

In the figure let ACB be the 
graph of/ (x) in (a, b) and let the 
chord AB make an angle a with 
the ic-axis, then 

tana^mzm, 

6 — a 

By the theorem we also have 

tan a =/' (c). 

Thus, at some point c within (a, 6) the tangent to the curve 
y ^f{x) is parallel to the chord AB, 
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y4‘44. Cauchy’s formula. 

Let the two functions f{x) and <f> (x) satisfy the conditions of the 
mean-value theorem^ and also suppose that <^'(ir)4=0 anywhere in 
(a, h), then, there is a point c, such that a <c< b,for which 
fQ>)-f{a)J'(c) 

Define the function (x) by the equation 

■»|r(a)=/(a:)-4(^(®) (1), 

where is a constant, which is to be chosen so that ■<jr(h)=‘fjf (a). 


Thus 




•( 2 ). 


and since <|>' (a) + 0 anywhere in (a, b), ^(b)^<j> (a) *, so that A is 
always finite and determinate. 

The function (x) satisfies all the conditions of Eolle’s theorem 
and so 

a<c<L 

Hence 0 = ^lr'(c)-f'(c)-A(f>'(c) (3), 

and Cauchy’s formula follows by equating the values of A from 
(2) and (3). 

Note on the theorem. 

The reader should observe that Cauchy’s formula cannot he deduced by 
applying the mean-value theorem to the functions f[x) and (r) separately 
and dividing the results. For, with the same conditions on f{x) and (p (x’) as 
stated above, we obtain by the mean -value theorem 

f(b)-f{a) ^ f'{cx) 

^{b)-<p(a) 4,'ic,y 

where a<^ <b, but Cj is not necessarily equal to Cj. 

^2 

Cauchy’s formula is more general than the mean-value theorem, and reduces 
to the latter when (f){x)=x. 

J 4 45. Taylor’s theorem. 

If f{x) be a single- valued continuous function of x, the object 
of Taylor s theorem is to obtain an expansion for f{a + A) in 


* If = the function <^(t) would satisfy in (a, b) all the conditions of 
Rolle’s theorem, and (ic) would therefore vanish at some point in (a, 5). 
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ascending powers of h, up to the term of any given order n, in 
the form 

/(a + h) =f{a) + hf'{a) + |^/''(«) + - 

Various forms of the “remainder” (h) may be found, of which 
the simplest is the expression due to Lagrange. In a subsequent 
section one method of proof is given by which it is possible to 
determine several forms of the “remainder of order n in Taylor’s 
theorem,” (A). Lagrange’s form of the remainder can be obtained 
in a simple way by successive applications of Cauchy’s formula. 

V Lagrange's expression for the remainder. 

Let f(x) be a single-valued function of a?, and suppose that 
(i) / (x) and all its derivatives up to the {n - l)th are continuous in 
a < ir < a + A, and (ii) / {x) exists in a < a? < a + A, then^ if the 

expression 

f(a + h)-fia)-hf(a) - ... (a) 

be denoted by Rn (h) or (h), 

yfr (h) = —/(’<■> (a dh), where 0 <6 <1. 
n . 

Let ‘x {h) = /t^/n !, then, as is easily verified, 

(0) = (0) = . . . = t (0) = 0, 

X (0) = %' (0) = — = (0) = 0. 

New = 2 ^ 1 ^) 

xW x(/‘)-x(0) x'(M’ 

where 0 < < A, by Cauchy’s formula. 

Similarly, if 0 < A 2 < Ai, 

f'(h^) ^ ^lr'(h^)--yir'(0) ^ ^fr'fh2) 
xih) x'(^i)-x'(0) x"(/'a)’ 

and continuing the process we get finally, if 0 < /t„ < /i„_i , 

X (^) x'“’ ■ 

Clearly 0 <h„<h,so that we can write = 6h, where 0 < ^ < 1. 



4'45] 
Hence 
and so 


TAYLOR’S THEOREM 

■fjh) ^ ^ f>^>(a + eh) 

X (^0 W 1 
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J 4*451. other forms of the remainder in Taylor’s theorem. 
With the same conditions as above, write 
Bn(h)^hP.F(hX 

where P (A) is a function of h to be determined. 

Let a + A = 6, and consider the function 

The function F (x) satisfies all the conditions of Eolle's theorem, 
for 

(i) F (x) is continuous ina^x^b, since it is the sum of + 1 
continuous functions of x, 

(ii) F' (x) exists in a<x<h, for the highest order derivative 
of / {x) involved in it is (x), 

(hi) F (a) = F (b), for 

F(a)=/(a) + h/'(a) + ...+j^^/^-^(a) + hPP(h} 
—f (® + ^)i 

F{h)=f{h)^f{a + h). 

Hence there is a point c, such that a < c < 6, for which F' (c) = 0. 
{b — xY~''- 


Now F'ix) = 


(«-!)! 

and so 

Hence, if 0 < d< 1, 

(6 - cy-p 


f^^{x)-p{b-x)P-^P{h), 


h^-p(l - SY-p 


P(A) = vr ^ L / w ft -- /(«) (a + eh). 

In the special cases 

(a) p = n, we get Lagrange’s form of the remainder, 

+ (L); 


PA 
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ascending powers of h, up to the term of any given order % in 
the form 

/(a + A) =/(a) + hfXa) + (a) + . .. 

Ln-1 

Various forms of the “remainder” (A) may be found, of which 
the simplest is the expression due to Lagrange. In a subsequent 
section one method of proof is given by which it is possible to 
determine several forms of the “remainder of order n in Taylor’s 
theorem,” (A). Lagrange’s form of the remainder can be obtained 
in a simple way by successive applications of Cauchy’s formula. 


>/ Lagrange's expression for the remainder. 

Let f{x) be a single-valued function of x, and suppose that 
(i) / (^) derivatives up to the (n - 1)^A are continuous in 

a<^<a + A, and (ii) exists in a<x< a + A, then, if the 

expression 

f(a + h) -f (a) -hf(a)-...- fzi j t f C®) 

be denoted by Bn (A) or \jr (A), 

A« 

= (a + 6h), where O<0<1. 


Let ;^(A) = A"/n!, then, as is easily verified, 

f(0) = ir'(0)=...= (0) = 0. 

X (0) = %' (0) = ... (0) = 0. 

Now (^~> - -f ( 0 ) ' (hi) 

xi^) xOO-xi^) x'(M’ 

where 0 < Ai < A, by Cauchy’s formula. 

Similarly, if 0 < Aj < A^, 

nhi) ^ f'(Ai)-^’(0) _ yfr" (h^) 

Xih) %'(Ai)-x'(0) x"(/'2)’ 

and continuing the process we get finally, if 0 < A„ < A„_, , 

X(A) 

Clearly 0 < A„ < A, so that we can write A„ = 6h, where 0 < ^ < 1. 
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J 4:‘451. other forms of the remainder in Taylor’s theorem. 
With the same conditions as above, write 
Iin(h) = hKP(h\ 

where P {h) is a function of h to be determined. 

Let a 4" A == 6, and consider the function 
F (x) =f(x) + (6 - ic) /' (x) -f ... 

The function F(x) satisfies all the conditions of Rollers theorem, 
for 

(i) F (x) is continuous ina^x^h, since it is the sum of n + 1 
continuous functions of x, 

(ii) F' (x) exists in a <x<hy for the highest order derivative 
oi f{x) involved in it is/^”> (x), 

(iii) F(a) = F (6), for 

F (a) =/(a) + hf (a) + ... + (a) + hPP (h) 

=f (a + A), 

F(h)=f(b)=f(a + h). 

Hence there is a point c, such that a < c < 6, for which F' (c) = 0. 
Now F' (^) = (*) -P {h - x)^^P{k), 


and so 

Hence, if 0 < ^ < 1, 
(b - cy-p 


(n-1)! 


P (h) = (c)= (« + 

In the special cases 

(a) p-rij we get Lagrange’s form of the remainder, 
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(6) p = 1, we get Cauchy’s form, 

(C). 

^ 4*46. Maclaurin's theorem. 


This theorem is really a special case of Taylor's theorem and is 
proved in the same way. If we put a =* 0 we obtain Maclaurin's 
theorem for the expansion of / (h) in ascending powers of h up to 
the term of order n as follows: 

An-l 

/ W -/ (0) + hf (0) + ... -I- (0) + Bn (h\ 

where the forms of the remainder analogous to (a) and (6) above are 


W (L). 

( 0 ). 


The infinite series known as Taylor's and Maclaurin's series are 
discussed in the next chapter, where the question of their conver- 
gence will be investigated. 

4*6. Indeterminate forms. 

The function /(^)/<^ (os^) for which f (a) = (f) (a) = 0 is a function 
whose value when a ‘'is indeterminate of the form 0/0." Fre- 
quently, however, it happens that lim {f(^r)l(j) (a?)} is definite, and 

se-^a 

limits of this kind are most easily evaluated by an application of 
Cauchy's formula. 

Many of the most important limits can be evaluated by the 
methods which will now be discussed. Before employing these 
methods the theory must he clearly understood, and so we shall 
consider several different cases in detail In each case suppose 
that f (a) ^(f> (a) = 0. 

(1) Let f{a)=^(j>{a) — 0,but suppose that f'(a)and (j>' (a) both 
eadst and have a definite ratio*. 

Now ^ l /(‘”)-/(g)l/(a’-q) 

4>(x) j>{x)-^ia) {j){ic)-j>{a)\l{x-a)’ 

^<}>(x) <f>'iay 

* For this c&se Cauchy’s formula is not required. 


SO that 
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(2) Let f^(cc) and ecdst near^ but not necessarily at, a; if 

(cc) tends to a limit I as then the limit of f {x)j^(x) 

exists, and is also equal to L 

By Cauchy’s formula, if a < | < a?, 

fix)_ f(x)^f(a) f(t) 

Hence, assuming that the limits in question exist, 

,™ ^). ,i„ m.i 

Since we have here assumed that a? > a we have taken right- 
hand limits only, the point a being approached from above. 

If a; < a, we have, if a? < < a, 

fix) (a)^ fix ) 

(f^ix) 4>{a)-<j>{x) (j)' i^y 

and taking left-hand limits 

ar-^a-O 9 W $,-^a-0(p (fl) 

We have therefore proved that if /' {x)J(f>' (x) possesses a unique 
finite limit I when x approaches a, then the limit oif{x)jj> {x) is 
also equal to L 

If /' {x)j (a?) possesses a limit on the right (or left) only, then 
the right- (or left-) hand limit of /(a:)/<^ {x) exists, and these limits 
must be equal. 

(3) Suppose that both f{x)l(j)(x) and f'(x)lc}>'(x) assuTne the 
indeterminate form 0/0 when x = a. 

In this case we apply Cauchy’s formula again to the function 
/' (x)l<j>' (x). By the same^argument as in (2), 

provided that the right-hand side exists. 

If f' (a) = (a) = 0 but /" (a) is determinate, then by 

(1) the right-hand side does exist and is equal to / " (a)/(^" (a): and 
by (2) we have also 

r /'(^) r r(^) 

hm ■'Tn-{= lim .ojz. 

9 v^) x-^a 9 (®) 

whenever the right-hand side exists. 
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(6) ^ s= 1, we get Cauchy’s form, 

(C). 

4‘46. Maclaurin’s theorem. 


This theorem is really a special case of Taylor’s theorem and is 
proved in the same way. If we put a == 0 we obtain Maclaurin s 
theoiem for the expansion of f (h) in ascending powers of h up to 
the term of order n as follows: 

/ (A) =/ (0) + hf (0) + ... + (0) + ^ (h). 

where the forms of the remainder analogous to (a) and (b) above are 


(L). 

(C). 


The infinite series known as Taylor’s and Maclaurin’s series are 
discussed in the next chapter, where the question of their conver- 
gence will be investigated. 

4-6. Indeterminate forms. 

The function / (oc) for which / (a-) = <^ (a) = 0 is a function 
whose value when a?=a *'is indeterminate of the form 0/0.” Fre- 
quently, however, it happens that lim {/(a?)/0 (a?)} is definite, and 

limits of this kind are most easily evaluated by an application of 
Cauchy’s formula. 

Many of the most important limits can be evaluated by the 
methods which will now be discussed. Before employing these 
methods the theory must be clearly understood, and so we shall 
consider several different cases in detail In each case suppose 
that f (a) = <}> (a) = 0, 

(1) Let f{a) = <j>(a) = 0,hut suppose that f'{a)and (f>' (a) both 
exist and have a definite ratio*. 

Now = IMzJJS = {/('^)-/(a)1/(^-q^) 

<l>{x) <^(x)-(f>(a) {cf>{x)~<p(a)\/{x-a)’ 

,• /(*) /'(a) 

^ (^) 4 ^ (^) 

• For this case Cauchy’s formula is not required- 


so that 
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(2) Let f^{x) and <f>' (x) exist near, but not necessarily at, a; ij 

{x)l4)' (x) tends to a limit I as X'^ a, then the limit of f ix)l<p (x) 

exists, and is also equal to L 

By Cauchy’s formula, ii a<^<x, 

f{x)^ f{x)^f{a ) fiB 
<^(x) <l>{x)-<t>ia) 

Hence, assuming that the limits in question exist, 

lim lim 

-HO 9 S-^a+0<p (?) 

Since we have here assumed that ir > a we have taken right- 
hand limits only, the point a being approached from above. 

l£x< a, we have, if x < < a, 

/(■^) ^ f (a) -fisc ) _ fi^i) 

^ix) 4>ia)-<l>ix) 
and taking left-hand limits 

lira lim = i 

We have therefore proved that if /' ix)/<f>' (x) possesses a unique 
finite limit I when x approaches a, then the limit of f{x\ <j> (x) is 
also equal to L 

If /' {x)l <j>' {x) possesses a limit on the right (or left) only, then 
the right- (or left-) hand limit of f{x)j<f> {x) exists, and these limits 
must be equal. 

(3) Suppose that both f{x)l<p{x) and f'{xf)j<^'(x) assume iJke 
indeterminate form 0/0 when x^a. 

In this case we apply Cauchy’s formula again to the function 
f (a?)/^' {x). By the same'^argument as in (2), 

lira^")=limni) 

provided that the right-band side exists. 

If f' (a) — (j)' (a) = 0 but /" (a)/<^'' (a) is determinate, then by 
(1) the right-hand side does exist and is equal to/'^ {^) • 

by (2) we have also 

as-^a (j> Ov x->a 9 (^) 

whenever the right-hand side exists. 
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(b) p s= 1, we get Cauchy’s form, 

( 0 ). 

J 446. Maclanrin’s theorem. 

This theorem is really a special case of Taylor’s theorem and is 
proved in the same way. If we put a = 0 we obtain Maclaurin’s 
theorem for the expansion of / (h) in ascending powers of h up to 
the term of order n as follows: 




/ W =/ (0) -f hf (0) + ... + (0) + Rn (A), 

where the forms of the remainder analogous to (a) and (6) above are 

hn 

f^>(eh) (L), 


n! 


A" (1 -- 6 )^- 


(C). 


The infinite series known as Taylor’s and Maclaurin’s series are 
discussed in the next chapter, where the question of their conver- 
gence will be investigated. 


4*5. Indeterminate forms. 

The function / {x)l(p (x) for which / (a) = ^ (a) = 0 is a function 
whose value when = a “is indeterminate of the form 0/0.” Fre- 
quently, however, it happens that lim {f{x)l^ (a?)} is definite, and 

limits of this kind are most easily evaluated by an application of 
Cauchy’s formula. 

Many of the most important limits can be evaluated by the 
methods which will now be discussed. Before employing these 
methods the theory must be clearly understood, and so we shall 
consider several different c^es in detail In each case suppose 
that/(a) = (^(a)=0. 

(1) Let / (a) = ^ (a) = 0, hut suppose that f ' (a) and <j>' (a) both 
exist and have a definite ratio*. 

Now = {/('^)-/(«)]/(a^-a) 

<b («) (a) ■ 

• For this case Cauchy's formula is not required. 


so that 
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(2) Let f*ix) and (}>' (x) exist near, but not necessarily at, a; tj 
y*' (x)/(f>' (x) tends to a limit I as x^ a, then the limit of f (x) 
exists, and is also equal to I, 

By Cauchy’s formula, if a<^<x, 

f{x)_ J{x)^f{a) f{t) 

4>(x) (j){x)-(hia) 

Hence, assuming that the limits in question exist, 
lini = 

x^a^O 9 W f-»a+0 9 (?) 

Since we have here assumed that x>awe have taken right- 
hand limits only, the point a being approached from abova 

If a? < a, we have, if f i < a, 

<j^{x) (P{a)-(p{x) 

and taking left-hand limits 

,i„ m „„ m., 

a;^a-0 9 W 9 (?l) 

We have therefore proved that if /' {x)l<h' (x) possesses a unique 
finite limit I when x approaches a, then the limit Qff{x)l<p (x) is 
also equal to L 

If f' {x)j(f) {x) possesses a limit on the right (or left) only, then 
the right- (or left-) hand limit off{x)l<f> (x) exists, and these limi ts 
must be equal. 

(3) Suppose that both f{x)f<f>{x) and f'(x)j<j) (x) assume the 
indeterminate form 0/0 when x = a» 

In this case we apply Cauchy’s formula again to the function 
f (x)j^' {x). By the samd^argument as in (2), 

provided that the right-hand side exists. 

If f' (a) = <j5)' (a) = 0 but f" (a)/(^" (a) is determinate, then by 
(1) the right-hand side does exist and is equal to / " {a)j<f)" (a) : and 
by (2) we have also 

hm •'- 7 ^ = hm 
z-*-a 9 (‘^/ x-^a 9 v^) 

whenever the right-hand side exists. 
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In general, if /•'> (a) and (a) both vanish for v<m,'we have, 
by repeated applications of (2), 


lim 


/(<») 

<#>(«) 




= lim 


(x) 


by (2) 


/W (a) 
' (a) 


by (1) 


whenever the right-hand side exists. 

The reader should note that unless at each stage (o) 

assumes the form 0/0, the above process cannot be applied. 


4*51. The indeterminate form oo/oo . 

Let f (a?) and (p (x) be two functions each of which tends to in- 
finity as X tends to a definite value a: suppose that both f'{x) and 
(p' (x) exist {except at the point a? = a) and that in the neighbourhood 
of x=^ayf' (x) and (p' (x) are finite and not simultaneously zero* 

Under these conditions the same rules can be applied to evaluate 
the limit of f(x) I ^ (x) when x tends to a as were used when the 
indeterminate form was 0/0. 

Let xx and x be two values suflSciently near a to ensure that 
f'{x) and <p' {x) exist in the interval («?i, x) and have no values in 
that interval at which they simultaneously vanish. Then by Cauchy's 
formula, if iCi < ^ < a;, 


and so 
that is 


. /'(g) 

f(x)l-f(x{)lf(x) /'(^) . 


Suppose that f'{x)l<^'{x) has a finite limit I as a; -•■a; then if 
Xi and X be taken sufficiently near to a, ^ can be made as near as 
we please to a and then /' (|)/0'(^) will be as near as we please 
to the value 1. Further, without violating the above condition, if 
be kept fixed and x be made to approach the value a the second 
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fraction on the right-hand side of (1) tends to the limit unity. It 
therefore follows, since f a as a, that 


lim 


/(^) 7 


Example. Let f{po) = \og Ifx and cj) (:r) = l/r, then when x=0, f{x)l<l> (x) is 
indeterminate of the form oo /oo . 


Hence 




umm-iirnm-o. 


.o4>{x) 


o<t>'(xy 


4-52. Other indeterminate forms. 

Indeterminate forms of other types occasionally arise, but in 
general they can always be reduced to the fundamental form 0/0. 
Consequently only a brief note on the commonest cases is given. 
In each case the limits are as ^ a. 


(1) If and we have to consider the 

function f(x ) . 4> (x ) ; the product f(j> is here of the form 0 . oc , 
but by writing 


/<!> 


_ / 


the form becomes of the type 0/0. 


■ii<p 


(2) If / (^)“^ 00 , 00 , and we have to consider the function 

sine, 

this form again reduces to 0/0. 

(3) If /(ir)*^0 and <^(a7)->0 and we have to consider the 
function 

[/(^)]^(^), 

we proceed as follows. 

If / > 0, write y = then 

logy = <^log/=j>g^, 
which is of the form 0/0. 

If log y tends to a limit, say c, then since e® is a continuous 
function of x when > 0, 

lim y = lim /•* = 
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4*53. Criticism. 


The reader should clearly understand that the use of 0 and oo which has 
been made in the preceding sections is purely symbolical. 

It is convenient, for brevity, to speak of ** the indeterminate form 0 . oo ” 
for instance. Stated fully this indicates that two functions / (x) and ((> (x) are 
such that f{x)^0 and (;(> (a?) co as although possibly lim 

x-*»a 

may be finite and definite. 

Some writers describe the “ true value ” of the function 




<f>{x) 


when /(a)«<^(a)=0, to be what is really lim g{x), and this is not actually 
a value of the function g {x) at all. 

Even when it is chosen to adopt the convention that whenever g{x) is 
indeterminate it shall be defined to have the value lim g {pe) os x approaches 
the value a, say, the term “true value” is still misleading, and it is better to 
dispense with it altogether. At best it is a survival from the time when the 
theory of indeterminate forms was not properly understood. 


4*6. Young's form of Taylor's theorem. 

(a) exists finitely y then 

fia + A) =/(a) + hf (a) + ^/"(a) + . . . + {/(») («) + e,} , 

where as h^O. 

Let X (^0 = ^ W be the function 

fia + h)-f{a)- hf (») (a). 

As in § 4*45 we can shew that 

X(0) = \'(0)=... = X<”i(o) = o, 

and ^ (0) = x' (0) = . .. = (0) = 0 ; x*”’ (0) = 1. 


By the theory of indeterminate forms we have 

and, by the definition of X(A), X (A)/x(A) is the e* of the enuncia- 
tion. This proves the theorem. 


The above theorem is useful in practical applications such as the 
theory of contact of plane curves and differential geometry. It assumes less 
than the Lagrange form of the remainder. 
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4*7. The uniqueness of the Taylor expansion. 

If (a) be finite, Taylor’s theorem states that f {a + K) can be 
expanded in the form 

-^0 Aih + -^2 ... + 

where the coefficients Ar are constant with respect to A and ilf is 
bounded when A 0. 

Such an expansion is possible in only one way, for if we suppose 
that another similar expansion is possible, then 

Ao + Aih + . . . -f J-n-i -1- Mh^ = uo + oi A -h . . . -f Un-i A””^ + mh\ 
Since M and m are bounded it follows by making h-^0 that 

Ao = ctQ, 

Similarly, by dividing by A and again making A-->-0, we get 
Ai—au and so on. The expressions are therefore identical, and so 
the Taylor expansion of / (a + A) in ascending powers of A is unique. 
By writing a + h — x the Taylor expansion assumes the form 
/ (x) = Aq + Ai (^ — a) -f- 42 g/ + . . . + iH (iP — a)\ 

This is the Taylor expansion of /(x) about the point x^ a. By 
choosing another base point a, say, a different expansion for f{x) 
in powers of rc — a can be found. What has been proved is that 
there is only one Taylor expansion about a given point a as base. 


4*8. Leibniz’s theorem on the nth derivative of a product. 


Let y == uv, where u and v are two given functions of x, then by 
using suffixes 1, 2, ..., n, ... to denote the first, second, nth, ... 
derivatives respectively it is easily seen that 


y2 = UV2 + 2UiVx -h U^Vy 

yz = UVz + ^UiVz + + UzVy 

which suggests that the law of the coefficients is the same as in 
the binomial theorem. Leibniz’s theorem states that 

yn ==UnV + nUn^iVi 4 - ^’2 + • • - + nUiVn-i + . 

The theorem may be proved by induction either by assuming it 
for n “ m and proving it for n = m 4 1, or as follows. 

Let 

jr„ = AoUnV + AiUn-iVl 4 4 ... 4- AnUVn ...(1), 


where the coefficients Ar are to be determined 
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Let u = V = e®, so that y = then 

2/n = (l 

UfVn-r = e ®. 

On substituting in (1) we get 

{1+pY = Aq + A^p^ Azp^ + . . . + 
and this proves that the coefficients Ar are the binomial coefficients. 

4’9. Extreme values of functions of one variable. 

In every elementary treatise on the Calculus the theory of 
maxima and minima (extreme values) of a function f{x) is con- 
sidered, if only from geometrical considerations. For a function f {x) 
such that /'(^)and f''{x) both exist in the interval a ^ a? ^6, it 
is shewn that the values of x at which f{x) is stationary are the 
solutions of y'(a;) = 0, and provided that /'' (a?) =j= 0 at any of these 
points the stationary value is a maximum or a minimum according 
as (re) is less than or greater than zero at the point in question. 

This well-known elementary criterion is a particular case of the 
more general theorem which, together with several other theorems 
on maxima and minima, is considered here. 

All the points at which f'{x) = 0 give stationary values of f{x). 
Values of f{x) which are either maxima or minima will be termed 
eaireme values (or extremes), 

4:'91. Definition. 

Let /(ir)be defined in the interval a^x^h, and let c be any 
interior point of {a, h). If a sufficiently small positive number t) 
can be found such that 

A/'=/(®)-/(c) 

preserves the same sign for all values of x such that \x--c\< 7 ], 
then f{x) is said to have an extreme value at the point x — c. 

The extreme value is a maximum if A/ is negative and a 
minimum if A/ is positive. 

The use of the terms “maximum” and “minimum” in this connection 
must not be confused with the maximum (absolutely gi'eatest) or the minimum 
(absolutely least) value assumed by the function / (:p) in the interval (a, h). 
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If /(^) = a? (1 + sin^ i/a?) when ^ > 0, /(O) = 0, 

the function oscillates between the two straight linesy=^and Clearly 

0 is the absolutely least value of /(^), but in any interval {0^ d), where 5 is 
positive and as small as we please, the function /(^c) has an infinite number 
of maxima and minima. 

4*92. Criteria for extreme values. 

Let f {x) he defined in a arid let c be an interior point 

of {a, h). 

Suppose that, 

(i) (c) eansts and is not zero, 

(ii) /' (c) =/" (c) = . .. (c) = 0, 

then f(x) has no extreme value at x=^c if n be odd. If n he even 
f{x) has a maximum at x = c if f^^^(c)<0, or a minimum 
iff^^) (c)>0. 

By § 4*6, under the conditions stated above, if f (c) is finite, 

A/=/ (c + A) -/(c) = ^ {/<»> (c) + e4, 

and since h may be positive or negative, when n is odd A f does 
not preserve the same sign in the neighbourhood of the point c, 
and so f{x) has no extreme at that point. 

If n is even, the sign of Ay is the same as the sign of y*”^ (c); 
hence 

if y (c) < 0, there is a maximum at (z? = o, 
if y (c) > 0, there is a minimum at ^ = c. 

If (c) = + 00 we write 

/(o+A)-/(<!)=^^/'»-«(c+^A) 
and observe that has the same sign as (c). 

The ordinary elementary criterion for an extreme corresponds to 
the above when w = 2. If /" (c) = 0, by the theorem we see that 
the discrimination may be made by considering derivatives of 
higher orders. Thus if y'(c) = /"(c)=y'"(c)- 0,y*^(c) + 0, the 
sign of y^^(c) enables discrimination to be made. If /'(c) = 0, 
y"(c) = 0, y"'(c)4=0 the point a?=c is not a point at which f {x) 
has an extreme. In this case there is a point of inflexion at 


See example (1), §4*9-l. 
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4*93. Theorem. If /' {x) exists in (a, b) the points at which f (x) 
has an extreme value are among the solutions of the equation /'{x) = 0. 
If f{x) has a minimum at c, then, for A > 0, 

/(c + A)-/(c)>0, /(c-A)-/(c)>0 

and so 

+ 

fl — /t 

By making A 0 and taking the limit of each of the expressions 
in (1), we get 

f (c) >0 and /'(c) < 0, 

hence /'(c)s=0. 

Corollary. The reasoning of the theorem also shews that if 
f (x) has an extreme at x^c, then /' (c) = 0 provided th at /' (c) exists. 
The reader should compare this result with Eolle's theorem. 

4*94 Examples for illustration of two important points. 

(1) The function f(x) need not have an extreme at every point at 
which f\x)^Q, 

Let 3 / a= (or -1)3, then clearly f*{x)^0 when x—X. The point a?=sl is not 
however one at which the function has an extreme, for 



It is seen from the graph in Fig. 13 that there is a point of inflexion at 
x==l. This point of inflexion is a s^a^ionary value oif{x\ for/'(^)«0 at this 
point, but it is not an extrerne value of / {x). 
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(2) All the extreme valves may not he given by the solutions of 
the equation f' {x) = Q; there may he extremes at joints where f' (x) 
does not exist 



Let then from the graph we see that the origin is a point at which 

f(x) has a minimum, but the derivative of the function does not exist at the 
origin. In this case 

i2/'(0)=:co, iy'(O)— -oo. 

This case is an illustration of the theorem which follows. 

4*95. Theorem. If f(x) is continuous at and near the point c, and 
f' (x) is finite near c, then f(x) has a minimum at c if 


-K/'(c) = oo, Lf'ic) = -co (1); 

f(x) has a maximum at c if 

Rf(c) = ^oo, ( 2 ). 

To fix the ideas let (1) hold, then, if A > 0, 


thus there exists a positive number S such that, for A < S, 
/(c±/0-/(c)>0. 

Hence f{x) has a minimum at a?=c. 

The case of a maximum is proved similarly. 

4'96. Theorem. If f{x) is continuous at and near c, and f'{x) is finite 
or infinite near e but never zero throughout any sub-interval of (c-S, c4-5); 
then f {pc) has a minimum at c provided that 

f (x) ^ 0 071 the right of c and f' (x) ^0 on the left of (1) ; 

f{x) has a maximum at c if the inequality signs are interchanged. 

Let h be positive, then in the interval c <x^c-k-hvft have, from conditions 
(1), /'(.r)^0. We shew that in this interval f{x) is an increasing function 
(in the strict sense). 
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Suppose that mean-value theorem 

/(•a?2) =/(-2?i ) + - ^i)f {&, 

where /i?i < $ < ^2 5 ^2 “ > 0 and /' ($) ^ 0, hence 

so that/(^) is monotonic increasing in the interval (c, c+h). 

It remains to shew that f{x) is a constantly increasing function in this 
interval. 

Let (a, jS) be any sub-interval of (c, c-fA), and suppose that /(a)=/(/3); 
then, since f{x) is a monotonic increasing function, f(x)=/ (a) for all points 
in (a, ^), and this implies that /'(^)=0 throughout (a, /3) which is contrary 
to our hypothesis. Hence f (x) is a constantly increasing function in 
c+A. 

Similarly it may be proved that /(^) is a constantly decreasing function in 

C “■ A X Cm 

Hence /(:r) satisfies the conditions for a minimum at 
The case where f{x) has a maximum at c is proved similarly. 


EXAMPLES IV. 

1. Shew that, when and sin"a^ are infinitesimals of the same 

order when a has any constant value, zero excepted. 

2. Prove that, if (5-h2 cos l/x) and j3=sin then o and /3 are infini- 
tesimals of the same order when ^ 0. 

Shew that the same is true for the infinitesimals a and /3 if 

a = cosec 2mx — J cosec mXy ^—x, 

3. Prove that, when ^ 0, 

(i) sin 2mx — 2 sin mx is infinitesimal of the same order as x^ ; 

(ii) (a:-^2)2+X is infinitesimal of the same order as x^ unless 

X= - 1. What is the result when X = - 1 ? 


(ii) ^(x)- 


4. Calculate the right-hand and left-hand derivatives at the origin for the 
functions 

(1) /W-j 0 (a=0)’ 

6. Prove that the function f{x)=x sin 1/^ 4 = 0) and which has the value 0 

when a;=0 is continuous for all values of x, but has no derivative at the origin. 

6. Discuss the existence of f'{x} and f''(x) at the origin for the function 

sin l/x (^4=0) and which has the value 0 at the origin. 

7. For the function f{x)-x^ in 0^.r<l, y^(l)=0, the derivative f'(x) 
does not vanish anywhere in the interval (0, 1). Why does Rolle’s theorem 
fail foTf{x) in this interval ? 

Give cases of failure of Eolle’s theorem for other reasons; where possible 
illustrate by diagrams. 
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8 . Discuss the applicability of RoUe’s theorem in (0, 2) to the fonction 
/ (;r ) = 2 -f (^ - 1 )^ . Illustrate your answer by a rough sketch. 

9 . Shew by the mean- value theorem that 

(i) A<logl/(l-A)<A/(l-A), where 0 <^< 1 , 

(ii) ^ 2 > 7 ( 1 +^) ^ where -" 1 <^< 0 . 

10. The function f(cc) is differentiable in a^x^^b, and /(a)=/(5)=0; 
shew, by dividing the range (a, b) into two equal parts and applying the 
mean-value theorem to each part, that there is at least one point J in (a, b) 
for which 




Verify the theorem for the function sin^ a: in (0, tt). 

[For this example it is assumed that the reader is already acquainted with 
a definite integral. The integral calculus is discussed in Chapter vil] 

11 . If, in the interval a^x^b^ f{x\ f {x) are continuous, and (^) exists, 
prove that 

f(h) -=^f{a) 4 - (6 ~ a)f (a) -hi {h-aff' (x^), where a <x^<b. 

Deduce that, if a? > 0, 

log (1 + :r) > a? - ^x\ 

Shew similarly that if 4 is small and positive 


tan > 14-24-1-24®+ ^4^ 

12. Evaluate the limits, as ^ 0, of the functions : 


(i) 

(ui) 


(i) 




* — SlUiS 
log(l + a:®+x*) 
a:(e*-l) ’ 


(ii) 

(iv) 


log(l+^+^)+log (1 -a;+j?®) 


sec X - cos X 


fiOX p—az 


log(l + 6 .r)' 


} of the following functions : 



(ii) (cos xy^* 

(*— 0 ), 

(x^O), 

(iv) (cos ^)co*** 

(x-^O), 

cot (x^a) 

(iC — a). 


( 71 -^ 00 ), 

(vii) 1 /a;® -cosec® 57 

(x-^O), 


{x - aY 

© tanx 


(vi) (cos^/ti)*^^ 

(viii) {{x^~\-ax‘^)^ — (^-^co), 

(ix) {(a" + 6 " + {n 0 ). 

14. The functions f{x) and <^( 0 ?) are such that f {0)-cj> {0)^0; by con- 
sidering the case where /(^)=:r® sin l/.r, <p{x) = tB.n x, shew that 
f'(x) 

mav exist when lim : does not exist. 

[The former limit is 0 , the second does not exist.] 
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15. Evaluate lim ■ 


.^2)1 


J 2sin-jpsiii— V 

[ Tu: 2 2 j 


.n(«2- 

when n is an odd integer. 

16. The functions cj>{s:) and (j)' {sc) are both continuous in a^x^h; and 
<f>{a) — <f){b)=:0. Prove that whatever number X may be, then for at least 
one value of x between a and b 

(r). 

17. If 0 and )S Ha between the least and greatest of a, 5, c, prove that 


/(<!). 

m,~ 

' ■ /(c) 


/(“). 

/'(a), 

/"03) 


4>iH 

<#>(c) 


<#>(“). 

<!>' (“). 


f{a), 

'I'H 

'I'(C) 


f (o), 

V (“). 

rw 


where (6 — c) (c — a) (a-»b). 

18. Prove that a steadily increasing function of a real variable a must 
tend to a finite limit or to oo as oo , 

Shew that, if 6 > 0, - 

decreases steadily as x increases from 0 to 5, and find its limit as x-^b. 

19. If <#) (x) « (5? ~[:c])2 (1 ^x+[x])\ where [x'] denotes the greatest integer 

contained in x^ prove that (^' (^) exists for ail values of a? in - l<a?<l and 
that, in particular, <^)'(i)4s0, and = <#>'(!) for all integral u. 

If f{x) — 0 for j?=0, 


^ for ii?4s0, 




' (a) 


prove that f{x) is everywhere differentiable but that /' {x) is not continuous 
on the right of :i; = 0. 

20. A function /(x) possesses a derivative /'(a) at :r=a; prove that 
,_ /(a + /0-/(a-^) 

h^k 

tends to zero as A and k tend to zero simultaneously in any way by positive 
values. Prove also that we can remove the restriction that h and k are to be 
positive (A+>{;4=0) if f{x) possesses a continuous derivative in the neighbour- 
hood of X^€L 

21. Find the maxima and minima of the function x^ (l--a?)3 and sketch 
its graph from - 1 to ^7 = 2. 

[22. (i) Use the theorem of § 4*95 to shew that the function 
f{x)^l-\rx^ 

has a minimum at ar = 0. 

(ii) Consider whether the functions (a;) and (a?) have extreme values 
at the origin, 




e‘" + l 

I 0 (^=0); 

Sketch roughlj the graphs of these fuDctions in the neighbourhood of the 


!e-W 

i 0 


(a;+0), 

{x = 0). 


[>/<■ {x'j is called Cauchy's function. Use the theorem in § 4'96.] 
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61 . lEtrodnction. 

The present chapter contains an elementary discussion of the 
theory of infinite series, and some of the ordinary simple criteria 
for convergence. Its main object is to meet the needs of such 
readers as may be entirely unacquainted with the elementary theory 
of series. It is of course impossible in a single chapter to attempt 
to give any kind of complete account of a vast subject such as this 
upon which valuable books in English have already been written*; 
and since these exist there is no urgent necessity for dealing here 
with more than is necessary to make this book self-contained. 
This chapter includes all the elementary theorems and convergence 
tests which are needed to enable the reader to make an intelligent 
use of infinite series so far as they are required in the subsequent 
development of Analysis which is included within the scope of this 
book. 

The concept of uniformity of convergence is discussed in 
Chapter xiii. 

611. The sum of an infinite series. 

The discussion of the infinite series 

+ ^2 -f ... + Un + 

can be reduced to the study of the behaviour of the sequence {54, 
where 

+ ^2+ ••• d* 

If converges to a limit s, then s is defined to be the infinite 
mm (or more briefly the sum) of the series ( 1 ). 

If 00 the infinite series ( 1 ) is divergent, and its sum (in 

this sense) does not exist. 

When {5^} does not possess a unique limit, the series ( 1 ) is said 
to oscillate^ It oscillates finitely if the sequence has finite lower 

• For example, Bromwich’s Theory of Infinite Seriee (1926) and Knopp’s Theory 
and Application of Infinite Series (1928). The latter is a translation from the 
German, 



120 


INFINITE SERIES 


[CH. V 

and upper limits \ and A ; it oscillates infinitely if \ — oo , 

A= 00 

Theorem. If a series converges^ then its nth term tends to zero 
as n tends to infinity. 

This can be deduced at once from the general principle of con- 
vergence of a sequence {5n}, for if the series converges, then 
for a value of n large enough, and for all positive integral values of p, 

I ^71 1 < e. 

In particular this relation holds when jp = 1, and | + i — 5,1 1 = | Un+i |, 

so that I I < 6 ; in other words Un+\ 0 as n qo . 

Corollary. If Un does not tend to zero the series cannot 
converge. 

The above corollary gives a useful one-sided test which is fre- 
quently used to prove that a given series does not converge. 

The reader should observe that the condition that must tend 
to zero is a necessary condition for the convergence of but it 
is not sufficient 

If then clearly but 21/n diverges t. 

512. General theorem on series of positive terms. 

If all the terms of the series Xun are positive, it is evident that 
the sequence {^n} is monotonic increasing ; and so {5„} must tend 
to a finite limit or tend to infinity. Hence a series of positive 
terms cannot oscillate. From this result we obtain the following 

Theorem. If is loundedX the series of positive terms Xun 
must converge. 

If Sn is less than a constant K then tends to a limit s which 
cannot exceed K, For since is monotonic increasing, it tends 
to its upper bound. If AT be a rough upper bound the (exact) 
upper bound 5 will be less than K ; and if K is the upper bound, 
s coincides with K, Hence we have 

Sfx s ^ H, 

• See §2*55. t See§5'41(a). 

X The theorem is still true if < K ioT only, and not for all values of n. 
See note on Test I in § 5*2. 
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513. Absolute and conditional convergence. 

When we consider series whose terms are not all of the same 
sign, there is an important distinction to be made between series 
which do and which do not remain convergent when all the terms 
are replaced by their absolute values. First of all we have the 

Theorem. A series is certainly convergent if the series {of 
positive terms) 2 [ Wn | is convergent. If == s and 2 1 | = then 

\s\^S, 

Clearly, for a value of n large enough, and for all positive integral 
values of j?, 

( Sn+p Snj ^n-hp " | 

Hence Sun converges. 

Also, kn k 1 % I +I ^2 I + ... + |«» I < 

and so, by the preceding theorem, 

Isj^S. 

By this theorem all convergent series are divided into two classes, 
and 2'Wn belongs to one or the other according as 2 | | is or is not 

also convergent. 

Definition. If a convergent series XiCn is such that Xjunj also 
converges, then the first series will be called absolutely convergent^ 
and otherwise non-absolutely convergent 

If 2 I Wn I diverges it may happen that Xun still converges, 
although it does not converge absolutely. For example, it is easy 
to prove that the series 

1 - i- 4-^- i + ... 

is convergent*. It is certainly not absolutely convergent, because 
the series obtained when every term is replaced by its absolute 
value is the divergent]- harmonic series 

1 + i + .... 

The reader must refer to treatises on the theory of series for a 
detailed discussion of the validity of various operations on infinite 
series. 

Since the sum of an infinite series is defined as a limit, it is 
essentially different from the sum of a finite number of terms, 

* It satis6es the alternating series test of § o-61, 

+ See § 5-41 (a). 
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which is obtained by adding these terms together. It is thus 
essential to guard against the assumption that any operation which 
is justifiable when applied to finite series can also be applied to an 
infinite series without further investigation. 

The important property of an absolutely convergent serits is that, 
roughly speaking, it may be treated as though it w^ere a finite 
series : its terms may be deranged in any order, and grouped in 
various ways without affecting either its convergence or its sum. 
Also, if and are two absolutely convergent series, it can 
be proved that 

(ai + a2 + cts -f . . .) (6i + 62 + ^3 + . ••) 

= (ci2hx + aibz) + (a^bi + a2&2 + ^ 1 ^ 3 ) + .••• 

With series which are non-absolutely convergent, however, great 
care must be exercised. A convergent series whose behaviour as 
to convergence can be altered by rearrangement, and for which 
therefore the order of the terms must be taken into account, is 
called conditionally convergent 

The series (1) 

when rearranged so that each positive term is followed by two negative terms 
thus, 

A + (2) 

no longer has the same sum. For 

i^2n* 

Thus lim <T 3 »=-is; and since lim <r 3 n+i=lini 0 - 3 ,,+ 2 = Hm trsn the sum of the 

n-*-» 

series (2) is 

It can be she'wn that a non-absolutely convergent series can, by 
suitable rearraiigement of the order of its terras, be made to con- 
verge to any arbitrarily prescribed sum, or even to diverge. 

6'2. Criteria for convergence of series of positive terms. 

We shall write 27^ = Wi + W 2 + ... 4 - 
and if the series Eun converges, we denote its sum by U so that 

U = lira 


n-*»oo 
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Test I. The direct comparison test 

(a) Let 4 - + '^3 + ... he the serdes to he tested, and suppose 
that C 1 + C 2 + C 3 +... is a series known to he convergent; then if 
Un^ kcn for all n, where k is a positive constant, %Un is convergent 

Since 2c„ converges, lim = C, where 0 is finite, and 

Cn<G, 

Also Unt^kCn<kG, 

hence Un tends to a limit U which cannot exceed kG; in other 
words Xun converges. 

(h) iy di 4- c ?2 + ^3 + . . . is a known divergent series, and ifun^kd^, 
then diverges. 

The proof is left to the reader. 

Note. It would be sufficient in the above tests if ^ /l-c„ or u,, ^ kdn for all 
mines of n greater than v, where v is fixed; for in studying the convergence 
of series it is permissible to discard any finite number of terms at the beginning 
of the series and to consider the new series which results, for 

^n = (^l4-t^24‘... 4-t^y) + 'W„+l4-... + 'W» 

«a4-^7,^v, 

where a is a finite constant. Hence must tend to a finite limit or to 
infinity according as if does, and conversely. 

Test II. Comparison by limits. 

If the ratio Unhn tends to a finite {non-zero) limit n-?- 00 , then 
'tun will converge or diverge according as Xv^, converges or diverges. 

Vi 

Suppose that — I, then, for 
and so, for n'^v, 

(i) Wn>V„(Z-€), 
and (ii) Un<Vn{l d)\ 

hence by Test I, both results follow. 

Test III U Alembert s ratio test. 


If lim = I, then the series Xiin converges ifl<l, and diverges 


if I >1. 

(i) Let I he less than unity. Choose /S between I and 1 , then, 
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since the values of iin^ijun when n is large enough differ from I by 
as little as we please, we have, when 

and since is positive, it follows that 

^wi+l '^m+Z •••• 

Thus, from and after the term the terms of the series 'Zun do 
not exceed those of the convergent geometric series 
(1 + + ...)i 

hence Swn converges. 

(ii) Let I be greater than unity. In this case we have, for n'^m, 

SO that Un does not tend to zero and cannot converge ; and so, 
since it is a series of positive terms, it must diverge. 

Corollary 1. From part (i) of the preceding proof we deduce that 2Un coin^ 
verges if < ^3, where ^ is a fixed constant which is less than unity. 

Un 

It is not sufficient for the convergence of that 

Un 

merely ; for if Un=lln we have, for all values of 
Un + l __ u 

Un 

but 2 - diverges 
n 

Corollary 2. If l^ \ there is no criterion., save when approaches the 

limit 1 fTom above. In this case 2iCn is divergent. 

For when w ^ v, and ^ > 0, = 1+5, 

Un 

and so Un^i>Un when n'^v. Thus Un does not tend to zero, and so 2Wn 
diverges. 

Test IV. Cauchy s tests. 

The series lun converges or diverges according as Urn is 

less than or greater than unity. 

(i) Suppose that lim a< 1. Choose /3 between a and 1, 

then, from the definition of an upper limit, for n'^m (/3), 

< A 

Un < 


that is 
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and so converges by comparison with the convergent geo- 
metric series (^ < 1). 

(ii) Suppose that lim = a > 1, then, by definition, 

(unY^^ > 1 

for an infinity of values of n; the same is therefore true of tin, so 
that Un does not tend to zero, and Swn accordingly diverges. 

^ote. If has a unique limit when n oo the preceding results hold if 
we replace “ lim ” by ‘‘ lim.’' 

5-3. Theorem. If is positive and if tends to a limit I, 

then tends to the same limit. 

From some particular value of n onwards all the ratios 

tin ^71+1 VjYi^p—l 

lie between Z — c and Z + e, and so, for n ^ no (say), 

Un 

and since Un is positive, 

1 p 1 1 

(I ~ (Z + . 

Keep n fixed and make p tend to infinity ; the extreme members 
tend respectively to Z — e and Z -f e, and so, when m ^ tno, 

Z + 26, 

hence Z. 

The converse however is not true. Consider the series 

where a and h are unequal positive numbers. It is easily seen that the ratio 
of any term to the preceding is alternately a or 6, whereas v^(«Z>). 

It follows from the theorem that d’Alembert’s ratio tests are 
less general than Cauchy’s tests, for the latter may succeed when 
the former fail. 

54. Method of formation of convergent and divergent series. 

One of the simplest methods of testing series is by comparison 
with other series which are known to be either convergent or 
divergent. 

The following method of formation of convergent and divergent 
series provides, among its special cases, several useful auxiliary 
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series which may be advantageously employed for comparison 
tests. 

Theorem, Let i)« he any number which tends steadily to infinity 
as n tends to infinity., then the two series of positive terms 

(jD^— Di) + {Ds — Di) + ... + {di)n+l ~~ d)n) + • •• 

ik ~ky{k~ky"‘'^{'K~^y 

are respectively divergent and convergent. 

Since D„-»-oo the same is true of the sum to n terms of the 

series (1). n n 

S„ = i/n+i — Ui- 

Hence the series (1) diverges. 

The sum to n terms of the series (2) is clearly 
1 1 
A A-i’ 

and this tends to the finite limit 1/A as ^-♦■qo , 


Special cases of the 
(i) Let A = 


above theorem. 

where X is positive, then the series 



1 

( 71 + 1 )^ 


} 


converges by (2). 

(ii) Let Dn — log n, then the series 

2 {log (n + 1) - log 7i} = 2 log ^1 + 


diverges by (1). 

(iii) Let Dn = log log n, then the series 
2 {log log (m -f 1) - log log 7i} = 2 l/(n + 9) log (n + 0), 
where 0 < < 1 by the mean- value theorem, is a divergent series 

by (1). 

6*41. Useful auxiliary series. 

From the special cases of the preceding theorem we deduce the 
following useful results: 

(a) 2 1/^ is a divergent series; 

(b) 2 where X is positive, is a convergent series; 

(c) 2 1//1 log 71 is a divergent series^ 

These may all be proved by employing the comparison Test IL 
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The proof of (a) is immediate by observing that 

and so S I/ti diverges by comparison with (ii). 

To prove (&) we consider the limit of the ratio 


1 1 X/(n+e)^^^ 

(n 4- 1)^ 

by the mean- value theorem, where 0 < ^ < 1. 

which is finite*, and so series (6) converges by comparison with (i). 
To prove (c) we consider the limit of the ratio 

n log 71 

(n + 6) log (/I 0) * 

Since + ^ log(l + g/n) + Iog7i ^ 

log n log » * 

and also ^ 1, it follows that 

n 

nlogn ^ 

(n + e) log(7i + 0)''^» 

and so series (c) diverges by comparison with (iii). 


6’5. Kummer’s criteria. 

We now prove a set of general criteria for convergence and 
divergence of series, from which quite a number of the most 
useful tests can be derived by considering simple special cases. 
Since the proofs in the general case are not difficult this method 
is a better one than proving each of the special cases indepen- 
dently. 

Theoeem. Let Dn denote any positive number, and let 

then (1) the series of positive terms Xan converges if 

<f>{n) >a>0 


* For X is positive so that \4=0. 
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for values of n which exceed a fixed number m, where a is a constant, 
and (2), if 21 /Dn diverges, then tan diverges if, for all n > m, 

<p (n) < 0. 

Proof of (1). Since a„+i is positive, if the condition above is 
satisfied 

-^n+l^n+l ^ OC 

for n>m; and so 


^«i+l m+2 <Ijn+2 ^ OC a ^^^ » 

-^»i+2^m+2 -^m+3^m+3 ^ 


Drn+p^m+p ~~ -®ni+pHhl^w+p+l ^ 

hence, by addition, 

I^m-hp+1 ^m+P+1 ^ ® (^wi+2 "h • • • "f* 0^m+p+l)> 

SO that, since DTO4.p+ia-,n+jp+i is positive, 

^m+1 ^m+l^m+ll 

Hence, it follows that, if is a constant, 

^OTl+p+l 

and so tan converges. 

Proof of (2). If the condition be satisfied in this case we have, 
for n>m, 

DnO/n Pn+l^n-j-1 ^ 

and so Pn^n ^ Pn—ian—l ^ ^ 

where c is constant, and so 

(Xn ^ oJPn i 

hence 2a„ diverges by comparison with tljPn* 

5*51. Alternative forms of Knmmer^s criteria. 

In practice it is frequently easier to test a given series by 
criteria involving limits than by tests given in the above form. It 
is easy to give alternative forms of the preceding results which 
involve limits. In their most general form they involve upper and 
lower limits, but in almost all practical cases arising in elementary 
work the function <f> (n) will be found to have a unique limit as 
n-^oo , 

Theorem. To prove that 

(1') 2a„ is convergent if Urn cj) (n) > 0, 

(2') tan is divergent if Urn <p (n) < 0. 
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The theorem is proved if we shew that (1) and (1') are exactly 
equivalent and that (2') is included in (2). 

If (1') is true, Ura (n) = > 0, 

and from the definition of a lower limit, for n > m, 

that is, (f> (n) > 

and so is the number which replaces a in (1). 

If (1) is true, <j>(n) >a for n>m, 

and so 1^ <f>{n)^a>0, 

which is (!'). 

From (2') we have, if /S is positive, 

lim^(w)= — /3<,0: 
and so, for n > m, ^ (/i) < - 

that is, for n >m, 0, 

which is (2). 


5*52. Special cases of Kummer’s tests. 

Let us assume that <p(n) has a unique limit as n tends to in- 
finity, then the criteria of the preceding section become equivalent 
to the statement that converges or diverges according as 
lim ^ (n) is greater than or less than zero, 

(1) Let Dn = 1 and we obtain d’Alembert’s ratio tests. 

(2) Let Dn = 'a and we obtain the tests usually called Raabe’s 
tests, that Xan converges or diverges according as the limit of 


n 




is greater than or less than unity, 

(3) Gauss’s test. If anjan^i is expanded in powers of I In so 


that* 


J^ = l + t + o 

an+1 n 



then 2a„ converges if fi>l and diverges if 


* The 0 notation has already been explained in § 4*2. Here, of course, n-^x . 
A more general form of the test may be given in which 0 where X>0, 

replaces 0 . In most elementary cases the form given above suffices. 
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(i) Suppose that /x 4 = 1> then 


SO that 


limn 


V^^'n+l J 


and by Raabe's test 2a„ converges if > 1, and diverges if /a < 1. 
(ii) If ^ = 1, consider Kummer’s tests, when D„ = n log n, 

^ (n) = w. log n — (ti + 1) log {n + 1) 

dn+l 

s= n log n + log n + 0 — (n + 1) jlog n + log ^1 4- 


hence lim ^ (n) = — 1 since and {n + 1) log ("l 4* 1. 

71 \ W>/ 

Thus by i)„ test (2'), it follows that Sa^ diverges when /4== 1. 

I^ote 1. An alternative form of the Gauss test reads as follows : 


= the series converges if /i>l, and diverges if 

Ifote 2. The Gauss test* is very useful in practice, and is usually found to 
be the best test to apply when d’Alembert’s ratio test fails because 


lim K+iK)=l- 


It is more delicate than Raabe’s test, and it will therefore certainly test 
every series for which the latter test is decisive ; and furthermore Gauss’s test 


gives a definite result when Raabe’s test fails because lim n 



The Gauss test is usually easy to apply, and in every case in which aja^^i 
is the ratio of two polynomials in n, the expansion in powers of Ijn is readily 
obtained. In spite of this the test is rarely given in elementary books on 
Algebra in which elementary convergence tests are proved, although the direct 
proof of it is almost as easy as the direct proof of Raabe’s test which is 
almost always given. 


5’6. Series in general, not necessarily of positive terms. 

Throughout the preceding sections all the series in question 
have been series of positive terms, and it is only to such series that 
the preceding tests are applicable. It is beyond the scope of this 

• Gauss established this criterion in 1812, Werhe, in, 140. 
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book to give a detailed discussion of series of arbitrary terms, and 
for further information the reader must refer to treatises on the 
theory of series. In § 5*13 reference has been made to the import- 
ance of the concept of absolute convergence. If be a series 
of arbitrary terms and S j | converges, is then said to be 
absolutely convergent. Thus, for absolutely convergent series all 
the simple criteria for convergence of series of positive terms are 
applicable. It is accordingly much easier to recognise the con- 
vergence of a series of arbitrary terms, if that series is absolutely 
convergent, than it is if the series is non-absolutely convergent. 
There are several tests which can be applied to non-absolutely 
convergent series, but the only case which we consider here is the 
important case of alternating series, that is, series whose terms are 
alternately positive and negative. 

An important class of series consists of the power series* 
in which Cn is positive: when a: takes a negative value these become 
series with alternately positive and negative terms. If the series 
2 1 a„ I . I a; I" converges in a certain range of values for cc, say in 
-l<a;<l, then in that range Sana?” is absolutely convergent. 
When we consider | a; | = 1, the reader will see that if a; = — 1 the 
series becomes 2 (-)” which is an alternating series. Accord- 
ingly some simple criterion for the convergence of alternating 
series is needed to enable a full discussion for the convergence of 
a real power series to be given. 

Although the general theory of series of complex terms is not 
considered at all in this book, it may be well to mention that if 
2un is an arbitrary series of complex terms, the series 2 1 | is 
still a series of positive terms. Thus an absolutely convergent series 
of complex terms is as simple to discuss as a series of positive 
terms. 

6*61. Alternating series test. 

Theorem. The series 

til — + W3 — W4 + . • • 

in which (i) as n -^00 , and (ii) > Ww+i for all values of 

m, is convergent, 

* Power series are discussed in detail in Chapter xiu- We are assumiog here that 
a,^ and x are real numbers. 
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Now 

S2n = (% ■“ '^ 2 ) 4- (Ws “ ^ 4 ) + • • • + (W2n-1 — '^n) (1) 

= Ui — {'ll 2 — U 3 )—( U 4 - tis) — • • • — ” '^ 2 n-l) “ (2), 

and by condition (ii) the content of each bracket in ( 1 ) and ( 2 ) is 
positive. Thus ( 1 ) shews that ^271 is positive, and ( 2 ) shews that 

^2n 

and so ^ 2 ^ tends to a limit s which does not exceed %. 

If we can prove that 52^+1 also tends to the same limit 5 , the 
theorem is proved. Now 

^2n+l = ^2n + 'Itzn+li 

and by condition (i) as n-^oo ; hence it follows that 52n-i-i 

tends to the same limit as Son- 


Corollary. If Un-^ a ^0, but condition (ii) is still satisfied, the 
alternating series oscillates finitely. 

For if lim S 2 n = s, lim 52n^-l = 5 + a, and the sum of the series 
oscillates between $ and s + a. 

00 1 

5*62. Example. If x and s are real, test for convergence the series 2 — 

71=1 n 

(1) Absolute convergence. Examine the series 2 — — . 


Thus S I I converges if | .r | < 1 ; 2 converges absolutely if \x\<\, and 
"SlUnl diverges if 1 4 ? ) > 1 ; 2 does not converge absolutely if | .r | > 1. 


In the latter case, since > 1 for ti > m, does not tend to zero and 

I I 

SO 2 Un cannot converge; since the terms increase, 2 ?/„ cannot oscillate finitely. 
Thus when ] a? | > 1, 2 diverges (or oscillates injinitely). 

{b) Now consider 1 j 7| = 1. The series of moduli is then 21/?i«, which 
converges if s > 1, diverges if* s ^ 1, 


Hence 2 


converges absolutely when |.a;| = 1 and 5 > 1. 


(2) Non-absolute convergence. 

Clearly the only case where conditional convergence is possible is when 
lz| = l and when the series of moduli diverges. 

If the case reduces to (6) above. It remains therefore to consider 


* See § 5*41 (a) and [h). 2 i/?i® when i>- < 1 is a divergent series by comparison with 
21/n. 
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only The given series then is this is an alternating 

series, and we appeal to the test given above. 

Now provided that 5>0. In this case also 

m» (m + 1)*’ 

and so th^ conditiomfor convergence are satisfied if s> 0. 

(3) Remaining cases. 

(a) Let 1^1 = 1, 5=0, then when 

1 , series is + which diverges, 

X— - 1, series is 1 — l + l- H-.., >svhich oscillates finitely. 

(b) Let 1^1 = 1, 5 < 0. Write «= — y? so that y? > 0, then when 

^=1, series is 2 TiP which clearly ci?iW^e5, 

x= -I, series is 2 ( — which oscillates infinitely. 


5*7. The multiplication theorem. 

We now prove the fundamental theorem on the multiplication 
of two infinite series. There are two cases to be considered: (1) when 
the series are of positive terms, and (2) when the series are ab- 
solutely convergent. 

Theorem 1. Let dnd St?n two series of positive terms which 
are known to he convergent to sums U and V respectwely, then the 
series %Wn converges to the sum J7F, where 

Wn -UiVn'^ ^2'Vn-l • d" U^Vi, 

The proof depends upon the two inequalities 

w^n '^UnVn ( 1 ), 

( 2 ), 

and these are most easily recognised by arranging the terms in a 
double array as follows : 


UiVi, 

U2Vly .. 

.,UnVi] 

Wn+iVi, . 

U2nVi 

U1V2, 

U2V2, .. 

. , Un V2 \ 


U2nr% 

UiVn, 

n2Vn, •• 

• • j UnVii , 



UiVzn, 

U2V2ni • 

. . , UnV2n3 




The product Un clearly consists of all the terms in the top 
left-hand quarter square, while Wn consists only of those terms in 
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this quarter square which lie in the right diagonal and above it, 
for 

Wn = + {^1^2 + + (UiVz + -^ 2^3 + Wn* 

Hence (2) is established. 

Inequality (1) is almost obvious, for w^n contains all the terms 
in the right diagonal of the complete square, and of these terms 
only can belong to ?7„^n‘ hence Tr 2 n certainly contains all 
the terms of and more. 

Since ^ V, 

it follows from (2) that 

Wn^UV, 

and so Tf„ tends to a limit W which cannot exceed UV. 

Again, 

W - lim W^n ^ Urn Un = (lim Un ) . (lim F«), 
and so ITV. 

Hence W = UV, 

Theorem 2. 1/ 'lun and are two absolutely convergent series, 
then (i) Xwn is absolutely convergent, and (ii) its sum is UV. 

Let cyn = |t^ilbn| + -.. + Ihil, 

n 

and let — 

1 

To prove (i), observe that | lOn i ^ twn and that 2ct>„ is convergent 
by Theorem 1 ; hence Xwn is absolutely convergent. 

To prove (ii) write 

8n = t\un\ and 

1 1 

then SnTn—Vln is the sum of the moduli of the terms in Un Vn— TT^, 
and so 

I UnVn-Wn\^\SnTn-0^n\; 

and since by Theorem 1 D^n^^ST, it follows that, for n>no, 
\UnVn-Wn\<€, 

and hence Wn-^UV. 

6*71. Application to power series. 

From the preceding theorems we deduce that if both the power 
series are absolutely convergent in the interval (- r,r), 
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then their product is absolutely convergent in the same 

interval, where 

Co = Uo6o , = Oto "h Gi + . . . + Ctn—ihi + Cln ^0* 

If the region of convergence of the two given series is different, 
certainly converges absolutely in the smaller of the two 
intervals, and it may or may not converge outside this interval. 

The reader should observe that without discussing Abel’s theorem on power 
series *, this is the most that can be proved about the multiplication of two 
power series. 

5*8. The Taylor and Maclatirin series. 

The theorems discussed in §§4*45 and 4’46 provided a means of 
obtaining an expansion of f(a -h h) or of f (h) in a series of ascending 
powers of h up to the term of any order n, and several forms of the 
remainder Rn (h) were found. We are now in a position to consider 
the possibility of expanding /(a + A) (or /(A)) in an infinite series 
of ascending powers of A. 

If we assume that f{x) is a function admitting continuous 
derivatives of any order n, however large n may be taken, it is 
necessary and sufficient for the convergence of the Taylor orMaclaarin 
series that i? 7 i(A) should tend to zero as n tends to infinity. 

If Sn (A) denote the sum to n terms of the Maclaurin series, it 
is a necessary and sufficient condition that 

Sn (A) “^/(A) as n 00 , 

that, given e, there is a number v (e) such that, for n^p, 
\S„(h)-/(k)l<e. 

Now f{h) = S^{h) + It„ih), 

SO that the convergence condition is that 

I (A) I < e for n^v, 
in other words ( A ) -^ 0 as w co . 

In some cases this condition is found to hold for all values of A, 
but in general Rn{h) only tends to zerof when A is restricted to 
lie between certain limits, for example when - 1 < A < 1. 

* See §13-5, Theorems. 

t The reader should observe that is a function of fi,h and of an unknown 
variable 6 which lies between 0 and 1. For Taylor’s series also depends on a. 
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5‘81. Examples. 

(1) Let fix) = e*, then /<»> {x) = e* and /'"> (0) = 1 for all values 
of n. Hence Maclaurin’s theorem with the Lagrange form of the 
remainder gives 

e»= 1 +0? + ^,+ ••• + 

where O<0<1. 

To obtain an infinite series for e* we must shew that Rn{co)-^0 
as n-^oo , and this is true for all values of a;. To prove this, write 

7i! = n (w — 1 ) (» — 2 ) .. . 2 . 1, 

so that (n!)® is the product of n factors of the form pin—p + l), where 

l^p^n. 

Now, when p > 1, 

pCn-p + l)=p(»-p)+p>(ra-p)+l> = ®*. 
and so (n!)®>n“, 

that is, n!>(Vw)". 

It follows that 

M!' < f -► 0 as n 00 , 
n ! WnJ 

and so. since < 1 + e*, (a:) 0 as m -*■ oo /or all values of x. 


The result also follows from the fact that | x {"jn ! is the general term of a 
convergent series, see Theorem, § 5T1. 

(2) Let /(a!)=log(l+®), 

then /'(^) = T^. = 


By Maclaurin’s theorem. 



log (1 4- ir) = rc — — • • • + -R?i 


where 

+ J 

(L), 

and 



(C). 


We assume throughout that «>- 1, for otherwise the deriva- 
tives of fix) do not exist in the interval («, 0). 
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(i) Suppose that x is positive and ^ ^ 1. 

In this case remainder (L) shews that 

I (^) 1 ^ * 

and so Rn as oo . 

(ii) Suppose that x is negative and x> 

Here the remainder (0) must be used, and we see that 


t^ 


for 


i-e 


l-^dx 
We deduce that 


is a positive fraction; and since 0 < ^ < 1, it follows that 
Rn as > 00 . 


/yi2 /y3 

log(l+*) = ®-|+|-..., 


provided that* — 1 < ^ 1. 

The use of the Taylor and Maclaurin theorems to find expansions 
of given functions in series of ascending powers of the variable is 
limited in its practicability by the difficulty of calculating the 
successive derivatives, and by the unwieldy form of the remainder 
Rn{^)- In fact it is only in a few cases that Rn{^) assumes a 
manageable form. 

In the next section a method of expanding a given function in 
a series of ascending powers of the variable is considered which 
maybe used in some cases where the direct application of Maclaurin’s 
theorem is impossible because the remainder cannot be easily 
obtained. 


582. Example. 

Find an expansion for ^{arGsinxf in ascending powers of x, 
Let/(^) = -i-(arcsinir)2 then 


f . arc sin x . . x 

jcessive derivatives become incre 
and Rn (x) would be difficult to obtain. 


, 4 - X 


arc sin a; 


and successive derivatives become increasingly more complicated, 


* For a justification that the sum of the series when a; = 1 is log 2, see also § 13*5 
(Example). 


10 
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Let y = |(arcsin5?)^ then it is easy to see that y satisfies the 
differential equation 

{l-x^)yi-xyx-l=0 (1). 

Differentiate n times by Leibniz’s theorem, and we get 

(1 - a?) yn+i - 2rw;yn+i - n (w - 1) - xyn+i - ny^ = 0, 

or (l-a^)y„+ 2 -( 2 m + l)i»y„+i-Ji*y„ = 0 (2). 

If we assume that a Maclaurin series exists for this f unction, the 
coefficients are the values of y, yt, yz , ••• when x= 0. 

From the values already found, 

yo= 0 , (yi)o = 0 , (2/2)0 = !. 

and from equation (2), by putting x — 0, 

( 2 /n+ 2 )o = «®( 2 /n)o; 

and so ( 2 / 2 m+i)o = 0, (m = 0, 1, 2, . . .), 

and ( 2 / 4)0 = 2* ( 2 / 2)0 = 2*, 

(2/6)o=4®(y4)o = 2®.42, 


(y2«)o = 2®.4^6®...(2w»-2)® 

On the assumption that the Maclaurin series with these co- 
efficients has the sum ^ (arc sin xf, we get 
^2 22 2 ^ 4 ^ 

I (arc sina;)2 = — 


+ 


2?.4:K...{2m- 2f 
(2m ) ! 


x^+ , 


..(3). 


It can be shewn that this series converges if ^ 1, and diverges 
if 1. 

Since we have not been able to find an expression for (a^), we 
have not proved that the series (3) is the Maclaurin expansion for 
J (arc sin aif. In general, however, when a convergent infinite series 
for f{x) is found by the preceding naethod, it may be expected to 
represent the function f{x) within its range of absolute convergence. 

What we have proved is that the series (3), which can be shewn 
to be convergent when < 1, has a sum-function, say F{x), which 
is such that if f{x) = (arc sin x)\ then 

J(0)=/(0), i^'(0)=/'(0),..., i?’(-)(0)=/^-)(0), (4). 

We have not shewn that there may not be several functions F{x\ 



5-82] A CONYERGENCE THEOREM 139 

wkicli are not identical with / (x) for all values of x when 1, but 

which satisfy the equations (4)*. 

A more satisfactory method of dealing with power series will be 
found in Chapter xni. 


5.9. A useful theorem in convergence theory. 
If is never zero and 


^==1+^+0 

then if iM>0, a^ -K 0 ^//x< 0. 

Case 1. Let /x>0. Then, for 


— >l+f. 

a-., 2n 


&)■ 


Writing down these inequalities from 7i=m to n ~ 1 and multiplying, we get 

+ 1 )) ■ ■ ■ 20/^)) 

> 1 + k( — J TV’t ••• t)» 

2\m w + 1 n — 1/ 

Since the right-hand side is part of the divergent series S- , — 00 , so 0 

n (z„ 

as 00 . 

Case 2. Let fi<0. Then, for n'^m, an/^«+i<l» so the terms mcrease; hence 

o„ 4>0. 

Case 3. Lei = Then 


where I 


I <h. 


Since, for n'^m, 


— — < 1 + — , proceeding as in Case 1, 




Assuming, from the theory of infinite products that H (l+A) ^ limit 


A=i= 0 , as w -> 00; lim |a„ 


■ > 0. Hence a„ . , -f> 0. 


* If (:7(a:)-»e-l/®“, a:=|=0, ^(Ol^O, then, if F {x)=-f{x) + C (x), equations (4) are 
satisfied. See Examples V, 17. 


10-2 
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5*91. Application of the above theorem. 

The theorem just proved is very useful in testing a real power 
series where u^==a^x'^. In spite of this, it is rarely given in 
the text-books. 

00 00 

Example. If c and x are real, test for convergence the power series TtUn^T^anX^ 

, c{c-{-l)(c + 2) ... (c + TO-1) 

where = ; . 

ni 


We test the series 2 | u„ 

first. Since 



Wn+l 

n + c , , 

= 7 hr , lim 

«n+l 



n+l' „_^co, 

Wn 


and, using the ratio test, we have the results : 


(1) If I a; I < 1, S I I is convergent so is absolutfely convergent. 

(2) If I a: I >1, S 1^„| is divergent, which gives no information about 

But, when lim > 1, for n'^m, |«^»+il/|'iin| >1? so the terms in- 

crease. Hence +> 0, so is divergent or oscillates infinitely. 


(3) Case when |a;| =1. 

(a) If ir=l, as soon as n> —c, the series, is of positive terms, and 

Gn + 1 — c . 

Hence, by Gauss’ test, Sa„, which is with a; = 1, is convergent if/x=l — c>l, 

divergent if 1-c^l. Hence when |a;| = l, we havo absolute convergence if 
c<0. 


+ 0 


&) 


•d). 


(6) If a;= — 1, the series is E (— We need only consider OO, because 
the series when | a: | = 1 is absolutely convergent when c < 0. Note that if c=0 
the series is 20, a trivial case of convergence. 

Now we use the theorem of § 5*9. By this, referring to (1) above, if 
^ = l-c>0, a„^0. 

Also, when ^ > 0, for n^m, 


so that the terms decrease. Hence the two conditions of the alternating series 
test for 2 (-l)”a,t are satisfied. Thus, when x=—l, the power series is con- 
ditionally convergent if 0 < c < 1. 

Also, if 4> 0 so there cannot be any more convergence if 1 — c^O, 

i.e. c^l. 

To sum up, the given series is: 

(i) absolutely convergent if | :c| < 1 ; and when | a;| = 1 if c < 0; 

(ii) conditionally convergent when x= -1 ifO<c<l; 

(iii) divergent (or infinitely oscillating) if |a:|>l; and when |a;| = l, if 
c3sl. 
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EXAMPLES V. 

L Examine for conyergence or divergence the series for which 
(from some index onwards) has the values 


3 (?i4* 1) (?i4'2) 

(w+2)2 ' * n^logn 




fl.5.9.... (4^ 
t 4.8.12.... 


4n 


.^n, a^/”-l (a>0). 


2.4 2n ' 

1 1 


n (log ny* 71® (log ny* 

( 1\ 

1--) , e±-^«x"(x>0). 


2. If a„ > 0, 6„ > 0 and S6„ diverges, shew that, if a„/6„ ->■ I, then 

Eeduce that if is hounded and Sa^ is divergent, then so is S . . 

l + a„* 

3. If Sa„ diverges, discuss the series 
^5— , S 




(a„>0). 


4. If Sa« is a convergent series of positive terms, prove that S (a«an+i)^ 
is also convergent. Shew by an example that the converse is not necessarily 
true, unless {a J is monotonic. 

Prove also that 

Tt^'ajny for every value of > 0 

both converge. 

6. Test for convergence the series 

p 2*^33 43*^”*' 

P 2»‘*’32 43'*’“** 


6. (i) Shew that if a:>0, the series 

1+2x + 3=^,+43- + 5^j, + ... 

converges if x < 1/e. 

(ii) Test the series 

a^a{a + c) o (a + c) (o+2c) ^ 

6 6 (6 + e) ^ 6 (6 + c) (6 +‘2c) ® ■*■■ ■■ 
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7. Test for convergence, for all real values of the series whose general 
terms are 


(i) 


a?" 

(a+ra)* 


(a>0), 


(ii) 


nlogn’ 


8. Prove that for the binomial series, when a and m are real, 

t~?i4-l) 


1+7?W7+— 


n ! 


57"+. 


there is absolute convergence if |5rj<!l- Shew also that if 57—1 the series 
converges (conditionally) provided that — 1: if 57 = — 1 there is con- 
vergence when m > 0. 

9. If a, 6, € and x are all real, examine for convergence the hypergeometric 
series 

a (g+l) ... (a +51 — I) .6 (6+1) ... (5+?t — 1) 

2 c (c+1) ... (c+9t- 1) w.!* 

Deduce the results of Question 8 from this. 


10. Find the limits, as 51 00 , of the functions 

71^/”, (log ny^^, in ly^^, 
[See § 5*3: the answers are 1, 1, co .] 

11. Prove that, when |57| < 1, 

i — 57 


12. Expand ^2 sin ttx in a Taylor series about the point 5 ?= J, and justify 
carefully the steps. 

13. Expand arc tan in a series of ascending powers of 57 and determine 

ct + 57 

its region of convergence. 

arc sin 57 

'*• “ 

prove that ( 1 ~ -a?^) ^ = 1- 

Hence obtain an expression for y in ascending powers of 57 . 


15. Prove that the series 

converges, but that the series obtained by removing the brackets oscillates. 

[This example shews that we may not, without consideration, omit brackets 
occurring in a series. The series 0 + 0 + 0 + . . . is certainly convergent to sum 0. 
By writing everywhere (1 - 1) for 0 we get 

(1«1)4.(1_1) + ...s2(1-1)=0, 

which is correct, but by omitting the brackets we obtain the oscillating series 
1 - l + l — 1 + ..., 

the sum of which is 0 or 1 according as the number of terms is even or odd.] 
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16. Shew that, if 5 ==! - 

the sum of the series, when rearranged as follows, 

is §5. 

17. Prove that Cauchy’s function 

whens^O, C(0)=0 

has a Maclaurin expansion 

0 4 - 0 . ic + 0 . . -i- 0 . + . . . . 


Hence prove that the function f(x) = 0{x)+^ has a Maclaurin expansion 




which, although it is convergent for aU values of x, does not converge to the 
sum /(^). 

[We have to shew that C' (0) = (7" (0) = . .. = OT (0) = . . . = 0. 

C"(»)=|c(a;)(«=)=0); 

and by proceeding in this way, if ^=#0, 

{7<») (a) — 0 (a:) + terms of lower degree j- ; (0) = 0.] 

18. Prove that, if a > 1, 

^ ™ nSo (2w) ! i + a-«^ 

is a series which converges for all values of ^^0, and has derivatives of every 
order for these values of a. 

Shew also that the Maclaurin series for F{a) is 


m=0 

and that it is divergent for all positive values of x. 

[The validity of term-by-term derivation of the infinite series may be 
assumed. It can be shewn that 

whence the required result easily follows. 

This example shews that the Taylor series of a given function /(^) need 
not converge, if/(^) and its derivatives of every order exist and are continuous 
in a given interval.] 


19. If {aj is a positive decreasing sequence and as n^oo, prove 

that the same is true of {h^ where 

(^1 + + • • • + 

Hence prove that the series 

ai - ^ (uj -f 02) 4 - J (ai -h Oa +03) - 


is convergent. 



CHAPTER YI 


INEQUALITIES 


61. Introduction. 

Inequalities play an important part in mathematics, and the 
well-known elementary ones may be found in most text-books on 
Algebra. There are, however, several inequalities, which may be 
termed elementary*, of which it is not easy to find proofs except 
by reference to original memoirs. These inequalities have become 
especially important because of their frequent use in the theory of 
convergence. In this chapter a systematic account of the more 
important inequalities will be given, and, in addition, some of the 
simpler recent theorems on the theory of convergence of series of 
positive terms will be proved. 

For the sake of completeness the proofs of two elementary 
inequalities will now be given. 


611. The arithmetic, geometric and harmonic means. 

Let di, (X2, Ojn be n arbitrary real numbers; their arithmetic 
■man A (a) is defined to be 

+ (X 2 + ... 4- CLn 
n 

If the numbers are all positive, the geometrio and harmonic means 
are defined to be 


(?(a)=/y(aia2.,.an), 


E(a)= - 


n 


1 

H h 

(Xj (X2 



Theorem. If the numbers ui, a2, are positive and not all 
equal, then H {a) <G (a) < A (a). 

We prove first thatjf G{a)<A (a), that is, that 


dl <X2 • • • 


4 - 0^2 4 “ . . . 4 " 


( 1 ). 


* In particnlar the inequalities of Holder and Minkowski. See §§6'41, 6'42. 
t The proof here given is due to Gauohy (1897). 
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Clearly, unless ai = a 2, 


/ai + ttaV /'«3 + a4V 

Oia2a3^4^( — 2 — ) *l — 2 — / 


^ /'ai •+ ^2 + 0^3 + 


with equality throughout only when 01 = 02 = 03 = 04; and by 
proceeding in this way we get, if u = 2”*, 

0x02-o.<(- ^t«^+- + ^" )" (2). 

If now n is not a term of the set 2 , 4 , 8, 2 "^, let n be less 

than 2'^ and write 

k = ^2 + . . » H- dn 

n 

Suppose that in the left-hand side of (2) the last 2^ — ?i factors 
are equal to ky then 

( cti + (X2 + . . . gyt -h (2”^ ■— yi) 

t I 

...o„<A«= 

\ n 


or 

hence 


aia2...A;2'"-«< 


Cii(l2 • 


By writing l/a^ for a^, in the above we easily deduce that 
E (a) <G (a). 


6*12. Cauchy^s inequality. 

Let ai, az, . . a^; 6i, 62 , . . two sets of arbitrary real mimberSy 
then 

( 1 ), 

the equality sign only holding if the numbers a*,, 6^ are proportional 
to each other, that is when Xa„ 4- =0 (i; = 1, 2, . . . , n), + /a® > 0. 

To prove this, suppose that X and p are variable, and consider 
the quadratic form 

2 (Xa + pbf = A\^ + 2BXp -f Cp^ ( 2 ). 

The left-hand side of (2) is clearly either positive or zero, and it 
can only be zero if Xa„ + ph„ = 0 (1/ = 1, 2, . . . , n). 

The numbers A and G are essentially positive, for they are 
respectively the expressions on the right-hand side of (1). Hence 
the expression 

AX^ 2BXp 4- Gp^ 
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can only have the same sign as A (or C) for all values of X and 
if 

the equality sign corresponding to the case when the quadratic 
expression vanishes. The inequality is therefore established. 


6*2. A fundamental inequality. 

Theoeem*. I/p>l,af>l, then for all real values ofp, 


x^ — l>p(x—l) ( 1 ). 

(i) Let 5 he a positive integer and let y be greater than 1, then 

SI/* > 1 + y + 2/* + . . . + , 

and if we write = f we get 

s(aiV^^l)>(x^l)/x ( 2 ). 


(ii) We have identically 

If the expression in the large bracket be divided by y — 1 there 
will be 1 + 2 + 3 + . . . + 5 = (5 + 1) terms, every one of which is 

not less than 1 ; hence 


s-hl 




(3). 


Next let r = 5 + and by writing down the t inequalities of the 
same type as (3) and adding we get 

(4). 

Now replace y® by x and use (2); it follows that 


a?*-/® - 1 
rjs 


(«i/< - 1)* > i I (5). 


r 

(iii) Nowlet~=p 7 i be a rational approximation to pf; it is 
clear that t(s tends to the positive limit p - 1 when , so that 


* The theorem given here is part of the well-known inequality 
(a;-l) >a;P-l>_p(a;-l), (p> 1, a:>l), 

of which a proof, for rational values of p only^ is given in Chrystal’s Algebra j n 
(1906), 43. The proof here given is due to Hardy, Journal London Math. Soc. iv, 68. 
f See §6*3 below. 
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the left-hand side of (5) is greater than a positive number which 
is independent of n. Hence, in the limit, (5) gives (1) and the strict 
sign of inequality is preserved. The theorem is therefore proved, 

2iote. The reader should observe that in the above proof we have been able 
to make a passage to a limit and preserve the sign of inequality. In general a 
passage to a limit causes the sign < to degenerate into This fact is one 
of the chief difficulties which is met with in proving inequalities. The 
degeneration into ^ when a passage to a limit is made usually makes it 
impossible to specify the exact conditions under which the equality sign can 
hold. 

6-3. On the definition of osp when p is irrational and a; > 0. 

In Chapter I no definition was given of xP when p is irrational. 
By presupposing a knowledge of the exponential and logarithmic 
functions of a real variable, xp may be defined as see § 4*33, (3). 

An alternative method is to appeal to Cantor s method of de- 
fining an irrational number as the limit of a suitable infinite 
aggregate of rational numbers. In the preceding section this 
method has been used; accordingly a brief account of Cantor's 
theory will now be given*. 

The essence of Cantor's theory lies in the postulation of the 
existence of the aggregate of real numbers ordered in a definite 
manner by prescribed rules. Any element of the aggregate is 
regarded as capable of symbolical representation by means of a 
convergent sequence whose elements are rational numbers. The 
aggregate of real numbers contains within itself an aggregate of 
objects which is similar to the ordered aggregate of rational 
numbers, already discussed in Chapter i, in the sense that to each 
rational number there corresponds a certain real number. The 
relative order of any two rational numbers in the ordered aggregate 
of rational numbers is the same as the relative order of the two 
corresponding real numbers in the new aggregate of real numbers. 
The rational numbers, although logically distinct from the real 
numbers to which they correspond, are usually denoted by the same 
symbols f. 

* For farther details the reader should consult Hobson, Functions of a Beal 
Variable, i (1921), 27 et seq. 

t This remark has already been made in § 1*5 in connection with the Dedekind 
theory. Its importance lies in the fact that it obviates logical difficulties, especially 
in coordinating Cantor’s theory with that of Dedekind. For further details see 
Hobson, loc. cit. 
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The order of the real numbers in their aggregate is assigned by 
the following rules : 

(1) Any convergent sequence {an}, in which the elements are 
rational numbers, is taken to represent a real number which we 
denote by a. 

Two such aggregates {an}, {6n} are taken to represent the same 
real number if they satisfy the condition that, given e, a value of n 
can be found such that | an+m “ [ < € for this value of n and for 

all positive integral values of m (zero included). 

(2) The real number represented by {a^ is regarded as greater 
than the real number represented by {6^} if a value of n can be 
found such that, for this value of n, and for all values 0, 1, 2, 3, ... 
of 7?l, 

where S is a fixed positive rational number. 

A similar interpretation is easily given for '‘less than.” 

Suppose that the number p is defined by a convergent sequence 
{^,i} in which all the numbers pn are rational. We now shew that 
the aggregate is convergenty and the number which it defines 
will he denoted by oc^ 

Now — X^n^m = {1 — x^n^nTPn] (1), 

Since every member of the convergent sequence {^^1 is less than 
some fixed number, | x^n\ < A, where A is constant. 

If a? > 1, 

[ X^n — x^n+m A\ X^Pn~Pn+m\ — 1 | (2). 

Let n be chosen so that, for all values of m, 

I Pn | 

where g is a positive integer; then 

1 


x\^n-Pn-^m\ — 1 < - 1 < 

It follows from (2) that 

I X^n — X^n+m \< A .{x— l)/g. 




• 1 )’ 


we see that 7 i may be so 


If g be chosen so that - < — 7— 

^ q A (x 

chosen that 

I x^n — X^n-i-m | < e 

for all values of m. Hence {x^n] is a convergent sequence. 
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If a? < 1, by what we have just proved, 


1 -^ 


is a convergent 


sequence, and therefore [x^n] is also convergent (§ 3*23, (3)). 

If 07=1, {xPn} = l. 

Thus it has been proved that in every case [x^n] is a convergent 
sequence if {pn} is convergent. 

Since [x'^n] x {aj?«} = 

it follows that when p and q are irrational the relation 


is satisfied. 




6*4. Deductions from the fundamental inequality. 

Theorem 1. 7/0 <_p < I, a? > 1, then 

x^—l<p{x — l) (1). 

•This follows at once from the fundamental inequality of § 6'2, for 

if we write i for p in equation (1) of that section, we get 

P ' 

and the desired inequality follows by writing for x. 

Theorem 2. If a and h are positive and miequal, and % mid ^ are 
any two positive numbers whose sum is unity, then 

< aa + b^ ( 2 ). 

Suppose that a >b, and write a^x,b = l, cL=p, and inequality 
(2) reads 

< pa? + (1 — p), 

that is a7^-l<_p(o:-l), 

and inequality (2) reduces to (1). 

6*41. Holder’s inequality. 

11 

If ai, a 2 , . , Un, h,b 2 , bn are all positive, and - + - = 1, theji 

P I 

1 1 

n (n (n 

2 ( 1 ), 

the equality sign holding only if a/ = (i; = 1, 2, , n), whei^e X 

is a constant. 
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By Theorem 2, all the summations being from = 1 to z; = n, we 
have* 

iMw - * (sT ■ (s)’ < 46) “ - + ^ 

unless ^ (3), 


that is unless ay=\K(p = 1, 2, in which case the inequality 
sign is replaced by equality. 

If ~ and - be written for a and /9, and a®, ¥ are replaced by a and 
P <1 

h, the inequality (1) is established, and the condition for equality 
is seen to be that 

a/ = Xby^ (z/ = 1, 2, . . . , n). 


Corollary. Ifp^^^q^'^ = l,then 

lSai<(ixaj^.(isi,y (4). 

This is an immediate deduction from the theorem, for Holder's 
inequality is homogeneous, not only in the a„ and but also in 
the sign 2. For all such inequalities sums may always be replaced 
by means. This special form of Holder's inequality is very im- 
portant in connection wuth the extension of these theorems to 
inequalities between integrals. 


6*42. Minkowski’s inequality. 

1 

If Mp{cb) = (di^ + a 2 ^ + . . . 4- , where the are all ^positive, 

and p > 1, then 

Mp{a-\‘h)^Mp{a)-\^M^{b) ( 1 ), 

the equality sign only holding ifay^Xb^ (z/ = l, 2, n). 

The simplest proof is a deduction from Holder’s inequality f. 
We have identically 

S = l{a+by = 'Za(a-h + 26 (a + 6>’"i (2). 


n 

* For convenience we shall write 2a for 2 av. Unless the contrary is stated, in 

V=1 


n 

all the theorems on inequalities 2 will stand for 2. 

1 

t The idea of this deduction is due to F. Riesz, Equations LMaires (Borel 
Tract), 45. 
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If we apply Holder s inequality to each sum on the right-hand 
side, and observe that (p — l)q ==p, we get 

i 1 1 

S ^ {2 (a 4- by ] « 

i 11 

= {(2a^’)p+(26^>)p}/S«, 

ill 
that is Sp ^ (ZaPy + (Zh^y , 

which is the same as (1). 

The conditions for equality in each application of Holder’s in- 
equality to the summations in (2) are that 

a,P = Xi (a^ + 3 = \i (ttp -h Ky, 

and hi,^ = X 2 (u„ + b^y^ 

from which we see that the equality sign in (1) only holds if a, is 
proportional to (v = 1, 2, 

6-43. Methods of proving inequalitiea 

In the preceding sections the inequalities of Minkowski and of HSlder have 
been proved by a naethod which naakes them depend upon the fundamental 
inequality of § 6*2. The proofs have been strictly elementary proofs, that is 
to say they have only appealed to Algebra, save where the limiting process 
was introduced to include the case of aP when p is irrational Since is not 
an algebraic function when p is irrational, it is clear that no strictly algebraical 
proof could be given to include this case. The reader should observe however 
that the limiting process which was used to extend the inequalities to include 
the case when p is irrational is the only limiting process involved 

The inequality of Holder is a special case of a very general inequality 
proved by Jensen in his classical paper* in which he introduced the concept 
of ‘‘convex functions.” In fact most of the elementary inequalities are only 
particular cases of this very general result. The deduction of inequalities 
from Jensen’s theorem is a simple and elegant method of proof, and this 
method is only inferior to the one given above in that Jensen’s result involves 
an appeal to the elementary theorems of the differential calculus, and therefore 
to the theory of limits and continuity of functions of a single real variable. 

A third type of proof is one which appeals to the theory of maxima and 
minima of functions of several variables. Proofs of the inequalities of Holder 
and Minkowski have been given by F. Rieszt which depend upon the in- 
vestigation of the extreme values of Sew? subject to the condition that Sj:** is 
constant. The proofs are elegant and easy to remember, but they suffer from 
the defect of dependence upon results which are among the later developments 
of the theory of functions of a real variable. 

* Acta UathemMica, sxx (1906), Vlbetseq. See §6*5. 


t Loc. cit. ajile. 
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Let (j> (t) be a function defined for all values of t in the interval 
then the function (f>(t) is said to be convex if for eveiy 
pair of unequal values tx and ^2 in (a, ^8) 

2 

If the sign < is replaced by <, <^ {t) is said to be strictly convex. 

When the sign < is replaced by >, the function ^ {t) is concave 
or strictly concave. 

Theorem. lf(j>(t) he a function defined in (a, jS), and if {i) 
eodsts and is not zero, then <f> (t) is strictly concave or convex 
according as (t) is less than or greater than zero. 

Let tx and ^2 be two arbitrary points in (a, /3), then by Taylor’s 
theorem with remainder when 7i= 2, {t^ >ti), 

* tt) - ^ f-^) + f ('^) + <-^V' (n), 

+ {^!>) + W. 

where ti<Ti< j (h + Ib) <t 2 < h. 

By addition it follows that 

6 {tx) + (f> (^ 2 ) > 2^ ^ 

according as (t) $ 0. This proves the theorem. 

Theorem. If (f> (t) is strictly concave in (a, ^), and if <j)" (t) 
eodsts, then (0 ^ 

If A > 0 and the points ^ ± A are in (a, y8), then, since ^ (^) is 
strictly concave, 

^<f> {t) > (f) {t — h) + <f) {t h) (1), 

Now, by Taylor’s theorem, §4-6, 

^ (^ + A) = ^ (0 + (t) + (<!>" (t) + ei) (2), 

= h^,' (t) + (t) + ea) 

where cj and sj tend to zero as A 0. 


( 3 ), 
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By adding (2) and (3) and taking account of (1), it follows that 

(^) + €i + €2 < 0, 

and on making 0 that 

Similarly, if <f) (t) is strictly convex, (t) ^ 0. 


6*51. Generalisation of the convex property. 

The property of a convex function can be generalised as in the 
following theorem. 

Theorem. If ti, tn are n arbitrary values of t in the in- 

terval (a, /S), and if (j> (t) is convex in (a, jS), then 

j / ^1 + ^2 + - « • + ^ (ti) + ^ ( 1^2) + . . . + ^ (in) 

The proof follows the same lines as the one given in § 6T1 for 
the theorem on arithmetic and geometric means. 

The reader is advised to write out the formal proof as an exercise. 


6*52. Jensen’s theorem. 

Let ai , a^ , . . On be arbitrary positive numbers; then, if (t) 
exists, and ^ {t) is convex in a < i ^ j8, 

. ■■■ ^ ai(f> {h )-h a 2<t> (W + . . . + an(f> ( tn) 

\ Ui + (^2 -1- . . . + U-Ti / cil + U2 ■!■•••+ U71 

(n 

Since (t) exists and ^ (f) is convex, (t) ^ 0. Write 


~f" a 2^2 + . . . + antn 
ai-ha2 + .-* + an 


= i8 


( 2 ), 


then, by Taylor’s theorem with remainder when n = 2, 

<!> it.) = <f>(^) + it. - /8) f (j8) + rir.)...i2 ), 

where t„< /3- 

Let z/= 1, 2,...,n, multiply each equation from (3) by ai, a 2 ,...,a„ 
respectively and add, and we get 

ai<f> (h) -f ff 2 <^ (^^2) + ... + an<l> (tn) __ j /p\ I 1 ‘ 

d" ^^2 "t • • • "k V 


II 




PA 
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If <f> {t) is continuous and convex, then the sign of equality can 
only hold if either (i) all the t are equal or (ii) (t) is linear in an 
interval containing all the in other words, if (t) = 0. 

CoEOLLARY. If <^{t) is concave, the inequality sign in (1) is 
reversed. 

Note. The reader should observe that the above theorem is ex- 
tremely general. Besides the arbitrary nature of the , the class 
of functions (f) for which (f) exists in (a, j8) is a very wide 
one. Jensen himself claims that this theorem implicitly contains 
almost every known inequality. 

6*53. Second proof of Minkowski's inequality. 

The Gomplete statement of Minkowski's inequality is as follows: 

M^{a + h)<,M^{a)^M^{h) ifp^l (1), 

Mp{a + b)'^Mp{a) + Mp{b) (2), 

the equality signs only holding if (x^ = 1, 2, . . . , n), or if 1. 

Suppose that jp =1= 0, and write 

+ (1 — t) K (v = 1, 2, . . 7i), 0 ^ t < 1, 

1 

and let ^{t)^Mp{A)^iAx^ + ArPf (3). 

Since {t) exists we can use the simple criterion of § 6*5, by 
which the sign of <5^" {t) determines whether the function ^ (^) is 
convex or concave. Consider the interval and let ^i==0, 

^2 = 1, then 

iff' (0^0, + (4), 

iff'(t)^0, ^(0)+^(l)<2^a) (5). 

By forming the second derivative of <f>{t) we get 

f ' (0 = (p - 1) {^1*’ + . . . + 

X [{AiP +... + AJ) - 61)* + . . . +An^^ (a„ - h„f] 

- {A (ai - + . . . + A„P-^ (a„ - 6„)}2]. 

It follows from Cauchy’s inequality, when suitable changes in 
the notation have been made, that the content of the square 
brackets is certainly positive so long as a^^Xb^. Hence we see 
that the sign of <^" (t) is the same as that of p — 1. 
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From (4) and (5) we deduce that 

oj/iN + 

The latter inequalities are equivalent to (1) and (2) above; the 
theorem is therefore proved. 


6-54. Further deductions from Jensen’s theorem. 

To illustrate the generality of Jensen’s theorem (§ 6*52) two 
other inequalities will be deduced from it. 

(1) The generalisation of the theorem of the arithmetic^ geometric 
and harmonic means. 

Let <f>{t) = — log t\ since {t) = 1/^® > 0 if ^ > 0, then ^ {t) is 
strictly convex in any interval in which t remains positive. 

Hence from Jensen’s theorem it follows that if the numbers 
«i, « 2 , • . .) ^2 > • • •> ^11 positive, and the numbers U not 

all equal, 

ai-f 02+ ■..+an . f ai logti+ ... + an log^ 

^ + ai+... + a„ ; 

< + ^ 2 ^ + » » ♦ + Ctni^n 

Ol + 02 + . . . + CI,j 

The second half of this inequality is direct, and the first half 
easily follows by writing l/U for ty. 

(2) Jensens inequality. 

If Oxi ag, ...,an are arbitrary positive numbers, 

1 1 

(Xa'^y > (Za^y , ^ 0 < r < 5. 

1 1 

Let ^ (t) = (Oi* + 02 * + . . . + an^y = {Ai + .dg +■ . ., + AnY . . .(1), 
where Ay = af 

The inequality is proved if we shew that yp'(t) is a decreasing 
function of t\ since '^{t) is positive, we must prove that {t) < 0. 

Take the logarithmic derivative of (1), and we get 

^ JW) 3, + ...+^„ iog(.-ii + ... + ^„) 

(iV 
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By the generalised theorem of the means proved above, we have 
Ai log J-i + ... 4- An log A n ^1 / + ...-f 

< log(jli 4" . .. •••(3), 
for since all the numbers A^ are positive, 

(-4-1^ 4“ . . . + -4 ,1^) < (-4i 4- • . • + Art)^, 

From (2) and (3) it follows that 

(^)<0, 

and the inequality has been established. 

6’6. Some elementary convergence theorems. 

In the preceding sections all our summations have been finite, 
and the question of convergence could not arise. The reader will 
easily see that by making go the inequalities of Holder and 
Minkowski at once give rise to some simple criteria for convergence 
of series of positive terms. These criteria are not of much practical 
utility, but as immediate extensions of the inequalities they are 
now stated. 

00 oo 

(1) If p~-^ 4- = 1, and the senes and both converge, 

00 

then so does the series Xa„by, 

1 

00 00 

(2) If p > 1, and 2 both converge, then so does the series 

1 1 

I (a„+ b,)P. 

1 

The deduction of (1) and (2) from the inequalities of Holder and 
Minkowski is left as an exercise for the reader. There are, of 
course, corresponding criteria for divergence. 

6*7. Hardy’s theorem*. 

If K> \ and 4.,; = 4- ^2 4- . . . 4- Un the sum of the first n terms 

of a positive senes, then, if the series converges to the sum 
the series 

l(fj and ' 

* This theorem was first proved by G. H. Hardy, 3{ath. Zeitschrift, vi (1920), 
3U-317. The proof p:iven here is oa the lines of the proof by E. B. Elliott, Journal 
London Jllath, Sac. i (192b), 93. 
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will converge to sums V and T, such that 

a:—1 W— 1/ 

Write Un—Anin, so that 

an=^nun-(n-l)u,,_i, 

it being understood that any number with sufSx 0 is zero. 

By the generalisation of the theorem of the means, § 6*54 (1), 

fC 

hence Un-i < (« — 1 ) 2 („' + m*„_i 

For any value of n, we have the identity 

- (n - 1) Ur^i} 


.( 1 ). 


. nic 

\ 71 — 1 , 

1 

— 1 

5 

II 

1 I Hh - h.Uji Ugi^J 

\ /c— , 

ij /!C— 1 

nfc 

\ 71 — 1 

[1 


1 ) 

ZiVl-nWn*} 


by (1). 

Now let Sn, Vn, Tn denote the sum to n terms of the three 
series. From (2), by taking the values 1, 2, n in succession for 
n and adding, we get 


« — 1 « — 1 


( 3 ). 


Again, by Holder’s inequality, 

< (f 


and if we write u„ for h, in (4), it becomes 

T ” <S V 

-*-n ^ * » 

From (3) and (5) we deduce that 


.( 5 ). 
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By the data, the sequences {S*}, {F„} and {2V] are positive mono- 
tonic increasing sequences, and the first is known to have a finite 
limit S as w-^oo . Hence by making m-»-oo we get 


J 

which was to be proved. 






6*8. Carleman’s theorem*. 

00 

1/ the numbers tti, a 2 , cOn, ... are all positive, and if 2a„ 

1 

1 

- 00 

converges to the sum 8, then, if gn = (a>ia 2 **. an) , the series 'Xgn 
converges to the sum V which cannot exceed eS, 


Lejvima. Let 

^ (Zj 4“ 2^2 + . • . + na^i 

nin + 1) ^ 

then converges to the sum S. 

In § 2'6 it was proved that when w oo the sequence 

4* ^2 4* ... +571 
n 

n 

tends to the same limit as the sequence {s„}. Let Sn='Z an, then 

1 


Ui , a, -l- 2 cr 2 ai+'intj + Sas _ a^ + 2a^ + ... +nan 
2.3 3.4 nin+1) 




4 “ ... 4 “ nan 


--—I 

n w-l-lj 


noi (w- 1)02 . 

n + 1 n-1-1 "^n + l 


Si + Si+...+S„ Si + Si-\-...+Sn 1 


w -t- 1 


l+- 

n 


Therefore 


26„- 

1 


‘ as n 00 . 


* The proof is on the lines of that given by K. Knopp, Journal London Math. 

Soc. m ( 1928) , 205. Knopp also proves two other convergence theorems, one of which 
(see EsLumples YI, 10) is easily deduced from Hardy’s theorem, § 6-7. 
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Proof of theorem. 

If bn is as defined in the lemma, we have 

i 1 i 

5'n = (oi «2 . . . = j (% . 2aa naff 

(«!)» 

(m!)» 

by § 6H. 

Now (l 4 - 1)' (l + . . . (l + ^)” = 


SO that) 

Thus we have 


71+1 

1 

{n !)” 


<e. 


1 1 


and hy making n oo we deduce that 'Zffn converges, and that its 
sum U cannot exceed eS, 

6’81. The best possible constant. 

It is not difficult to prove that e is the best possible constant in 
the preceding theorem. The method which will be used here is 
one which can be employed in other cases where it is required to 
shew that a certain constant is the best possible. The proof in this 
case is sufficiently simple to be given here as an illustration of the 
general method of procedure. 


Write 


= - for = 1, 2, ..., m, 


, = 0 for 71 > m, 

that 

/ oo 


2 gn 

lim H 

\ « = 1 

m-»>oo 

2 a„ 


1 n=l 

m 

m / 1 

Sgfn 

2(- 

1 


m 

2 

““ m ] 

2- 

1 

1 ^ 


Now 
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1 . ^ 
and since 2 - diverges, by Examples V, 2, if m/(m !)”* tends to a limit 

as m ^ CO , the right-hand side tends to the same limit. It remains 

j. 

therefore to prove that ?? 2 /(m!)”» tends to the limit e as oo . 

If Ujn = ni^jm ! we see that 

nm+i _ rm + ly' 

Um \ m ) ' 

which tends to e as m oo . Hence, by a theorem given in § 5*3, 

i 

tends to the same limit e. 

This proves that e is the best possible constant in Carleman’s 
theorem. 

6*9. Hilbert’s theorem. 

If and converges, then the double series^ 

also converges. 

From Hardy’s theorem when /c = 2 we deduce that if con- 

a .id. 

verges to the sum 8, then 2 — — converges to a sum T, and T< 28. 

n 

Now 

, an ^ ai + a2 + ... + a^ ,, , 


but the left-hand side of (1) is 2 — , and so 




an 2 


, ^7i^n 


hence 


2(Xw 


OT=im-f7i n 




.( 2 ). 


=im-{-?7 n n 
Hence, since the left-hand side of (2) is the sum of a double series 
a CL 

of positive terms 2 in a way which certainly includes all 

the terms, this double series converges. 


* For the general theory of double series, see Bromwich’s Infinite Series (1926), 
Oh. V. The fundamental result about double series of positive terms is that if such 
a series converges to a sum S in any way, it will have the same sum if summed in 
any other way so as to include all the terms. 
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It can be shewn that 

m + w ^ 

and that tt is the best constant possible. Since most of the simpler 
proofs of this result involve the integral calculus no further dis- 
cussion of the theorem will be given here. The reader is refeiTed 
to Examples VIII, 16. 


EXAMPLES VI. 


1. Prove that if n positive numbers have a definite sum nc, their product 
cannot exceed c" and the sum of their squares lies between n<^ and 
If there be four positive numbers whose sum is 4c and the sum of whose 
squares is Sg\ prove that no one of them can exceed (^^/3 + l)c. 


2. Examine whether the following functions are convex or concave, 

(i) t^{0 <m<l), (ii) logjf, (iii) (wi > 1, or m < 0), (iv) ^og^, 
in any positive interval for t; 

(v) log(l+e<), (vi) (cHiJ-)* (OO), (vii) 
in any interval for t. 


3. By writing = ^ ^>0), deduce Holder’s inequality from 

Jensen’s theorem. 

4. If („^>o, .=1, 2, 

prove that/(0 is monotonic increasing. Deduce that 

^isas’-y<^isa*y if0<r<«. 


Shew that the latter inequality is also deducible from Holder’s. 

[Write Av — cLv’> calculate the logarithmic derivative of f{t\ and shew that 
/'(^) > 0 by applying the generalised theorem of the means, see § 6'54.] 


5. Evaluate /( - 1), /'(O) and /(I) from as defined in the last question; 

and hence deduce the theorem of § 611. 

[/(O) is taken to be lim /(OO 
t-»-o 

Shew also that the theorem of § 611 may be deduced from the definition 
of a generalised convex function (g 6-51), by writing (f) (O^log t. 


6. Prove that if (0 be a bounded function which is convex (or concave) 
in a ^ ^ then (/> (t) is a continuous function of t in (a, ^). 
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7. Prove that ifp+g'+r=l, and all the numbers involved are positive, 

2 byic/ < (2 (2 (2 Cy)'. 

1 

8. From Jensen’s theorem, by writing (fy{t)==t\ogty shew that 

ai^l-i-g2^2+».4-an^n ^ X /< ^l + ^2 ^^2 log ^2 + . . . -f- an in log g-n X 


9. Examine the convergence of the series 


(i) i4i=l, 

(ii) wi=l, 







L_l' 

logwj 


M »l*log 

1+-^— r 

«(logw)*J 


(«>2), 


where a is any constant. 

10. Deduce from Hardy’s theorem (§ 6*7) that if 0<p<l, and 
2 converges, then 


00 

2 

B=1 


(2i±^±=±5^)'<(l-p)-I«.. 


11. If all the numbers are positive, prove that, unless xja^ylhy 

^;log 5 log I > («+y) log|^ . 

12. If (f> (x) is positive and twice differentiable, shew that a necessary and 
sufficient condition that log cj) (x) should be convex is (j) cji" 

13. If <p{x) is positive, twice differentiable and convex, prove that the 
same is true of 

(i) (s^l, 4?>0), (ii) 

14. The set of numbers ai, 02 ) ••• ® 2 n+i is such that 

+ (v = l, 2, ..., 271-1); 

prove that 

+ + ^ a2 + a4*i"...4’a2n 

n + l ^ n 

the equality sign holding if the numbers are in arithmetical progression. 
Deduce that, if 0 < ^ < 1, 



CHAPTER VII 


INTEGRAL CALCULUS 


71. Introduction. 

At the outset we shall distinguish carefully between definite and 
indefinite integration, which, although there is a connection between 
them, are processes which differ fundamentally from each other. 

Indefinite integration is the process which is the inverse of 
derivation, and the two problems can be stated as follows : given 
a function y = f{x) of a single real variable x, there is a definite 
process whereby we can find (if it exists) the function (f> (x) such 
that 

w- 

We have already seen that 

whenever the above limit exists. The inverse process is not so 
simple: given the differential equation (1), we have to find the 
function f{x). Thus the problem of indefinite integration is to find 
the function f(x) whose derivative is the given function (b{x). 
Although rules may be given which cover this operation with 
various types of simple functions, indefinite integration is a 
tentative process, and indefinite integrals are found by trial. 

It is also a problem which possesses no unique solution, for if 
f(x) is any one solution of the differential equation (1), then so is 
f{x) + c, where o is any arbitrary constant, since the derivative of 
a constant is zero^. 

The terminology “indefinite integration’' is sanctioned by usage, 
but from the point of view of this treatment the process w^ould be 
better described as the “calculus of primitives,” retaining the word 
“integration” for the process known as definite integration. The 
use of the term “ primitive” would help to emphasise that indefinite 

* Since the solution is not unique only because of an arbitrary additive constant. 
the non-uniqueness is really trivial. It is, however, highly impurtant to realise that 
there is an arbitrary constant in the solution of the diferential equatiun. 
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integration is really the process of solving a differential equation 
of the first order, such as (1), for in the theory of differential 
equations the solution y == /(^) + c, where o is an arbitrary constant, 
is called the complete primitive, 

A definite integral may be described as an analytical substitute 
for an area. In the usual elementary treatment of the definite 
integral, defined as the limit of a sum, it is assumed that the 
function of x considered may be represented graphically, and the 
limit in question is the area between the curve, the axis of and 
the two bounding ordinates, say at a; = a and a? = 6. 



0 a h ^ 


Fig. 15 

If y = f(a;) is the function considered, the geometrical notions 
point to the existence of an area Ay and the analytical substitute 
for its value is the definite integral 

f 

J a 

The formal definition of this integral is given in § 7*2, on the 
lines of the treatment of Riemann^, who was the first to give a 
rigorous arithmetical treatment independent of all appeal to 
geometrical intuition as an element of proof. The reader should 
observe that even among continuous functions there are many 
which cannot be represented graphically-]*, and for this reason alone 
it is necessary to replace the traditional discussion by a method 
which is purely arithmetical and independent of all geometrical 
intuition. 

* “liber die Barstellbarkeit einer Function durch eine trigonometrisobe Eeihe,” 
Gottingen Abh. Ges. Wiss. xin (1868). 

t See, for example, Weierstrass’a function mentioned in §4*34 ; also Examples IV, 5. 
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711. Primitives and integrals. Notation. 

The class of functions which possess an integral is a wider class 
than that of the functions which possess a primitive. 

The function <^(;r) = 0 when (^(0)==1, is a function which in any 

given range of values of s (including or not including the point ^*=0) possesses 
a definite integral^ whose value is 0. This function has no primitive, for it is 
impossible to find a function f(x) such that/' (x). 

The important point is that a definite integral can he defined, 
and all its properties can be deduced fi:om the definition without 
any knowledge of the calculus of primitives at all. It is only when 
we require to evaluate an integral that wie make use of primitives. 
To justify this we require the fundamental theorem of the integral 
calculus f which is not easy to prove. 

Notation for indefinite integrals. 

If we suppose that y = f{x)-\-G is the complete primitive of the 
differential equation 


then the generally accepted notation^ is to write 

2/ = /(») + 0 = J (#>(«) (fa. 

Example. Suppose that we wish to calculate the area between the curve 
the axis of x and the ordinate at ;r=l. 

The area in question is 


/: 


x^dx^ 


and the ordinary process of elementary integral 
calculus involves the use of the calculus of 
primitives. Since 

dio \ 3 / 


we conclude that 





* See § 7*31, Theorem 3. The single point of discontinnitv can be enclosed in an 
interval whose length is less than e, and the value of the integral is unaffected by it. 
t See § 7-5 below. 

X The use of the sign j for an indefinite integral as well as for a definite integral 
does not help the beginner to keep the two ideas distinct from each other. From this 
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The reader has probably carried out this process a great many 
times without realising that it needs a good deal of justification. 
It uses the result that if f{x) be the function which satisfies the 
diSerential equation 

then the defiinite integral 

f ^{x)dx = f{h)-f{a). 

J a 

This result is called the fundamental theorem of the integral 
calculus, the proof and discussion of which are given in § 7*6. 

7*2. Definition of the Riemann integral. 

Let /(ic) be a function which exists and is bounded in the 
interval and suppose that m and M are the lower and 

upper bounds of /(a) in (a, b). Take a set of points 

cTo — d, vl?2 , . . . , OCfy . . . , = 6 (1 ), 

and write 8r — a^r'- ^r-i- 

Let Mrf rrif be the bounds of f{x) in {xr^i,x^, and form the sums 

r=l 

n 

5=2 rrirK- 

r=l 

These are called respectively the upper and lower approximative 
sums corresponding to the mode of subdivision by the points (1). 
From the definition of S and s it is clear that 

If we vary the mode of subdivision of (a, h) by choosing different 
points of subdivision, we get a set of different values for S, and a 
set of different values for s. All possible upper sums S are bounded 
below, for since every Mr > m, a rough lower bound of the set (Sj 
is m (6 — a) : the set {/S} therefore possesses an (exact) lower bound 
w^hich will be denoted by J. Similarly the set {5} possesses a 
definite (exact) upper bound which will be denoted by I, 


point of view it is perhaps not the best notation to use. The notation y=D-^ <p (a;) 
suggested by the theory of differential operators could be used, but it is not in 
accordance with custom. 
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The numbers J and I are of fundamental importance; they 
are called respectively the upper and lower integrals of f{x) in 
(a, b), and written 

J= f f{(s)dx, 1= f f{x) dx. 

-J a 

If I =: J, f (x) is said to be Riemann integrable (or integrahle-R) 
in (a, 6), and the common value of I and J is the integral of f(x) 
between the limits^ a and b; and the integral is denoted by 

f f(x)dx. 

J a 

If I the function /(/») is not integrable-jR in (a, b). 

The only assumption which has been made about /(^r) is that 
it is bounded in (a, b). It does not follow that every bounded 
function is integrable, for there are bounded functions for which 
We subsequently prove that every continuous function is 
integrable, but integrahility-iJ extends to a class of functions wider 
than the class of continuous functions. 


Geometrical interpretation* 

If we suppose that f{x) possesses a graph, let the graph of y—f{x) from 
x^a to x — h be as shewn in the figure, 

In the case illustrated, y—f (x) is 
taken to be a continuous function in 
((Z, 6), but that is not essential. For the 
particular mode of subdivision shewn 
in the figure, the sum S is the sum of 
the areas of the larger rectangles such 
as AL^PiNxy and the sum s is the sum 
of the areas of the smaller rectangles 
such as APqLiNi. The figure suggests- 
easily that by varying the mode of 
subdivision of (a, h) there will be different 
sums S and s and that the area required 

(geometrically suggested), namely, the area between the curve, the axis of x 
and the ordinates x= a and x—b, must lie between any value of S and any 
value of s. 



The above definition is not satisfactory until we have proved 
analytically that any value of S is not exceeded by any value of s. 

* The use of the word “limits” in this sense has the sanction of custom, but a 
more appropriate term would be “extreme values ” or “ termini,” as suj^gested by 
Lamb, Infinitesimal Calculus (1897), 209. 
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We have to give the analytical demonstration of the fact, so readily 
suggested by the above geometrical consideration, that the area 
required always lies between any two selected values of S and 5. 
We now, therefore, prove the theorem that the number J is greater 
than or equal to the number I, 

Theorem. The number I cannot eccceed the number /. 

Divide each of the intervals (a, (^Ti, 00 ^, b) into 

smaller sub-intervals so that the new set of points of subdivision is 

VlJ 2/2» Vk-^ly yifc+2> ^2yyi+l» •••> b. 

Let 2 and a be the upper and lower sums for this new mode of 
subdivision. This new mode is said to be consecutive to the first 
mode of subdivision of (a, 6). 

Let us compare the parts of the two sums S and 2 arising from 
the interval (a, If Ifi, m/ are the bounds of f(x) in 
(a, yi), TTifc the bounds of f{x) in {yh--u l^ten the part 

of 2 in question is 

Ml (yi — a) + (^2 — yi) + . . . 4* W {xx — • • -(l^ 

and since ilfi, cannot exceed ilfi, the expression (1) 

clearly cannot exceed 

Mx {xx — a). 

Similarly the part of 2 arising from the interval x^) cannot 
exceed 

M^{x^-xx), 


and so on. Hence by addition 

( 2 ). 

Similarly we can shew that (x'^s (3). 


Now suppose that 8 and 5, S' and s' are the upper and lower 
sums corresponding to any two given modes of subdivision of (a, 6). 
If 2 and a refer to the mode of subdivision obtained by superposing 
these two, from (2) and (3) we deduce that 

S'; <r a ^ s'; 

and since 2 ^ o*, it follows that 

s'r^S and s < S'. 

Thus, since a7iy upper sum is not exceeded by any lower sum, we 
must have 


J^L 
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Coroll ABY. Adding new points of subdivision cannot increase S 
and cannot decrease s. 

This follows at once from the theorem, and is contained in the 
inequalities (2) and (3). 

We deduce at once from this corollary the important result that 
if by continued subdivision we obtain a sequence of upper sums 

SuS^,S,, (4), 

and a corresponding sequence of lower sums 

(p)f 

it follows that 

... 

and m ( J — a) < 5i < 52 ^ . 

Thus the sequence (4) is monotonic decreasing and the sequence 
(5) is monotonic increasing; and, by the theorem, no s exceeds 
any S, 

The sums S and s certainly depend upon the way in which the 
subdivision is carried out. In fact, for any given mode of subdivision, 
the sums S and s are both functions of Sr and of n (the number of 
points of subdivision in the particular mode selected). If we can 
find a definite limiting process, then the two monotonic sequences 
(4) and (o) will tend respectively to their lower and upper bounds. 
The limiting process chosen is that of making n tend to infinity in 
such a way that the length of the greatest of the sub-intervals Sr 
shall tend to zero. 

The reader should observe that the definition given above of a 
definite integral depends only upon the concept of a bound, and 
does not involve the concept of a limit at all. Bounds, though 
theoretically more simple, are not so convenient for formal work as 
limits ; we therefore give a definition which depends upon a limiting 
process of the kind to which we have just referred. 

7*21. Definition of an Integral as a limit. 

Subdivide (a, b) into n sub-intervals by the arbitrary set of points 
S/Q = a, 5?!, £^ 2 , . . . , = b, 

a subdivision of (a, h) which we denote by D. 

As before, write Sr — oCf — Xr-i, and let the length of the greatest 
of the sub-intervals Sr be denoted by S. W e speak of 3 as the norm 
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of the subdivision D- In each sub-interval Sr choose any point 
(which may coincide with either of the end-points of Sr) and form 
the sum 

r=l D 

Now make S-> 0 . If Js tends to a limit c/ which is independent of 
the choice of the points iVr, we write 

</= lim t /(?r) [ f{x)dco. 

5-^ J a 

This definition of a definite integral is the one usually given in 
elementary treatises on the Calculus. It remains to shew that this 
definition is equivalent to the definition which has been given in 
§ 7*2 above. The equivalence of the two definitions is a consequence 
of the theorem which follows. 

7*22. Darboux’s theorem. 

Given €, there is a positive number 9 such that, for all modes of 
subdivision whose norm does not exceed 6y the sums S are greater 
than J by less than e, and the sums s are smaller than I by less than 
e. In other words the sums S and s tend respectively to J and I as 
n-^oo in such a way that the length of the greatest sub-interval tends 
to zero. 

To fix the ideas, consider the upper sums 8, Since the upper 
sums have a lower bound J, there must be at least one mode of 


subdivision with an upper sum 8x (say) such that 

8i< J e (1). 

Let this mode of subdivision, consisting of the points 

d, cz-i , a ^ , • • • , } h .(2), 


be Dx, Let 0 be a positive number so chosen that the lengths of 
all the suh-intervals of Di are greater than 9. 

Let D 2 be the mode of subdivision by the points 

XQ^a, xx, X2y,„ , (3); 

let be its upper sum, and suppose that the norm of Dg does not 
exceed 9, 

Let D 3 be the mode of subdivision obtained by superposing Dx 
and Da. If the upper sum for this mode be Ss, we have 
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and so from (1) it follows that 

Ss<J + e (4). 

The theorem is proved if we shew that 6 may be so chosen that 
S2<J+2ey 

for S 2 is the upper sum for any mode of subdivision D 2 whose norm 
does not exceed 0. 

Since each sub-interval of Di has a length greater than 0, and 
the length of each sub-interval of D 2 does not exceed 6, no two of 
the points ^ 2 , , Up-i can lie in the same sub-interval of Bz 
whose points of subdivision are given by ( 0 ). 


r 

a 





Fig. 18 






The contribution of those sub-intervals of Dz which contain no 
point of the set ^ 2 , ... , 0^-1 is the same to Sz as to Sz, and so 

^2 - >83 = 2 {M (Xr^l , ^r) (^r M {oSr^i, Gk) (a^ - Xr^i) 

- M {Ck, OSr) (Xr - ak)} ( 0 ), 

where the summation extends only to such intervals a?r) of 

D 2 as contain a point ajc of Di, and if (a?«, denotes the upper 
bound of f(x) in (xa, x^). 

Now there are at most p — 1 terms in the summation (5), and if 
we rewrite (5) in the form 

Sz — >S3 = 2 [{-J^ X)r) M U/*)} i^k ^r—l) 

-h [M {Xr^i, Xr) -M(ak, a?r)} - «*)], 

the differences if - if and M Xr) - if {a^^Xr) 

are both non-negative, and certainly cannot exceed 2H, where H 
denotes the upper bound of [/(a?) | in (a, b). 

Hence ^ 2 , — ^3 ^ 2 JET 2 (a?f ^r—i)) 


the summation having at most p - 1 terms, and Xr - Xr^i ^ 6, thus 


and so, by (4) 


S2-Sz<2H(p-l)0 


4- e -1- 2jEf {p — 1) 


If now 6 be chosen so that 6 < 9" 


we get 
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A similar argument holds for s and 7, and by taking the smaller 
of the two numbers 9 involved, the same 0 can be made to satisfy 
the conditions for both S and s, and Darboux*s theorem is 
established*. 

7'23. The importance of Darboux’s theorem. 

It is now easy to shew that the definition of a definite integral 
as the limit of a certain sum, given in § 7*21 above, is equivalent 
to the first definition in terms of bounds, for the sum 

J's=t f(ir) (®r - fUr-l) (1) 

r=l 

certainly lies between S and s for the particular mode of subdivision 
adopted, since 

By Darboux’s theorem we see that when the number of points 
of subdivision Xr increases indefinitely in such a way that the norm 
S tends to zero, then 

S^J and 

Thus when f{x) is integrable, so that 7=7, the sums S and s have 
a common limit which must coincide with the limit of the sum- 
mation (1) as 8 0, for 5^^ c>s ^ 5. 

Also, if c/s tends to a limit as 8 0, both S and s tend to the same 

limit: for given the points Xy we can, by choice of make c/s as 
near as we please to S or as near as we please to s. Thus 
lim c/s = 7, lim c/& = 7. 

S-^O 5-^0 

In particular, in the definition of the integral as a limit, may 
be taken to coincide either with Xy^i or with Xy. 

7‘3. A necessary and sufficient condition for integrability. 

Since 7^7, it is clearly sufficient for the integrability of any 
bounded function /(a;) in a ^ a? <6, that 

7~7<€. 

Theorem. It is necessary and sufficient for the integrability of 
the hounded function f{x) in (a, b) that for at least one mode of 
subdivision the sums S and s shall differ by less than c, 

♦ Although in the enunciation the sums S are to he greater than J by less than c, 
we have proved that S^<J+ 2e, but by § 2 -56, Lemma 1, this is trivial. If equation (1) 
had been written the final result could have been 
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(i) Suppose that S — 5 < e, 

then since 5 < J < / < 

it follows that J — 1^8 — $<e. 

The function is therefore integrable; and so the condition is 
sufficient 

(ii) It is also necessary, for if f{x) is integrable in (a, &), /=/. 
Since I is the upper bound of the lower sums, there is at least one 
value of s such that 

5>J- Je. 

Similarly, there is at least one value 8^ of S such that 8' 
hence, with the notation of p. 168, 

/ 4- |e > S > (T > / — le, 

and so %^a<J — (J — ^€) = J— J-fc, 

and since /= /, 

2 — or < €. 

Other necessary and suflScient conditions for integrability may 
be given*, but for the purpose of this book, the one given above 
suffices. 

7*31. Classes of bounded integrable functions. 

Theorem 1. Every continuous function is integrable. 

Suppose that f{x) is a continuous function in a^x^b, then by 
§3*44 (Corollary) the interval (a, h) can be divided into a finite 
number of sub-intervals in each of which the oscillation of f{x) is 
less than e. Suppose that 

Xq = a, X\, Xi, , Xj^^h 

is a set of dividing points satisfying this condition, then 

S—%Mr{Xr- Xr^i), 

S = 2 Wr (ir,. — iCr-l). 

so that 

8 5 — 2 (-^fr ^^r) 

^26 iXy ““ Xj>-~x^ ~ ^ ^ i) ” e (J) “ u), 

and so f{x) is integrable in (a, b). 


See, for example, Pierpont, Theory of Funetioiis, i, § 498. 
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Theorem 2. Every hounded monotonic function is integrahle. 

Let / (x) be such a function in (a, b). If f(x) is constant the 
theorem is obvious. To fix the ideas suppose that f(x) is increasing. 
Divide (a, b) into n equal intervals of length S, where 

then 

= S [{/(%) -/(a)} + {/(^2 )-/(^i)} + ...+{/(6)-^ 

= S{/(6)^/(a)} 

< €. 

Theorem 3. A hounded function whose discontinuities can he 
enclosed in a finite number of intervals whose total length is less than 
€ is integrahle in (a, 6). 

In the sub-intervals which do not contain discontinuities of f(x\ 
this function is continuous. Denote those sub-intervals which con- 
tain discontinuities by “d/* 

Now ^ — 5 = 2 (Mr — TUr) (Xy — 

In any d-interval Mr ~ rrif may be large, but since f(x) is bounded 
Mr-ntr^M- m, where M and m are the bounds of/ (a?) in (a, 6). 

Thus 

S-S4:{M — m)^{Xr-Xr--^ + € 2 (Xr — Xr^i) 

d (o, b)-d 

< (if — m) € -h € (6 — a) = /<€, 

where is a constant. 

f(x) is therefore integrahle in this case. 

It can be proved that if f{x) is bounded in (a, h) and the points of dis- 
continuity are infinite in number, then f{x) is integrahle in (a, h) provided 
that the points of discontinuity can be enclosed in an infinite number of 
intervals of total length less than e. 

The proof of this result requires a more profound method than the preceding 
theorem, and it is outside the scope of this book*. 

The reader should have no diflSculty in establishing the following 
theorems, of which detailed proofs are not given here. 

Theorem A If f (x) is integrahle in (a, h) it is integrahle in (a, ^), 
where a< a< h. 

* For a proof of this, and of other theorems on Riemann integrability, see 
Hobson, Functions of a Beal Variable, i, 433-440. 
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Theorem 5. If the function f (a?) is integrable in (a, b) then every 
other function g {pc) obtained by altering the value of f {x) at a FINITE 
number of points of (a, h) is integrable, and 

f f(x)dx=f g (x) dx. 

J a J a 

Note on the proof. 

The points at which f{x)^g{oo) can be enclosed in a finite number of 
intervals of total length less than <f, and so the part ot S~~s arising from 
these intervals is less than /ce, where /c is a constant. From this the Integra- 
bility of g {x) follows. That the integrals of f{x) and g{x) are identical in 
(a, h) can be easily proved by employing the definition of an integral as a 
limit (§ 7-21). 

7*32. Examples. 

( 1 ) Consider the function 

/ (a?) = 0 when x is an integer, 

/ (^) = 1 otherwise, 

in the interval (0, m), where m is a positive integer. This function is integrable, 
for its discontinuities are finite in number, being situated at the points 
2, ..., m./ By Theorem 3, if each of these points be enclosed in an interval 
of length less than ejm the total length of the “dJ” intervals is less than f, 
and aof{x) is integrable. 

(2) A bounded function which is not integrable is the following: 

/ ( 47 ) = 0 when x is rational, 

/ (a?) = 1 when X is irrational ; 

this function is not integrable in any finite interval {a, 5). 

For this function, clearly ir=sl, ?n=0; and suppose that 

^0 — ^1, •••» = 

is any mode of subdivision of {a, h). In any interval (^r-is however 
small, there will be values of f{x') which are unity and values which are zero, 
and so i/r==l» (r=l, 2, n). Thus 

^==2i/A=l*2S,.= 6-a, 

5 = =0. 

and so = 6 - a, and the necessary and sufficient condition for integrability 
is not satisfied. 

The above example is interesting because, although it is not Riemann 
integrable, it is integrable in the sense of Lebesgue*, to whom a more general 
definition of an integral is due. The main object of Lebesgue^s work was to 
remove the limitations on the integrand required in Riemann’s treatment. 
The definition of a Lebesgue integral depends on the concept of the measure 
of a set of points, and so is outside the scope of this work. 

* See Lebesgue, Legons sur V Integration (Paris, 1904), and de la Valiee Poussin, 
Intigrales de Lebesgue (Paris, 1916). 
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7’4. Properties of a definite integral. 

Letf(x) be a bounded function which is integrable in a^x^h, 
then by definition 

fb fct 

L /(£c)dip = — f{x)dx. 

Ja Jb 

Also we have 

fb 

II. J = 6 — a, 

ITT, [ kf{x)dx — k[ f{x)dx^ 

J a J a 

where ik is a constant. 

The proofs of Theorems II and III are simple, being direct 
deductions from the definition, and so they are left as exercises for 
the reader. 


IV. If c he a point in (a, b), and if f{x) is integrable in (a, 6), 
then 

I f(x)dx‘h I f(x)dx— I f{x)dx. 

J a ^ e J a 

Consider any mode of subdivision of (a, b) of which c is not one 
of the points of subdivision: by introducing o as an additional 
point, S is certainly not increased. But the sums S for the intervals 
(a, c) and (c, b) given by this mode of subdivision are respectively 
not less than 

I f{x)dx and I f{x)dx\ 

J a J c 


thus every mode of subdivision of (a, 6) gives a sum S such that 
jS>[ /(a;)clai+[ f{x)dx (1). 

J a J c 


Similarly every mode of subdivision of (a, b) gives a sum s such 
that 

rc rb 

f(x)dx+ f(x)dx (2). 

r* 

Since f{x)dx exists, B and s are arbitrarily near, and so it 
Ja 

follows from (1) and (2) that 

[ f{x)dx= f /(x)dx+[ f{x)dx. 

J a J a Jc 



7'4] PEOPERTIES OF THE DEFINITE INTEGRAL 177 

V. If f{oo) and g {x) are both integrable in {a, h) and f(x)'^g (x) 
at every point of (a, 6), then 

[ f{x)dx-^ [ g{x)dx. 

J a J a 

Let Mry nir be the bounds of /(a?), i//, m/ those of g{x) in 
{xr-i, scr)- Since f(x)'^g (x) in 8^, we have 
Mr ^ I ff TUr ^ mf 

and so S^S\ s\ 

From this it also follows that 

J^J\ 

which proves the theorem. 


VI. If f (x) and g {x) are both integrable in (a, b), then f{x) + g (x) 
is integrable, and 

fh rb rb 

{f{‘^) + 9{^)]dx=\f{x)ix-¥\ g(x)dx. 

J a J a J a 


Subdivide (a, b) as usual, and let the bounds of f(x) and g{x) 
be as in V. Let Mr and m, be the bounds of f{x)+g(x) in 

(a?r-l, Xr). 

From the definition of an upper bound we have, in Sr, 
f(x) + g (x) ^ Mr -h Mf 


and so it follows that in 

Similarly nir ^ + mf 

Hence, with an obvious notation, 

S^;S + S') 

S>5 + S' J 


( 1 ). 


Observe that we have to prove that f(x)+g{x) is integrable: 
this does not necessarily follow because / (x) and g (x) are 
separately integrable. 

From equations (1) we get 




( 2 ); 


* If J{x)^x, g{x)=^l-x in (0, 1), then clearly ilf=l, M' = l, M=l, and so 
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but J = I and J' = I', hence it follows that 

J = I, 

and so (i)/(a:) + 5 ' («) is integrable and 

(ii) I {/(x)+ff(a!)}dx= [/(*>£&+( g{x)dx. 

J a -a J a 

COEOLLARY. If the functions / 2 (^), • • • > fp{^)> where p is a 

fixed integer^ are all integrable in (a, 6), then so is their sum, and 
also 

[ {/i(®) + — +/f>(®)}«^= f /i(a!)dx+...+ [ fp(x)dx. 

J a J a J a 

The proof easily extends step by step from the result of VI. 

YIL Iff (x) is irdegrable in (a, 6), then so is |/(i»)l, and 

f f(x)dJi < f \f{x)\ dx. 

J a \ J a 

Define the functions fiif) and / 2 (^) as follows: 

/(ic) when/(^)>0, 

= 0 otherwise ; 

/a {x) = -/ {x) when / {x) ^ 0, 

= 0 otherwise. 

Then f{x)^fi{x)--f^{x) and |/(^») |=/i(^)+/ 2 (ic). 

Now the oscillation of f {x) or of f^ {x) in any interval cannot 
exceed that of f {x) in the same interval, hence since f{co) is in- 
tegrable, so are fx{x) and f%{x\ and so, by VI, /i (a?) +/ 2 (^p) is 
integrable; in other words |/(a?) | is integrable*. 

Now 

f f{oo)dx= f fx{x)dx - [ fi (x)dx, 

J a J a J a 

and so | J f{x)dx j ^ j /, (a;) da; | + j j fz {x) dx 

b rb 

/i(a!)d®+ f2{x)dx, 

a J a 

since ft (x) and (^) are positive functions, 

* Observe that the converse of this statement is not necessarily true; | /(«) | may 
be integrable when f{x) is not. If /(a:) = 1 when x is rational, fix)= - 1 when x is 
irrational, / (r) is not integrable in any finite interval (a,b). However, (/(x) 1 = 1 
throughout (a, d), and is certainly integrable therein. 
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Hence 

[ f(a:)dx {fi(ie)+f 2 (x)}da= [ \f{!c)\dso, 

J a J a J a 

which proves the theorem. 

All the preceding theorems about definite integrals have been 
proved either by a direct appeal to the definition or to a result 
previously proved. All the main general results about definite 
integrals are included in the above theorems, and any other such 
property can be proved by a similar method. Before we can proceed 
to the efoaluation of a definite integral, we must prove the funda- 
mental theorem which is given in the next section, 

7*6. The fundamental theoeem of the integral calculus. 

The object of this section is to discuss simply the conditions 
under which it may be true to assert that the operations of deri- 
vation and of integration are inverse operations. It is of the greatest 
possible importance in the theory, for by means of it we establish 
the validity of the process mentioned in the example of § 7*11, 
namely the employment of indefinite integration for the purpose of 
evaluating definite integrals. The argument will be easier to follow 
if the various results are proved as separate theorems. We first 
prove a lemma. 

Lemma If M and m are the hounds of an integrable function 
f{w) in (a, 6), then 

m(b — a)4, f fix) dx^M(h — a) (1). 

J a 

The proof is immediate, for S = SMrBr and 5= 2m,. 8r both lie 
between if 2S,. and 7?z28r, that is between M (b-- a) and m{h — a). 
Since / {x) is integrable, and s have a common limit as the norm 
8 tends to zero. This common limit therefore also lies between 

M(h~a) and m(b — a), and since this limit is / f{x) dx, the lemma 
is proved. 

From (1) it follows that if f{x) is integrable in (a, h) and if 
\f{x) 1< JV, then 

I f f{x)dco ^N(b — a) (2), 

I J a 

for If is max {| ?n |, \M |}. 

* This lemma is known as the first mean-value theorem for integrals. See § 7'8. 
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If ft be such that then (1) may be written 

f f(x)dai-ii{b — a) (3). 

J a 


Theorem 1. is bounded and integrahle in (o, 6) and 

F(x)^iy(x)dx, 

Ja 

then F{x) is a continuous function of x in (a, 6). 

rxi-h 

We have A) — jF(aj)== f(x)dx^ 

Jx 

and if lf(x) l^jlVm(x,x + h) we have, by (2), 

IF(x + k)--F(x)j^]:irjhl. 

If, given 6, a number Aq > 0 be chosen so that ho < e/iV', we have, 
for every h such that x + h lies in (a, b) and | A | < 

iF(x^h)--F(x)l<€; 

hence F(x) is contiDUOus at the point x. 

Theorem 2. If f{x) be continuous in (a, 6), then at every point 
in (a, 6), F{x) possesses a derivative which is the function f{x). 

Since f {x) is continuous, given e, an interval ^-hS) can 

be found such that \f{x ± dh) — f{x) | < €, where 0 < 0< 1. Hence, 
for A > 0, 

{X±h 

F{x±h)--F{x)==: j f{x)dx 

X 

lies between A {/(«;) + e} and A{/(a?) — c}, provided that A < 8(e). 
Hence, since {F{x ± A) — F{x)]lh lies between f{x) + € and f{x) — e 
for A < S {e)yf{x) is the derivative of F{x), 

Theorem 3. If <f) (x) is a function which at every point of (a, h) 
possesses a derivative which is a continuous function f{x\ then 

F(a?) *= f f{x) dx^4> (x) - (a). 
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The derivative of the function F{x) — <^{x) must be zero, so that 
F{x) — (p (^) is constant ; and by putting a? = a, since jP (a) = 0 the 
constant is — ^ (a), and so 

F(x) = (j> (x) — (a). 

The importance of Theorem 2 lies in the fact that every continuous 
function has been shewn to be the derivative of a continuous 
function which is called its primitive (indefinite integral). 

By taking all the preceding theorems together we have estab- 
lished the validity of the following process for evaluating [ f(x) dx, 

. a 

namely, to obtain, by any means we can, the function cj> {x) such that 

^^ (*)=/(«). 

and then f /(x) dx = <}> (b) — (a). 


7-51. Note on the fundamental theorem. 


By Theorem 1 of the preceding section we see that F(x) is 
always a continuous function, though /(x) may not be. In Theorem 2 
it is necessary to assume the continuity of /(x) in order to prove 
that /(x) is the derivative of the continuous function F(x). In 
Theorem 3 again the continuity of /(x) is assumed. We thus obtain 
the important result that whenever f(x) is a continuous function it 
possesses a primitive ^ and knowledge of the primitive is equivalent 

to ability to evaluate f f{x) dx, for if <f> (x) is the primitive in ques~ 

tiony the value of thp integral is ^{bX—4>i<tX 
The question as to whether a primitive exists, and the question 
of the existence of an integral of the function f(x) in (a, b) are 
entirely independent questions. The fundamental theorem however 
shews that when f{x) is a continuous function in the interval (a, x), 
then the function 

F(x) = [ f{x)dxy 

. a 


and the function (a?) which satisfies the differential equation 


are identical, save for an arbitrary additive constant. 
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Thus, whenever f{x) possesses a primitive*, which it certainly 
does when it is continuous, the fundamental theorem enables us to 
evaluate rb 

J^/(a;) dx 

if it exists. 

The definite integral of / (a?) may however exist, if/ (a?) possesses 
no primitive at all in the interval (a, 6). 

7*6. Change of variable in an integral. 

For the purpose of evaluating definite integrals it is often 
useful to change the variable, and by suitable choice of the trans- 
formation the new integral is rendered easier to evaluate than the 
original one. We now investigate a formula for change of variable. 

To change the variable in the integral j f(x)doo by the transfor- 
mation 

We shall assume that (t) possesses a derivative at every point 
of the interval a^t^ /3f , where <p(cL)^a and <j> {^) — b. Suppose 
also that in (a, the variable a? is a monotonic function of t 
which is always increasing or always decreasing as t ranges from 
a to /S. 

Divide the range (a, /3) into a finite number of sub-intervals by 


the points 

fo = tiy tfi, ••• 3 tn—iy tn = ^ (1), 

and let the corresponding values of x be 

ayXi,X2, ..., Xn-i, b (2), 


then by the mean- value theorem, if tr^i< Tr< t^, 

Xf- = {t^ l) 4^ 

Suppose that ^r—<j> i^'r) is the corresponding value of x in 
Since / (^r) is integrable in (a, 6), the sum 

/(?l)(^l-G)+/(f2)(^2-^l)+ ... +/(fn)(&~iPn-l)...(3) 
approaches the given integral as its limit as the norm of the sub- 
division (2) tends to zero. 

* The fact that a given function (theoretically) possesses a primitive does not 
mean that rules for obtaining its actual value are necessarily known. 

t <p (t) need only possess a right-hand derivative at a and a left-hand derivative 
at since we are not concerned with points outside the interval. 
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The sum (3) may also be written 

/[^ (ti)] (ti) (^1 - a) + . . . +/[^ (t^)] (!>' (Tr) (tr - ^r-l) + (4), 

and by assuming that /[<^(0] ^.nd ^'(^) are integrable in (a, ^)* 
(see Examples VII, 9), the sum (4) approaches as its limit 

(5), 

J a 

as the norm of the subdivision (1) tends to zero. This gives the 
formula for change of variable required 

Extendon of the theorem. If as i varies from a to jS, if) is not always 
monotonic increasing nor always monotonic decreasing we can extend the 
theorem to cover this case so long as the range (a, ^) can be divided up into 
a finite number of sub-intervals in each of which (j> (t) eteadUy increases or 
decreases as t increases. 


7*61. Note on change of variable. 

Not every substitution is suitable for changing the variable in an integral, 
and care must be taken to ensure that the above conditions hold. 


Example (i). 
Let 


dx 


By writing 1/tt we get 


=j^arctana?J =|ir. 




The reason for the discrepancy here is that the function u>=l/x does not 
possess an integrable derivative in ( - 1, 1) : in fact the function itself is 
undefined when a;=0. 

Example (ii). Make the transformation x^^ m the integral J dx. II 
the theorem holds, then 


j dx= j ^Adt = 0^ 


which is clearly untrue. To apply the theorem correctly, divide the interval 
(-1, 1) into two sub-intervals (-1, 0) and (0, 1); in the former sub-interval 
we write and make t vary from 1 to 0, and in the latter write x=t^ 

and make t vary from 0 to 1. Then 




* The derivative of a differentiable function need not be integrable. Examples to 
illustrate this are not however very easy to construct ; see Lebesgue, Leqons tur 
rintegration (Paris, 1904), 93-94. If we assume that 4>* (t) is continuous (the usual 
assumption), the integral (o) certainly exists, but this condition is uunecessarily 
restricting. 
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7*7. Indefinite integration. 

It is assumed that the reader is already familiar with the simpler 
standard forms, and with the usual elementary methods of finding 
indefinite integrals*. One of the most useful processes of indefinite 
integration is the process known as “integration by parts.” 

Although the reader who is familiar with the elementary theory 
of indefinite integration will be conversant with this method, for 
completeness it is included here. 


Integration hy farts. 


Integrate with respect to x the formula f 


A 

dx 


, . dv , dw 


(1), 


and the required relation follows at once. It is usually written in 
the form 


ju^dx = nv 


[ du j 


( 2 ). 


It is easily extended to operations with definite integrals. If 
u=f (x), v-g(x) and / (x) g' {x),f' {x) g (x) are both integrable in 
(a, 6), then, from (1), 


^ {/(^) 9 (^)l =/(^) 9 (^) •+/' (^) 9 (^)» 

and so we get 

j f{a)g'(x)dai= f(x)g(x} 

J a L 


- [ f'(p)g(p)dx. 

J a 


An elegant method of integrating rational functions, which is not 
usually given in elementary text-books, is the method due to 
Hermite which will now be described. 


7*71. Hennite’s method of integrating rational functions. 

Every rational function R (x) can be split up into an integral 
function JS(x) and a sum of rational fractions of the form A/Z” 
where X is prime to its derivative and to A, the degree of which 
is less than that of Z”. When the roots of the equation obtained 
by equating to zero the denominator of i? (x) are known, then Z is 

* The reader should possess a ■working kno'wledge of the contents of Gibson’s 
CalcylvSf Ch. xni, or of Lamb’s Calculus, Ch. v. 
t §4-3. 
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either a linear or quadratic function of x corresponding to the 
partial fractions arising from a real root or from a pair of conjugate 
complex roots. The decomposition of a rational function 
R(x)^P,{x)IP,(x) 

into partial fractions is dependent upon a knowledge of the roots 
of the equation p 2 (a)^ 0 . The method which we shall now de- 
scribe enables us to calculate the rational part of the integral 
JR (os) dx even when the roots of P%{x) = 0 are not known; and 
this rational part can be found by rational operations without any 
actual integrations being performed. 

Suppose that 




then our object is to evaluate j^^dx by finding the rational 

part of the integral without performing any integrations at all. 

If F (x) = (£c — a)“ (a? — 5/ ... (a? — 1)\ then in partial fractions 


A 2 


/(^) _ 

F (x) ic — a ^ (a? — a)^ 


Ri 


b (a? — by 


(x — aY 
{x-bf )• 


•( 1 ). 


— 7 + : 




.. I ‘ (x--iy ‘ ••• ' (x-^ iY 
and so, in the integral there is a logarithmic part arising from the 
integration of the terms in the first column of (1), together with a 
rational pai% which is the sum of the integrals of the remaining 
terms. If we write 

P^(x^ a) (x — b) ...(x — 1), 

Q=(x- ay-^ (x - ... (a; - 


Q 


then 

or, by taking the derivative with respect to x, 

F(x)~P^{q! ■••• 

The polynomial Q is easily seen to be the highest common factor 
of F {x) and F'(w), and it can be obtained by the ordinar}’ algebraic 


.( 3 ). 


*3 
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method The polynomial P is F {a:)/Q, and this can be found by 
ordinary division. If now X and F are each chosen as polynomials 
with undetermined coefficients of degree one less than that of P 
and Q respectively, the identity (3) serves to determine the un- 
determined coefficients uniquely. 

After multiplying through by F(oc) = PQy the identity (3) 
becomes 

f(x) = P7'-^+QX ( 4 ). 

The right-hand side of (4) is a polynomial of degree one less 
than that of F (x), and by equating coefficients of the same powers 
of X in (4), we have sufficient equations to determine the unknown 
coefficients in X and F. 

The important point of this method lies in the fact that 
the rational part of the integral, F/Q, can be found with- 
out solving the equation F(x) = 0. To complete the integration 
f X 

it remains to evaluate j ^dx, hut since the roots of P = 0 are all 

simple roots this gives the transcendental (logarithmic) part of 
the integral. 

Example. Evaluate j r--- ^ .. dx. 

J \x— 1) 

Here + F={3;-lf 

and so F'=3 1)^ § = (a--1)*. 


and P=(a:-l)(j^ + l). 

By writing Y=Ax+ B, X=Cjfi+ Dx+F, we get from (4) 
ZxHx-Sm{x-\){x'‘ + l)A-(Ax+B)2{xHl) + (^-lf(Cx^+I)x;+B), 
and by comparing coefScients, 

0=0, A = D=-i, B=2, E=-i; 


hence 

3.r» + j;-2 


f_3x 

j(x- 




/?■ 


dx 
bx — 4 




(-5X-1) 


dx 


^ f{x-i)ix^+iy 
-|log(^-l) + |J{^^-, 


2(j?-l)2 

5.-1; -4 

bx-4 
'2(x-l)^^ 

X 4 

^ (•2^+1) -arc tan x+ 0. 
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In the above example the factors of F{3:) are apparent, and it might 
reasonably be argued that it would have been just as easy to proceed by 
finding the partial fractions, and then evaluating the integral. The example 
however suffices to illustrate the method. If the factors of F[x) had not been 
obvious, the process of finding the h.c.f. of F{x) and F' {x) would have had 
to be carried out in the usual vray. 

In every case the preceding method reduces the integration to that of a 
rational function XI P where all the roots of P—Q are simple roota 


7*72. Integrals reducible to rational functions. 

A fairly complete account can be given of the integration of 
rational functions, but beyond this very little general theory can 
be given, and, since indefinite integration is a tentative process, 
it is frequently simpler to take a special method for a given 
case than to apply any general theorems, even when such exist. 
In a few cases there are integrals which can be reduced by 
simple substitutions to integrals of rational functions, although the 
original integrands are not themselves rational. Two types will be 
considered here. 



where R {u) is a rational function of ir^ a, h, c, d are constants, and 
a, ... rational exponents. If m be the least common multiple of 
the denominators of the fractions a, yS, ..., the substitution 

cx-^d 

reduces the integrand to a rational function of t 


/ dx 

^ . W rite X = then 

072 -(-073 

J xi+xi J t^+t^ J l+t 

which is easy to evaluate. 

— Yy Write 1=^^, and the given integral becomes 

( 2 ) hx^y dx, 

where a and b are constants, and m, n, p are rational exponents. 


13-2 
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The first simplification is made by writing so that the 

integral becomes 


Wl-f 1 

~ I t ^ (a-h bty dU 
n] 


and on wTiting ^ == !LJl 1 the integral becomes of the type 

(p, <l)-\ 

This type of integral is reducible to one with a rational integrand 
if (i) p is an integer, (ii) q is an integer, and (iii) p + q is an 
integer. 

(i) If p be an integer, <l^{p>q) — j' ^ 5 

(ii) If q be an integer, (f)(p,q) = jjt {(a + bt)^, t} dt; 

(iii) If p + ? be an integer, (p, g) = [ iJ 

and each of these integrals is of the type considered in (1). 


7*8. Definite integration. 

The mean-value theorems for integrals. 

The first mean-value theorem has already been given in § 7'5. 
We now prove a special case of this theorem. 

If f{x) is CONTINUOUS in (a, b), then there is a number | such that 

I f(^)da; = (b-a)f{^) ( 1 ), 

J a 

where a <^<b. 

Since f{x) is continuous in (a, b) there must be points o and 
of the interval ai^x^b such that /(a) = m, /(j8) = ii, where m and 
M are the bounds of f{x) in (a, 6). Also, from results proved in 
§ 3‘45, /(^) assumes every value between m and if as x ranges 
from a to /9. Hence there is a point f between a and ^ such that 
/(f) = p, where p is the number occurring in equation (3) of p. 180. 
It follows that equation (1) holds for a value i of x such that 
a<i<k 
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7*81. The generalised first mean- value theorem. 

Let g{(io) and h{x) he integrahle in and suppose that 

h(x)>0 everywhere in (a, 6). Then, if m and M are the bounds of 
g (x) in (a, 6), 

m[ h{x)dx^[ g(x)h(x)dx^3lf h{x)dx (2). 

J a J a J a 

The proof is simple, for since m^g (x) ^ and A (x) > 0, 

mh (x) ^ g (X) h (x) ^ Mh (x), 

and so (2) follows by integration* between the limits a and b. 
Corollary. If g (x) is continuous in (a, 6), then 

[ g(x)h(x)dx = g{^){ h{x)dx ..(3), 

J a J a 

where i lies between a and b. 

The proof is immediate, and follows from the same type of 
argument as equation (1) above. 

7*82. The second mean- value theorem.f 

If f(x) is monotonic and f(oo\f (x) and (f> (x) are all continuous 
in a ^x^by then 

|^/(^)^(®)^®=/(®) [ ^(a:)«^x+/(6)j^ (l>{x)dx, 
where i lies between a and h. 

Write ^ {x) = [ <l>{t) dt, 

b ^ ^ 

then [ f(x)(l>(x)dx={ f{x)<^'{x)dx 
J a J a 


= [/(a;) <D (x)j ‘ (x)/' 

on integrating by parts. Since <I>(a)=0, and 4>(a;), being an 
integral, is a continuous function of x, we have, on using (3), 

f ‘/(ic) ^ (X) dx =/(6) $ (6) - ^ (I) I V ' (a:) dx 

=/(6) <I> (5) - O (I) 1/(6) -/(a)} 
=/(6){‘l>(6)-^>(^)j +/(a)‘I’va 

= /{6) [ <f>{x)dx+/(a) ^ t^ix idx 

* See Examples VII, 9. 

t For proofs of tliis theorem under less stringent conditions, site Liul 
Fw%ctio7f$ of a Real Variable, r, 664 ««</• 
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i 1. Distingiiish carefully between an integral and a primitire. In particular 
shew that for the function defined in the interval (0, 1) as follows: 

/(r ) = s'( 1 - ■**) when x is rational, 

=1— a: when x is irrational 

and so/(:p) is not integrable in (0, 1). 

2. Prove that in the interval (- 1, 1) the function 

( 5 :)=a: sin ^ ^ cos — when 5?#0, 

8=0 when a?=0, 

possesses a primitive sin Does 1^ <!> (x) dx exist? 


3. Using the definition of an integral as the limit of a sum, by dividing the 

range (a, 5) into n equal parts, calculate ah initio J ^ 

4. Prove that, as qo , 


n 2 


p=o?i--fK 


TT 

4* 


6. Shew that the function defined as follows : 

/W=|; (»»=o. 1* 2, 3, ...), 

/( 0 )= 0 , 

is integrable in (0, 1) although it has an infinite number of points of dis- 
continuity. 


6. Prove that if/»(:r) tends uniformly to f{x) as 7^-^oo in the interval 
a^x^b (see § 3-431), then 

f fn(^)dx=^f f{x)dx. 
n-T*.co J a J a 

7. By using the identity 

- 1 = (a« _ 1) n^(l -2:rcos^^ , 

j^\osil-ixcost+x^cU=2irlogx if^^>l, 

•*0 if ^ < L 


shew that 
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8. In tlie interval (0, 1) suppose that /(:r)=lim fn{^) where 

n-^ao 

/n (^) = ^ when 

=0 elsewhere. 

Explain folly why 

fi fi 

Urn / /n(^}da;4^ /(ar)<f 2 ?. 

»'*** Jo Jo 

9. If /(^) and are bounded and integrable in (a, h% prove that their 
product f{x) g{a:) is also integrable in (a, b)» 

[Suppose first that both f{x) and g{x) are positive in (a, 6). Let i4, «Vi* 
i//, m/; Mri ni** be the bounds ot/, ^ and in shew that 
Mr - mr ^ -3/ (M/ - m/) + M' {Mr “ OT,.), 
and hence that S - S tends to zero. 

If the functions are not both positive, add constants Cj and Cg to make 
them so.] 

10. Prove that if f{cc) is never negative and is integrable in (a, 6), then, 
provided that/(^) is continuous at c in (a, b) and /(c) > 0, 

j f{x)dx>0, 

11. Evaluate the following indefinite integrals : 

J J J x(,x3+iy’ J (l+x)i-{l+x)i' 

12. Shew how to reduce the integral 

J x(l-hx^)idx 

to that of a rational function, and hence evaluate it. 


13. (i) By changing the variable by the relation a7=tan (Jtt — f), or other- 
wise, prove that 

rUog (l+^)cf^ __^, ^ 

10 l+x^ 


/; 


r Jrr 

(ii) Shew that J log sin log ; 

(a;— J7r)tan^c?.2r. 

Jo 


and evaluate 


14. Prove Bonnet’s form of the second mean- value theorem, that if /' (x) 
is of constant sign and f{b) has the same sign as /(a)-/ (6), then 

j f{^) i^) /(^) j ^ (^) where ^ lies between a and 6. 


Shew that, if ^ >y> > 0, 


■« sin X dx 

P 


2 

< 

F 
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15. Let /(;c) be a bounded Integra ble function in (a, and F{x) a single- 
valued function whose derivative is f{x): prove that 

jy{x)dx=F{^)-Fia). 

[Subdivide (a, 3) into n intervals, apply the mean- value theorem (§ 4*42) 
for each sub-inteiwal, and add the results.] 

16. In the second mean-value theorem (§ 7'82), shew* that /(x) must be 

monotonic, by proving that the theorem does not hold in ^tt) if 

/ (x) =s cos r, (j) (x) = x\ 

^ f 

[Note that I cos > 0.] 

J -Jir 

17. Prove that 

(u) 0-573<J^ 

(iii) j dt< axe t&ux (x>0). 

[In (ii) put .r=l4-w, then 2-b3M2<2-f3iz2-f-?43<2+4^^3 (0 <m< 1 ).] 

18. Shew that the remainder after n terms in Taylor’s theorem may be 
given in the form 

Deduce, from the above, the other forms of given in § 4-451. 

19. Let <j){x)^0, ^ (0)=t/r (0)=0 and let y = x==:yfr{y) be 

strictly increasing, continuous and inverses of each other in Shew 

that, if <!>' ( 4 ?) is continuous, 

^/o <#> (^) ds+ j \l/ (y) cfy. 

20. Let / (x) and g (x) be positive functions each integrable in a ^ ^ ^ 5 and 
write 

1 

[\\f{x)Yda;'J 

prove Minkowski’s inequality for integrals, that 

^Af+9)^K{f) + M^{g) ifjo^l, 


[See § 6-53.] 
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EXTENSIONS AND -APPLICATIONS OF THE 
INTEGRAL CALCULUS 


81. Infinite integrals. 

The theory of infinite integrals may be said to belong properly 
to the domain of the theory of infinite series; and the theory of 
the convergence of infinite integrals may be developed as a parallel 
to the theory of convergence of infinite series^. The reader should 
realise that an infinite integral is a double limit, and the discussion 
of double limit problems (except in simple cases) is not an easy 
matter. Simple cases of infinite integrals occur in elementary 
problems ; for example, the problem of finding the area between a 
plane curve and its asymptote. The various types of infinite integral 
are considered below. 


I, The interval increasing without limit 

(a) Suppose that f{x) is bounded and integrable in a range 
(a, Z), then we define 

I f(x)dx 
J a 


to be 


lim ) f{x)d(D 

v' a 


provided that this limit exists. 

When the limit exists, the infinite integral may be said to con- 
verge or to exist On the other hand if the above limit is infinite, 
the infinite integral diverges or does not exist 


Example (i). 


for 



This is doa© by Haidy, Pure Mathematics, Chap, vm. 
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Example (ii). J log xdx does not exist, for 

J logx<fj:= log47 — = jriog JT-X-f 1 ; 
and as X-^ oD the right-hand side increases indefinitely. 


(b) Similar remarks apply to integrals having lower limits - co . 
fi 

We define 


to be 


[ f{p) doo 

J «»00 

lim f /(a?) dco 
2-*-- ooJ X 


whenever this limit exists. 

(c) If the infinite integrals f f (a) da^ and j f{x)dx are both 

J —00 J a 

convergent we say that 

[ f(x)dx 
J —00 

roo To 1^0 

exists, and / / (rc) da? == I /(^) da? + I / (x) dx. 

J — oo J — '00 J a 


It is easy to shew that the value of this infinite integral is in- 
dependent of the arbitrary point a used in the definition. 

Infinite integrals of the type discussed above are sometimes 
called infinite integrals of the first kind. A further extension of the 
definition of an integral is required to include the case in which 
the integrand may become infinite at one or more points in the 
range of integration, the points of infinite discontinuity of the 
integrand being finite in number. Such integrals are sometimes 
called improper integrals. 


IL Integrand becoming infinite at certain points. 

{a) Suppose that the lower limit a is the only point of infinite 
discontinuity of the function f {x), which we shall suppose to be 
bounded and integrable in (a -h e, 6), where e > 0. 

If the integral [ / (x) dx 

Ja+t 
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tends to a finite limit as e tends to zero, this limit is denoted by 

[ f{x)dx. 

J a 

If the above integral does not possess a finite limit as no 
meaning can be attached to 

f /(x)da!. 

J a 


(b) Similarly when the upper limit b is the only point of infinite 
discontinuity of /(x)y which is bounded and integrable in (a, 6 — e), 
we define 

1 f{x)dx to be lim f f(a;)dx 
Ja a 

whenever the limit exists finiteljc 

(c) Suppose finally that c, where a < c < 6, is a point at which 
/(x) becomes infinite. The improper integral 

J /(a;)cia? = lim jl* f{x)dx + j f{x)dc^ (1) 

when 6-^0 and independently. 

It sometimes happens that no definite limit exists when e and 
e tend to zero independently ^ but that a limit does exist when 
€ = €'. This leads us to introduce Cauchy's definition of the 
principal value of an integral. 

When the limit on the right-hand side of (1) does not exist 
we may be able to define the principal value of the improper 
integral, 



the principal value existing provided that the limit in question 
exists. 


Example (i). 



and so 
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p r ^- 0 . 


Examph (ii). 

The improper integral I — is not definite, for 
J —1 ^ 




and so j “ =lim log ^ , 

as e and t' tend to zero independently; but this limit is not definite, and 
depends upon the ratio € : «' which may be anything we please, since c and t 
are both arbitrary positive numbers. 

However, if we put e = e'j w’e get 

jP j ^ = limlog l=lim0 = 0. 


The general discussion of conditions and criteria for the con- 
vergence of infinite integrals will not be given here. The reader 
will have seen by the preceding examples that whenever the inte- 
grand is one whose primitive is known, or which can be calculated 
by known rules, it is an easy matter to decide whether the limits 
in question exist or not. 

For infinite integrals of the first kind, when /(x) is a positive 


integrand for which 



dx is not known, the question of con- 


vergence can be decided if we can find a function j){x) whose 
primitive is known, and which satisfies the inequality 


f {x) 4 k(j> {x) 


( 1 ), 


for all values of x in the range of integration. 
From (1) we know that 


[ <f){x)dx, 

J a J a 

and the limit of the left-hand side, as X w , exists provided that 
the limit of the right-hand side exists and is finite. 

In particular if a > 0, a suitable function is l/a", where 
a > 1. 
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8*2. The Gamma function. 

An infinite integral of importance in Analysis is that which 
defines the function r(a). If a >0, then 


lim f 
X-S-CC J € 




exists, and it is a convenient definition for the function r(a). 

To prove the existence of the infinite integral in question, con- 
sider the two integrals 

j dx and j* dx. 

In the first integral, when x is small, the integrand behaves like 
and provided that 1 — a < 1, the integral exists at the lower 

limit. 

The second integral certainly exists if a > 0, for 

e® > — , > — r , 

n\ n I 

so long as 71 > a -f 1 ; and so 

The integral therefore does not exceed a constant multiple of 

ii 

which converges as X -»• oo . 

It is accordingly a valid definition for P (a), if a > 0, to write 


r (a) = [ dx 

JO 

If a > 1, we have, on integrating by parts, 


.( 1 ). 


r(a) = . 


af'~ 


-(a — 1) f dx; 

J n 


r(a) = {a-l)r(a-l) 
r(l)= f*e-»cfa:= 1 .. 


.( 2 ); 


hence 
and 

If a is an integer it follows from (2) and (3) that 

r(a)-(a-l)!; 

if a is not an integer the equation (2) reduces the calculation of 
r(a) to that of P (p), where 0< p< 1. 
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8‘2L The Beta function. 

If m > 0, 71 >0 we define 

B (m, n) to be f (1 — dx, 

Jo 

The verification that, under the given restrictions, the integral 
exists is left to the reader. 

By changing the variable by the substitution = 1 — y it is seen 
that 

B (m, 7i) = B (ti, m). 

In § 11*8, by means of a double integral, the relation between the 
Beta and the Gamma function is investigated. 

8*3. The Legendre polynomials. 

Partly on account of the interesting methods of proof, and partly 
on account of their importance in Applied Mathematics, a section 
will be devoted to the discussion of Legendre's polynomial (x). 

These polynomials first arose from a consideration of the ex- 
pansion of (1 -- 2xh + h^) ~ i in a series of ascending powers of L If 
1 2xh — h^\ < 1, this function can be expanded in ascending powers 
of 2xh - h^: if, in addition, | 1 4- 1 A |^< 1, these powers can be 

multiplied out and the resulting series rearranged in any manner, 
since the expansion of 

{l-(|2^^| + |;tP)}-i 

in powers of | 2xh | 4- 1 A p is then absolutely convergent. If it is 
arranged in powers of h we write 

(1 - 2xh + h‘)~^ = Po (x) + hPi (a;) + A® P 2 (a:) + ... + A" P„ (a:) + ... 

(!)• 

If l2a;A-A®l<l, by the binomial theorem, the left-hand side 
gives 

1 -h I A (2« - A) + (2^ - A)^ + AS (2^ _ . 

(2). 

If X and h are such that 2 ] | 4- 1 A |2 < 1, the terms of this series 
may be rearranged in any way without altering either the conver- 
gence or the sum of the series. For any value of £c, |A| may be 
chosen so small that the inequality 

2 la;Al4“l Aj2< 1 


is satisfied. 
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By equating the coefficients of A” in (1) and (2), commencing 
with the (n 4- l)th term of the series (2) and considering the terms 
of the series in their reverse order, we get 


2.4....2n 




I 2.(2n-2) (n-2)(n-2) 

^ ( 2 ft - 1 ) ( 2,1 - 3 ) 1.2 ^ ^ 

^ '■ L» _ n(n-l) 

nl r 2(2ft-l)'" 

n(n-l)(n-2)(ft-3) 1* 

2.4.(2ft-l)(2ft-3) ■■■]■ 

(2«-3)!! , (•2ft-5)!! 

ft! 2.(ft-2>! ^2.4.(ft-4)! 


If n is even the series contains 1 terms, while if n is odd it 
contains |(n4-l) terms. 


Practical application, 

Legendre polynomials have a practical application to problems on potential 
theory where there is symmetry about 
an axis. 

Let P be the point whose distance from 
the point C on the axis of z is R. From 
the figure it is seen that 

^2 — p2-(_ c2 — 2cr cos 6, 

By writing ^=scos^, and h—clr or 
k^rjc according as r is greater than or 
less than c, we see that \jR is a multiple of (1 - 2 ^;^ + potential 

function at P due to a charge at C is a multiple of IjR. 

The method of development of the properties of the pol}momial 
Pn{^) adopted in the following sections has the great advantage of 
depending only on simple formulae for integration. It is therefore 
an interesting application of the integral calculus. 

This method involves neither the consideration of the conver- 
gence of, nor the use of operations on, infinite series. 



* The notation (2n-l)I! is used to denote the product 

(2n-l) (2n-3) (2n-5)...3 . ls(2u)!/2” nf 
It will be found to be very convenient for simplifying the formulae. 
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8*31. Ortlxogonal Sanctions. 

Consider the n equations 

I* <j3(x) ds — 0 (m =0, 1, 2, 1) (1); 

. a 

these equations express the fact that <f> (x) is orthogonal in (a, h) 
to every power of x less than the wth, and therefore to every 
polynomial of degree less than n. Thus, if (a?) denotes any poly- 
nomial, if the degree of ^|r (x) is less than n, 


I. 


<f> (x) 'yfr (x) dx = 0. 


Since the equations (1) are n in number, <h{x) must contain at 
least n independent constants, and so it must be at least of degree 
n. If 4>{x) is taken of degree n, then the equations (1) sufiSce to 
determine it. 

The equations (1) admit of solution as follows. Let 

denote the functions obtained by integrating <\> {x) 
once, twice, ..., w. times, 

then, by repeated integration by parts, equations (1) may be ex- 
pressed in the form 

=0 (m=0), 


r 1* r 1* 

x<Pi (x) — <p 2 (^) =0 (m = 1), 

L L ja 


(x) 




t-1 




'„(a:)j =0 


{m ■ 


•1). 


These equations can be solved by inspection; they are satisfied 
if 4 >i( 5?), •••> (^) all vanish both at a and at 6, that is if 

{x) contains a factor (x - a)” {x — 6)”. 

Since must be of degree 2n, we have 

4>„ (x) = 0{x- ay {x — hy, 
where C is constant; and so 
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This polynomial of degree n has the property of being orthogonal 
in (a, h) to every polynomial of lower degree. 


8-32. The Legendre polynomials. 

Suppose now that a== ~ 1, 6 = 1 : if we adjust the constant 0 so 
that </> (x) begins with the term 


(2n)l 
2 « (nlf 


( 2/1 ~ 1 ) 1 ! 
n! 


it is easily seen that becomes Legendres polynomial Pn(^j* 
By comparison with equation (3) of | 8*3 we see that 


and then 




This is Rodrigues' formula for Pni^)» To shew that this formula 
gives the same expression for Pn (x) as was obtained in § 8*3, we 
have, by the binomial theorem, 

- l)» = £c2n _ na^n-2^ ‘^ 1 ^- ^n-4_ . 

hence 


daf^ 


and so 


_( 2 «)! n 

7!(2w-2)! 2 

n! 

(ft - 2 )! 


n(n— 1)(2« — 4)! 
+ 1.2 (ft-4)! 

= 2 ».n! j 

K2ft-1)!! (2ft -3)!! 

L n\ 2.(71 — 2)! 


, ( 2 ft- 5)!! 

2.4.(ft-4)! 




p . s- (2.-l)!! ^.„ (2n-3)!! (2n-5^!! 

^ 2.(n-2)! ^2.4,.(n-4)! 


We can readily obtain, from the preceding formula, the results 
Po(a:) = l, Pi(x)^x, P2(«)=|(3a;*-1), Ps{x) = i{5a^ -3x), 
P, (so) = ^ {35x* - dOa^ +3). P 5 {x) = ^{Q3x^ -lOx^ + 15x)-, 
and so on. 
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8*33. Special values. 

The values of Pn(l) and P„(— 1) may be found thus. By 
Leibniz’s theorem, 

^ - 1 ) . (aP-lY-^} = !)"-» 


If a? = + 1 the right-hand side becomes 


and on multiplying each side by l/2"n!, we get 

= ± Pn-l(± 1). 

and SO P,i(l) = l, P„(-l) = (-l)^ 




8*34. Two important properties. 

Theorem. Prove that, ifm^n, 

(i) f Pm{oc)P,^{x)dx^O, 

J -1 

a7id, if m = n, 

(ii) 

(i) is an immediate consequence of the orthogonal property, for 
one of the two functions Pn(^), Pm(^) is of degree less than the 
other. 

To prove the second result, we write 

22n („ !)a£p„2 ^ = 1)"- ^ - 1)" d* 

and integrate by parts; the term between the limits vanishes, and 
there remains the term 



Continue the process of integrating by parts until the second 
term in the integrand contains no differential operator; at each 
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stage of the process the term between the limits vanishes and we 
get finally 

(-)” J {(*" - 1)1 • -lTd«! = (2n) ! /\l - *-)” dx. 

By writing x = cos 9 the last integral becomes 

2 (2?i) ! edd = • 23" (m !)3 

Jo 2n+l ^ ^ 

on evaluation. 

/• 1 o 

Hence Pn^ (^) dx = r . 

J -1 2?i + 1 

8*35. The expression of an arbitrary polynomial as a linear 
combination of Legendre polynomials. 

Let '([r (x) be any polynomial of degree n ; we can find a constant 
Cn so that 

(x) = %lr(x)- CnPn (^) 

is of degree w — 1. Similarly we can find a constant c»_i so that 

^2 (^) = (^) - Cn^l P«-.i (^) 

is of degree 71 — 2, and so on. 

Finally (x) = («) - CiPi (x) = oo; 

and so, by addition, 

yfr (x) = CnPn + Cn-iPn -1 (^) 4- . . . + CiPi (x) + Cq. 

The coefiScients in the above expression admit of determination 
as follows. Multiply both sides by Pr(x) and integrate, then 

f ylr (x) Pr (x) dx = Cr I Pr^ {x) dx, 

J -1 .'-1 

since all the other terms on the right-hand side vanish by the 
preceding theorem ; and also by that theorem 

= f ^f(^)Pr{x)dx. 

There are two important applications of this method; they are 
(i) the expression of PJ (x) as a linear combination of the Legendre 
polynomials and (ii) the proof of the fundamental recurrence 
formula. 
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(i) By the above method, clearly, since Pn"(^) is of degree 

^ - 1 , 

Pn (^) = 7n-l Pn~l («) + Tn-2 Pn^2 (^) + . . . , 

where 7r = J ^Pn {^)Pr{^)dx, 

and on integrating by parts, 

^ = [p„ (®) P. (:r)] - |'^P„ (^)P; (^) ; 

but the second integral is zero, because the degree of P/ {x) is less 
than 71. Hence 

27 T 1 - 

and we deduce at once that 

Pn' (^) = (2n ~ 1) Pn-i {x) 4- (2n - 5) Pn-S (^) 4“ . . . . 

(ii) Now xPn{x) is a polynomial of degree n-f-l and therefore 
assumes the form 

C„+iP„+i {x) 4- CnPn (^) + . . . , 

1 . ^ 4- 1 f ^ -n / \ j 


xPn {x) Pr {x) dx. 


If r is less than n — 1, then the degree of xPr{x) is less than n, 
and so Cr = 0. Thus, with the possible exception of the first three, 
the coefficients Cr are zero. 

Equate the coefficients of and we get 

(27i)! _ CH+i(2n4-2)! 

2"(n!)2 2"+i{(?i + l)!}2’ 

that is = (n4' 1)/(27 i4'1). 

Neither xPn(x) nor P„^_i(ir) contains a term in x'^\ and so 


Cn — 0* 

If we write a; = 1, we get 

On-l + On-\-i = 1, 

hence = n/{2n + 1). 

These values give us the fundamental recurrence formula^ 
(2n + 1) ^Pn (x) = (n 4- 1) Pn4-1 + nPn_i (x). 
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By combining it with the formula for the derivative of P„(a:), 
five other recurrence formulae can be established. They are 

( 1 ) = 

(2 ) (n + 1 ) P„ {x) = P'„^.i {x) - xPn {x), 

(3) (2«+ l)P„(a:) = P'„+i(a;)-P'„_r(a;). 

(4) - 1) P„' {X) = « {xP^ (x) - P„_i (X)}, 

(5) {a? - 1) P„' (x) = (n+ 1) {P„^, (x) - xP„(x)]. 

The proofs of these formulae are left as exercises for the reader. 
8*4. The concept of a plane curve. 

The concept of a curve is frequently thought to be a very simple 
one, and it is convenient in elementary treatises to assume that the 
reader understands what is meant by a ‘‘curve’* from the geo- 
metrical concept which enables him to draw the graph of any 
given simple function y=f(a)). We shall now investigate the 
question of giving a precise analytical definition of a curve, and of 
assigning a definite meaning to the “length” of a curve. As a 
preliminary, the following definition will be given. 

Let </) {^) and yfr (t) be continuous single-valued functions of t in 
the interval and let x=:<f>(t)y y — ^(t): then as t ranges 

from a to jS, the points P whose coordinates are {x, y) form an 
aggregate of points which is called a curve. 

The point {x, y) is described as the image of the point t. If, as t 
ranges from a to the same point {x, y) corresponds to two differ- 
ent values tx and ^ 2 ) the point is said to be a double point of the 
curve. In general, if the same point {x, y) corresponds to k differ- 
ent values of ii, '^ 2 ; the point is a multiple point of order k. 

If the point Po corresponding to i = cc coincides with the point Pn 
corresponding to i == /3, the curve is a closed curve, 

A curve without multiple points is a simple curve. 

Before discussing the question of assigning a meaning to the 
length ” of a curve, the concept of functions of bounded variation 
will be considered. 

8*6. Functions of bounded variation. 

Let f{x) be a function which is defined in a ^x^h, and suppose 
that (a, h) is subdivided into partial intervals by the set of dividing 
points u, Xx, x^, Xr, y Xn~h tl)* 
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Consider the sum 

»(a, 6)= S |/(®,)-/(a:,_i)| (2); 

r=l 

if the function f{x) be such that the sum (2) never exceeds some 
fixed positive number for all possible modes of subdivision of (a, 6), 
then the function f{x) is said to be a function of hounded variation 
in (a, b). From the definition of an upper bound, if the function 
f{x) is of bounded variation in (a, b) there exists a number V (a, b) 
such that for every mode of subdivision of (a, h) 

V (a, 6) = 2 \f{Xr) | < F(a, 6), 

1 

and such that for at least one mode of subdivision 
t; (a, b)>V (o, b) — e. 

Note, Functions of bounded variation are very important in Analysis : the 
condition of bounded variation is a sufficient condition for the existence of 
various types of expansion of a given function in a series. For example, 
Fourier series, series of harmonic functions and others, all converge when the 
generating function is of bounded variation. 

8’61. The positive and negative variations. 

Clearly f{h) -f{a) = 2 {f{xr) -f{xr--d] 

r-1 

suppose that this summation is divided into two parts 2i and 2^, 
the first summation containing those terms for which /(aj^) 
is positive, the second containing those for which it is negative. 
Thus 

A =/(b) -/(a) = 2i -f(a>r-i)} + 2, {/(^r,) -/(a.,_i)}. 

lff(x) is of bounded variation in {a, b) the value of the right- 
hand side cannot exceed V (a, 6); and so hy writing 

=y (^r) ~y 

{F(a, i) + A}, 

-22A,«i{F(a, J)-A}, 

hence both the sums 2i A, and - 2» A, are bounded above for all 
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possible modes of subdivision of (a, 6). Further, by choosing a mode 
of subdivision for which 

2|A,|>F(a, 6)^6, 

- 22 A,. >|{F(a, 6)- A-e}. 

It follows that the numbers'^ |(F+ A), |( F- A) are the upper 
bounds of the two summations 2i A,, and - ^2 A^ for all possible 
modes of subdivision of (a, b). 

If these bounds be denoted by P (a, 6), Pf (a, b) respectively, we 
have 

V(a, 6) = P(a,6) + A"(a,i>), 

A =/(6) -/(a) - P (a, b) - N{a, b). 

The numbers P, — -ST, and F are called respectively the positive, 
negative and total variations of f (x). 

8*52. Ftmdaiaeiital properties of functions of bounded variation. 

Theorem 1. Every function of bounded variation can be expressed 
as the difference of two monotonic f unctions, either both increasing or 
both decreasing. 

To prove this theorem, observe that if x be any point of (a, b) 
a function f{x) which is of bounded variation in (a, b) is also of 
bounded variation in (a, x), and consequently the positive, negative 
and total variations P (a, x\ — F (a, x) and F (a, x) are also 
bounded, and satisfy the relations 

F (a, x) = P (a, x) + F {a, x\ 
f{x) -f{a) = P (a, x) - F (a, x). 

Now if a;' >x, 

P (a, x) ^ P (a, x), F (a, x)^N {a, x\ 
and so P (a, x) and N {a, x) are both monotonic increasing functions 
of X in (u, b). 

Now f{x) = [P{a,x)-^f{a)-\-k]-[F(a,x)-\-h] (1), 

and f{x) = {fc- N (a, x)] -{k-P (a, x) -f{a)] (2), 

where k and fc are arbitrary constants. This proves the theorem. 

♦ F(a, b) is written to indicate in what interval the function /( j) is of bounded 
variation. When no doubt as to the interval can exist, it is simpler to write 
V alone. 
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In virtue of this theorem, the properties of monotonic functions are 
all extended to the wide class of functions of bounded variation. 

Theorem 2. If f(x) is continuous and of hounded variation in 
(a, a;), then its total variation V (a, x) is continuous. 

We can find a mode of subdivision of the interval (a, x) with a 
point of subdivision x' as near as we please to x such that 
v{a,x)>V{a,x) — € and \f{x)-f{x')\<€. 

Now V (a, x') = V (a, x) — \f{x) — f(x') | 

and so V (a, x') ^ v (a, x') > V (a, x) - 2e. 

Since V (a, x') is monotonic increasing it follows that as a:' a; - 0 

F(a, x')-^ Via, x). 

Similarly V (a, a?') V (a, x) as x' -^x-\- 0, 

This proves the theorem. 

Corollary. A continuous function of hounded variation is the 
difference between two continuous monotonic increasing functions. 
For, if f(x) is continuous so are P (a, a;) and N (a, x), 

8*6. Rectifiable curves. 

We are now in a position to consider some suitable definitions of 
the length of a curve. The reader will see that the importance of 
functions of bounded variation in this connection lies in the fact 
that, by Theorem 1 below, it is necessary and sufficient for the curve 
x = j> (t), y = ‘^{t) to be rectifiable, that the functions defining the 
curve should be functions of bounded variation. 

Let i be a variable defined for all values of i in the interval 
a^t^/3, and let and yjr(t) be two single- valued bounded 
functions of t defined in (a, jS); then the equations 

define the arc of a plane curve. 

Subdivide the interval (a, /?) by the points 

a==^o, ti, h, ...,tr, ..., tn=^ (1), 

then the points on the curve corresponding to these values of t may 

be denoted by n n r> d 
-LQ j XI , X 2 f • • • > j- , . . . , Jr 'll. 

The length of the polygonal line PoPi---Pn, measured by 

S Pr-1 Pr S 2 {(ir, - + (y, - (2), 

i*=l r=l 

clearly depends upon the particular mode of subdivision of (a, ^). 
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The summation (2) will be called the length of an inscribed 
polygon. 

If the arc be such that the lengths of all the inscribed polygons 
have a finite upper hound L, the curve is said to be rectifiable, and 
the length of the arc is defined to be L. Otherwise the length of the 
arc is regarded as infinite (or non-existent). 

If we denote the subdivision (1) of the interval (a, 0) by D and 
write ^y^yr-yr-u 

then the summation (2) may be conveniently represented by 

2|APh|V{(Aa:)2 + (Ay)^}. 

Theorem 1. The necessary and sufficient condition that the arc 
defined by x = <f)(t), y — '^{t\ for should be rectifiable is 

that the functions <l> (t) and yfr (t) are of bounded variation in (a, 0). 

We have the inequalities 

|^y|<V{(Aa:f + (A#U|Axj + iAy|. 

If (j> (t) and %lr (t) are of bounded variation then both 2 1 Aa: | and 
2 1 A.-y I are bounded above : hence 2 1 AP j is bounded above for all 
modes of subdivision of (a, 0). 

Conversely, if 2 1 AP | is bounded above, the same must be true 
of 2 1 Aa? I and 2 1 Ay | and so ^ (t) and ^[r (t) are of bounded variation. 

This proves the theorem. 

We have defined the length Z of the curve above to be the 
upper bound of the lengths of all possible inscribed polygons. 
A second definition of the length of a curve (as a limit) is 
iustified by the following theorem. 

Theorem 2. If the functions x = <f) (t), y==yjr (t) are single-valued 
CONTINUOUS functions oft in a^t% 0, and if D be a subdivision of 
(a, ff) of norm d, then S | AP i = i, 

D 

where L is the length of the curve. 

There certainly exists a subdivision Pi such that 

P-€<2|AP|<P (1). 

Suppose that the subdivision Pj consists of^ sub-intervals, the least 
of which has length 1; and let P be a subdivision of (a, 0) whose 
norm d satisfies the inequality d ^ do < l \ then no sub- interval of L 
contains more than one point of Pi. 
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Let Dt be the subdivision consecutive to D and Di, then 

2|AP|^2|AP| and 2|AP|^2|AP| (2). 

A A ^ 

Suppose that the point U of Pi lies in the interval tr) of P, 

then 

2|APhS!AP| = 2{P.^iP« + P.P.-P.^iPr} ...(3), 

A n _ 

the fast summation containing at most p terms. 

Since and i^(i5) are contmuous, we may choose do so small 
that each term of the summation on the right-hand side of ( 3 ) is 
less than e/p for any value of d which does not exceed do ; hence 

21AP|-|2|AP1<€ (4). 

A ^ 

Thus from ( 1 ), ( 2 ) and (4) we get 

2|AP|>2|AP|>i-e, 

Di D\ 

and hence it follows that 

i-2|AP|<2e 

D 

for all values of d ^ do- In other words 

lim2|APj=P. 

d^OD 

From the preceding theorem the reader will see that if (j> (t) and 
are continuous functions of t, the length of the arc of the 
curve x = (f) (t), y (t), as t ranges from a to /S, may be defined 
to be the limit of the length of the inscribed polygon corresponding 
to a subdivision P of (a, /3) as the norm of D tends to zero. 

Theorem 3. If the arc 0 o f the curve corresponding to the interval 
is rectifiable and of length s, then if Si and are the lengths 
of the arcs Gi and C 2 which corTespond to the intervals (a, 7 ), ( 7 , / 5 ), 
a < 7 < /3, 

S = 5i+52 (1). 

Since (t) and ^ (t) are of bounded variation in (a, yS) they have 
a fortiori bounded variation in (a, 7 ), ( 7 , / 3 ), and so the arcs Gi and 
C 2 are rectifiable ; thus Si and S 2 exist. 

Let Pi and P 2 be respectively subdivisions of (a, 7 ), ( 7 , /9) of 
norm d, then, if we assume that <j5> (t) and yjr (t) are continuous, 

A = lim 2 |AP| and 52 = lim 2 |APL 
d^oA 

s = lim SlAPj 


Since 


(2), 
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when D is any mode of subdivision of (a, of norm S, the limit in 
(2) is the same as when D is composed of subdivisions of the type 
used for Di and Da, and so 

2|APi=2|AP| + SlAP|, 

D Di 2)^ 

and by taking the limit, equation (1) follows. 

Corollary. The length s of the rectifiable curve 0 corresponding 
to the interval a < i is a monotonic increasing function of L 
This follows at once from the theorem. 

Theorem 4. If 4 ^{t) and '^(t) are continuous single-valued 
functions of t in (a, /5), and the curve x = <f> (^), y = yfr{t) is rectifiahle, 
then the length s is a continuous function s (t) of t. 

Since (t) and (t) are of bounded variation, we may wTite 

(fy (t) == (f>i (t) - (0 = *^1 (0 - (ih 

where the functions on the right-hand sides are continuous 
monotonic increasing functions of t (see Corollary, § 8*52). 

Consider a division D of norm d of the interval (i, t -f- h), where 
A > 0, then 

S|APl = 2V{(Aa;)2 + (A2/)2}^2|Aa;| + S!Ay| 

^ X A^i -h ^A<^2 d" -f- 
< 8^1 +■ 8^2 + Syfri 4- 

where S(f>i == 4- h) — 9^1 (t), and similarly for the other functions. 

Since (t) is continuous, 8^1 0 as A-?- 0; similarly for the others, 

and so we can choose a number 7^ > 0 so that 

2 1 AP I < € for values of h^^rj. 

D 

But s(t~{‘h) — s(t) = lim 2 | AP | < € for values oih^Tj, which proves 

d-^O D 

that s (t) is a continuous function of t. 

In virtue of the preceding theorems we see that, since 5 is a con- 
tinuous monotonic increasing function of t, the inverse function t 
is a continuous monotonic increasing function of 5*, so that a; and 
y may be regarded as functions of 5, say 

«=/(«). y=gis)- 

The arc of the curve y = F{x) defined in a is a particular 

case of the above when t is identical with x. 

* This follows from Theorem 2, § lOT. 



212 APPLICATIONS OF THE INTEGRAL CALCULUS [CH. VIH 

8*61. Bectification. 

Theorem. If (j>' (t) and yjr' (t) are continuous functions of t in 
a 4 ^ the cu7've as =: (f) (t), ‘i/ = ^lr{t) is rectifiable a7id its length s is 
given by 




To prove this, write 

Cr = \/{(«r - + iVr “ Vr-lf } ; 

then, by the mean- value theorem, 

C, = {tr - tr-l) V[{f + ir . 

where and 77 ^ lie between and tr. 

We have to shew that the difference between the two expres- 
sions 

Va<#>'(|r)P+{t'W] (1) 

and V[{'^'(«r-i)P+{f''(^r-i)P] ( 2 ) 

tends uniformly to zero as (tr — ^r-i) tends to zero. 

In virtue of the identity 

, J 2 N - {a-o){a+c)+{h-d){h + d) 

V(a* + 6 -)-V(c +d)=-. ^ + + . 

1 6 1 + kIH ^ 

it follows that 

I ^J(a^ 4 6®) - I ^ I a “ c I -f ] 6 — c? I (3). 

If the left-hand side of (3) represents the difference between the 
expressions (1) and ( 2 ), then since (^) and 1 ^' (^) are continuous, 
and therefore uniformly continuous'^ it follows from (3) that, if 

{^r)-<i>\tr-i) and 6 - cZ = '(? 7 r) 

Cr={tr— ^r-l) (^r-l)PJ + (^r ” tr—l)prt 

where pr tends uniformly to zero as (tr — tr-i) 0. 

It follows that the length 

s = lim 2 cr, 

as the norm d of the subdivision of (a, / 3 ) tends to zero, is the 
integral 

jV[lf («)i» + {t'(01^]& 

* See § 3-43. 
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In almost) every case of practical importance the functions 
and yfr' (t) are continuous functions. When (p'(i) and *^'(0 are dis- 
continuous at a finite number of points (corresponding to the 
existence of cusps in the arc of the curve), all that is necessary is 
to divide the arc in question into several arcs, for each of which 
the functions (f>' (^) and 'xfr' (t) are continuous, and then add the 
results of integrating over the intervals for t which correspond to 
each of these arcs. 

All the preceding analysis can be easily extended to the twisted 
curve 

For the sake of brevity the proofs have been given for plane curves 
only. 

8*7. Curvilinear integrals. 

As soon as the concept of a plane curve has been made precise, 
it is possible to define another type of integral which has a good 
deal of importance in certain branches of Applied Mathematics. 

These integrals are known as curvilinear integrals, and we shall 
have occasion to employ such integrals again in Chapter xi. 

Let AB be the arc of a plane curve, and suppose that P{x, y) 
is a continuous function of the two variables x and y at every point 
of the curve AB, where x and y are the coordinates of a point of 
AB referred to a set of rectangular axes in its plane. 

Subdivide the arc AB into smaller arcs by the set of points of 
subdivision {x^, ih) (r = 0, 1, 2, ..., n), and choose any point Vr) 
in the arc which joins the points {xr-i, yr~i) and {xr, yr)> 

Consider the sum* 

Vl) {^1- o) P ihy V 2 ) + Vn) (b - Xn-i) 

(IK 

which is analogous to the sum used in the definition of the Riemann 
integral as the limit of a sum, with P(x, y) replacing /(^). If the 
sum (1) approaches a definite limit when the number of points of 
subdivision increases indefinitely in such a way that the length of 
the greatest sub -interval tends to zero, this limit may be taken as 

* The notation used is an obvious one, thus the points A and B ha?e abscissae 
a and b respectively, and a = 0 (a), h = 4>{^). 
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the definition of the curvilinear integral of P {x, y) with respect to 
X over the arc AB, and the integral is denoted by 


I P (Xy y) dx» 

i AB 


We now shew that under certain conditions the limit in question 
certainly exists. 

Let the curve AB be defined by the equations a? = <^ {t)y y — yjr (i), 
so that as t varies from a to /3 the point (a?, y) describes the curve 
AB. 

If the functions (p (t) and yfr (t) are both monotonic in (a, /3), then 
to every value of x there corresponds one and only one value of t: 
similarly y is a single- valued function of ty and so, on 5, y is a 
single-valued function of x, say y = X (a?)* 

Since P(a?, y) is a continuous function in both variables, the 
function P {a?, X (a?)} is a continuous function of a? in a ^ a? ^ 6. Hence 

The summation (1) may therefore be written 

F (fi) (xi ~ a) 4- P (^ 2 ) (a?2 - ^ 1 ) -f . . . + P (?n) (b - 

the limit of which, since P (x) is a continuous function of x, is the 
ordinary definite integral 

fb 

I ’P(x)dx, 


The conditions laid down above are equivalent to the geometrical restriction 
that a line parallel to the axis of y cannot meet the arc -45 in more than one 
point. 

The definition may be extended at once to the case where 
is a curve for which p (t) and -ijr (t) are not monotonic throughout 
(a, so long as it is possible to divide up AB into a finite number 
of pieces on each of which the functions p (t) and ^|r (t) are mono- 
tonic. Such a curve is said to be a regular curve. 

For the curve AGBBy illustrated below, we have 


f P{x, y)dx- \ P (Xy y)dx-h f P (x, y)dx-h f P (x, y) dxy 
ACBB J AC J CD J DB 


where in each of the three integrands on the right-hand side, 
y must be replaced by a different function of the variable x. 
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8-7] 

Curvilinear integrals of the type 

j Q{^,y)dy 

are defined in a similar way. 


0 

Fig. 20 

871. Properties of curvilinear integrals. 

The following elementary properties are stated; the reader is 
advised to prove them in detail. They are all immediate deductions 
from the definition. 

(1) The value of [ P{x, y) dx, when G is a straight line parallel 

G 

to the axis of y, is zero. 

Similarly J Q (x, y)dy, when G is a straight line parallel to the 
axis of X, is zero. 

To prove these results, observe that each of the above curvilinear 
integrals reduces to an ordinary Riemann integral in which the 
limits of integration coincide. 

(2) Curvilinear integrals are additive for arcs. 

f P{x,y)dx=( P{x,y)dx+\ P{x,y)dx, 

Jag Jab J bc 

(3) f P(x, y)dx — — f P {x, y) dx. 

J AB BA 

Similar results of course hold for curvilinear integrals with 
respect to y. 
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8‘72. Theorem. 

If 4>' {t) yjr' (t) are continuous in (a, yS), then 

[ P(x,i/)(lB=rFl^(t),f(t)}4>'(t)dt ( 1 ), 

f Q(!>:,y)dy={ Q[<l>{t),ir(t)}-<jr'(t)dt (2). 

J AB J a 

Consider equation (1), and let (a, ai) be an arc on which 
and are monotonic, so that in (a, ^i), y = X(x) and 

f F(a},y)dx= I P [x, X (a?)} dx 

• AA \ • 0/ 

= ['P{4>{t),f{tM{t)dt, 

J a 

by the formula for change of variable in § 7*6. Similar results hold 
for the arcs as), •• • , (^n-u /S), and by adding the results formula 
(1) is proved. Formula (2) is similarly proved. 

JS^ote. In the above theorems sufficient conditions for the existence of the 
integrals concerned have been stated, but the reader should observe that they 
may not all be necessary. For example, in equation (1) above, the integral on 
the right-hand side would exist if P {x, y) were continuous and {t) were 
bounded and integrable without being necessarily continuous. 

The conditions given above are those which usually occur in practice, and 
are sufificient for all the applications of these theorems in Applied Mathe- 
matics and Physics. In general, also, the conditions stated above suffice for 
all the applications of curvilinear integrals which are needed in this book. 

8*73. Curvilinear integrals with respect to the arc. 

If 5 denote, as usual, the length of arc, we have seen that s is an 
increasing function of t, and t is a single-valued function of 5 , so 
that 5 may be taken as the parameter, and x and y may be expressed 
as functions of s: these functions will be monotonic functions of 5 
if j>{t) and are monotonic functions oft Thus, if the length 
of the arc AB is a-, and the origin of s is chosen when t = a, x = a, 
then clearly 

I AS ^ C ^ ^ lo ^ 
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EXAMPLES Till. 


1. If a >0, discuss whether or not the following integrals exist: 

J a J a ^ ] a /—« l+A*^ 

/■* dv 

Shew also that / - — 

r^rr 

2. Shew that j ds: converges if ^ < p -f- 1 ; and prove that 


2. Shew that 


/ dx converges if 0 < a < 1. 

Jo 1+^ 

3. Evaluate j {I - x^) (x) cb; and j (l-x^) (x')dx, 

4. Shew that 

r(a) = 2 J du^ 

and that 

B(m, n)=2 y^^’"co82«»-Msin2«--i<9o?^= 

5. Shew that n ! P 2 n {x)=x ^ (a;® ~ 1 )"}. 

6. Prove that 

(i) u = P„ {x) is a solution of the differential equation 

(ii) xP,! {x)=nP^ (x)+(^2n-S} i ’„_2 (x) + (2ji -7) P„.t(x) + .... 

7. Prove that, if m and n are integers such that m^?ij both being even or 
both odd, 

/■i dP^ dP^j r . IN 

8. (i) In the interval (0, h\ where 5> 1, whenever x has anj one of the 
set of values 

ill 1 

’ 2’ 3’ n' 

let 2 /=^; and whenever x takes any one of the values 

6, «!, a2, ..., a„i, ..., 

such that l/(m + l)<a^<l/m (?n«l, 2, 3, ...), 

let y==0. Join up the sets of points by straight lines starting with or =6, and 

joining up succeeding points in the order 

®2j ®jt) I > •••• 

Prove that the function /(^), whose graph is as described, is not a function 
of bounded variation in (0, h). 

(ii) If whenever x has any one of the set of values 

1 * ' ’ 


15 
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we put instead of prove that the function whose graph is formed 
in a similar way to the preceding, is a function of bounded variation in (0, 6). 

9. Prove that a function of boimded variation in a given interval is 
integrable in that interval. 

1 0. Prove that, for a circle, the length of any inscribed polygon is less than 
that of the circumscribed square, and deduce that the circle is a rectifiable 
curve. 

11. (i) Find the length of the arc of the catenary y = ccosh^/c between 
the points (0, c) and (c, ccosh 1). 

(ii) Prove that the total length of the curve :r=acos^i, is 

6a, and sketch the curve. 


12. Prove that the cardioid r = a (1 + cos d) is divided by the line 4r — 3a sec 6 
into two parts such that the lengths of the arcs on either side of this line are 
equal. 

13. Xi) If -27 = y — evaluate 

f (s^+y^)ds and / 

Jo Jo 

where G is that part of the parabola lying on the left of the latus rectum. 

(ii) Evaluate ( 

where C is the curve y^%a% 

14. If ^ is the point (0, 1), -S is (0, y) and D is (a?, evaluate 

[ — ^dy\, 

where G is the path which consists of the straight lines AB and BD. 

Is the value of the integral independent of the path ? 

15. A chord AB of b, circle which subtends an angle 2a at the centre is 
taken as the axis of .r, and 

[ ds 

w= / — , 

Joy 

where G is an arc PQ of the circle lying entirely on the positive side of AB. 
If d is the length of the chord FQ, and yi and y^ are the ordinates of P and 
Qj prove that 

d(j/i y%) sinh sin a) = Jo? sin a 

16. Prove that Hilbert’s double series 


[Write 22^2^ 

m+n 

where 

m n 

and similarly for §.] 


=-(?‘ 


22 ; — 

m^n Wi -j- 

J s/(w + 2l)Vw 

1 

m-^n ' 


dfi 




/. 


V{m+n) 

dx 

(l+o;) 




= 7r 2 



CHAPTER IX 


FUNCTIONS OF MORE THAN ONE TAMABLE 
91. Introdnction. 

So far attention has been mainly directed to functions of a single 
real variable, and the application of the differential and integral 
calculus to such functions has been considered. 

Functions of more than one variable were mentioned in 1 3*11, and 
the distinction between explicit and implicit functions was made 
there. In this chapter we shall be mainly concerned with the applica- 
tion of the differential calculus to explicit functions of more than 
one variable. Implicit functions are considered in the next chapter. 

Mainly for the sake of brevity we shall usually restrict ourselves 
to two or three variables only. In general, most of the theorems 
are easily extended to more than three variables. 

9*2. Differentiability. 

Consider a variable u connected with the three independent 
variables y and 2 by the functional relation* 

u — u(x, y, z). 

If arbitrary increments A^, Ay, As are given to the independent 
variables, the corresponding increment Au of the dependent variable 
of course depends upon the three increments assigned to x, y and z. 

By extending the definition of differentiability for functions of 
one variable given in § 4*12, we say that the function u = u{x, y, z) 
is differentiable at the point (x^ y, z) if it possesses a determinate 
value in the neighbourhood of this point, and if 

Au = A Ax + BAy + GAz -rep (1), 

where p = \Ax\-^ | Ay | -h | A 2 : |, e 0 as p 0, and A, S, 0 are in- 
dependent of A^, Ay and Az. 

In the above definition p may always be replaced by 77 , where 
y = V( A^^ + Ay^ -t Az^). 

* The use of u for the functional symbol as well as for the dependent variable has 
many advantages, and is not likely to cause any ambiguity. Especially is it advan- 
tageous in the theory of diii'erentiability, for if we write ti = / ;j, y, s), then du and 
df are two different symbols for one and the same thing. This coinplication is 
avoided by replacing / by u as the functional .‘■•yuibol. 
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9'21. Partial derivatives. 

By changing m to and allowing y and -sr to remain 

invariable, the increment of w is 

u{x-\- y, z) — u (x, y, z). 

By analogy with the definition of the derivative of a function of 
one variable, if the incrementary ratio 

u{x-\- Ax, yy z) — u (x, y, z) 

A^r 

tends to a unique limit as A^r tends to zero, this limit is defined 
to be the partial derivative of u with respect to x and it is written 

du 

TT or Ux. 


Similar definitions hold for and 


9 'Ei. 

dz' 


The cjalculation of the partial derivatives of any given explicit function is a 
simple matter. If 

u = bx^y -f- 3^/5^ 4 . ^ 

then ^ is found by finding the derivative of u with respect to x and treating 
the variables y and z as constants. Thus 

g=15x^y+y«. 

Similarly ^=ha? + Z:fi-i-xz + Zy\ ^_=Qyz+xy. 


9*22. The differential coefficients. 

In equation (1) of § 9*2, suppose that Ay == A 2 : = 0, then, on the 
assumption that u is differentiable at the point {x, y, z), 

Au — w (a? + A^, y, z) — u {x, y, z)= Ai\x-\- e\Lx\, 
and dividing by A^r, 

u{X'¥ ^x, y, z)--u (x, y, z) 

= 

and by taking the limit as Ax 0, since e 0 as Aa; 0, 

du . 

?!. b , p.a 

oy dz 


Similarly 
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9 * 22 ] 

Hence when the function u — y, z) is differentiable the 
partial derivatives are respectively the differential 

coefficients* A, B, G, and so 

. du , , . du . 

Au=^^Ax+^^Ay+^^As + ,p ( 2 ). 

The differential of the dependent variable du is defined to be 
the principal part of Aw, so that (2) may be written 

All - du-h €p ( 3 ). 

As we have already seen when considering functions of one 
variable, the differentials of the independent variables are identical 
with the arbitrary increments of these variables. If we write u = x, 


u = y,U“Z respectively, it follows that 

dx = Ax, dy — Ay, dz = Az (4); 

and from (4) the expression for du is seen to be 

+ (5). 


This is a fundamental formula in the theory of differentiability. 

9*23. The distinction between derivatives and differential 
coefficients. 

In § 4*12 we saw that the necessary and sufficient condition 
that the function y — f(x) should be differentiable at the point x 
is that it possesses a finite definite derivative at that point. Thus, 
for functions of one variable, the existence of the derivative {x) 
implies the differentiability of f{x) at any given point. 

For functions of more than one variable this is not true. If the 
function u==u(x, y, z) is differentiable at the point {x, y, z) the 
partial derivatives of u with respect to x, y and z certainly exist 
and are finite at this point, for then they are identical with the 
differential coefficients Ay B and C respectively. The partial 

♦ EistorioaHy, the original use of “differential ooeffieient ” was m this sense, 
namely to express that a number such as A is the coefficient of a differential. Thus, 

in equation (5), which is the same thing as A, ii> the coefficicut of the d^fferen- 
tial ds. 
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derivatives, however, may exist at a point when the function is not 
differentiable at that point. In other words the partial derivatives 
need not always be differential coefficients. This is best illustrated 
by means of an example. 


Example, 


Let 






when X wnd y are not simultaneously zero^ 


/( 0 , 0 )= 0 . 

If this function is differeutiable at the origin, then, by definition, 

f{h, X 0 -/(O, ( 1 ), 

where ri^\l {h^ + ifc-;, and e 0 as 7; ^ 0. 

If we write h^rj cos 6, k^rj sin B, then the condition that 77 should tend to 
zero implies nothing as to the ratio h : k, which depends only on B, and may 
be anything we please. We shew that for the given function, equation (1) does 
not hold. On substituting in equation (1) for h and k and dividing through 
by 77, we get 

cos^^— sin®^=.4cos5+j5sm 


Since € -*>- 0 as 77 0 , we get, by taking the limit as 7 0, 

cos 3 ^ — sin® cos^+^sin^, 


which is plainly impossible, since B is arbitrary. 

The function is therefore not differentiable at ( 0 , 0 ). 
The partial derivatives exist however, for 


/*(0, 0)= hm L^ -- • < = hm — r- = l, 

h-^O A-».0 th j 


The above example illustrates a point of considerable importance. 
The explanation lies in the fact that the information given by the 
existence of the two first partial derivatives is limited. The values 
of f%{oo, y) and of /y(^, y) depend only on the values of f{x, y) 
along two lines through the point {xy y) respectively parallel to the 
axes of X and yi this information is incomplete, and tells us 
nothing at all about the behaviour of the function f{Xy y) as the 
point {Xy y) is approached along a line which is inclined to the axis 
of X at any given angle 6 which is not equal to 0 or ^tt. 

A later example illustrates the fact that certain partial deriva- 
tives of a function may exist at a point at which the function is 
not even continuous. ^ 
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9*24. Notation for partial derivatives of higher orders. 

We have already defined the first partial derivatives of the 
function u = u(x, y, z), and we have denoted them by 
Since these partial derivatives are in general also functions of x, y 
and z which may possess partial derivatives with respect to each 
of the three independent variables, we have the definitions: 


. _3 ^ %(a; + Ag;, y,z)-u^{x, y, z) 

dx[dx/ Ax * 

(ii) = lim Ay, 2 )-u Jx, y,z) 

^ ^ dy\dx) Ay 

(iii) I = lim 

^ dz\dxj Az 

provided that each of these limits exists. 

Notations for these three second-order partial derivatives differ 
with various writers: in this book the following symbolism is 
adopted: we write for the second-order partial derivatives 

/.•V ,,,, 8*w „ .. .. 


0 /du' 
dx \dx, 
3 /0u' 
dy \dx, 
0 /to' 
dz \9a;, 


(i) or 




By operating similarly on 


we get six other second- 


order partial derivatives, making nine in all. 

The following example illustrates the fact that certain second 
partial derimtives of a function may exist at a point at which the 
function is not continuous. 


'pS ^ ^3 

iExample. Let <p (a?, y) = — when a? 4=y, 

N,' ^ y 

(j) y ) — 0 when x —y. 

This function is discontinuous at the origin. To show this it suffices to prove 
that if the origin is approached along different paths, ^ (a:, y) does not tend 
to the same definite limit. For, if ^ (^, y) were continuous at (0, 0), (x, y) 

would tend to zero (the value of the function at the origin) by whatever path 
the origin were approached. 

Let the origin be approached along the three curves 

(i) y^x-s^, (ii) (iii) y— 

then we have (i) (x, y) ^^ 0 as x 0, 

(ii) = ^- - — — 2 asar-..0, 


(iii) 




- QO as X 0. 
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Certain partial derivatives, however, exist at (0, 0), for if <j>^ denote ^ 
we have, for example, 


ft . '■*•0 


<#>»i0,0)= lim °^ .=.lim ^=2, 

ft-*.0 ^ ^ 

since <f) (a;, 0) = u;-, (pj. (a*, 0) = 23; when a? 4= 0. 

9’3. Change in the order of partial derivation. 

In almost all cases that occur in practice, the partial derivative 
has the same value in whatever order the dififerent operations are 
performed. Thus, ifii = u (x, y, z), it is usually found that 

^yz ~ j '^xy “ '^yx‘ 

To fix the ideas, consider a function of two independent variables 

u = u(x, y). 

Since it is so often the case with functions which occur in practice, 
one is tempted to assume that always 

U^y = Wj/a;. 

The following example illustrates the important fiict that u^y is 
not necessarily always equal to 
Example, Let 

/(^) — ^ y shnuUamoudy zero^ 

/(0,0) = 0; 

02 / 02 ^ 

fthew that, at the origin. =}= ?r-4- , 

cxoy oyox 

When the point (^, y) is not the origin, 



0/ ('^2— 'I 

dx ^ {x^-\-y‘^Y\ 

(1), 



(2); 

while at the origin, 

/,(o,o)-ii„/<‘-“>r/«<»-o 

ft-^0 ^ 

(3); 

and similarly 

/,(0,0) = 0. 


From (1) and (2) we see that 



/.(o, y)=-y (y=i=o) 

(4). 


fy 0)= X ( 37 = 4 = 0 ) 

(6). 
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Now we have 

/^(O, 0)= lim 

h-^Q h 

fyA% 0)= lim - J= _ 1, 

fc - r *.0 K k ’ 

and SO /*v (0, 0) 4=/,^ (0, 0). 

In the direct calculation of or of fy^, a double limit is involved, 
and the value of a double limit may depend upon the order in which 
the limiting operations are made. For example 

lim lim lim {~\ = ~l, 

v-^Qx-^Q^^’y y-*-o \ y / 

lira lim ^ = lira = 1. 

»->0 y -*^0 x -»-0 \-*^/ 

Now 

/. fa y) - lim -/<“■»> , 

fy^{a, h) = lim + -/»(«> 

&-*-.() A’ 

= lim Ulim + 


U-«-o 


_ji^/(i±k%iA5An 

h ] 




and so, if we write 
Ay {h, A;) = /(a -f A, 6 + fc) - /(a, b+k)- f(a -f h, 1) + f(a, b) 

“ .(1). 

\2 J‘/L 7,\ 

then 


/j/® = }™ lim ^ 




and /a;y (a, 6) = lim lim — — , 

There is therefore no a priori reason why fy^ and should 
always be equal, in spite of the fact that in most practical cases it 
is found to be so. We now prove two theorems, the object of which 
is to set out precisely under what conditions it is allowable to 
assume that (a, b) = fy^ (u, 6). 


Theorem 1. If(i) fx cL^d fy exist in the neighbourhood of the 
point {a, b) and (ii) fx and fy are differentiable at {a, b); then 

/xy = Ji,x- 
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We shall prove this by taking equal increments h both for x and y, 
and calculating Ay m two different ways, where 

A7 = /(a + a, 6 + A)-/(a + A, 6) -/(a, & + A)+/(a, h), 

(а) A®/ is the increment of the function 

H{x)^f{x,b-\-h)--f(x,h) 

when X changes from a to a + h. If we apply the mean value 
theorem to H {x) we get, if 0 < ^ < 1, 

H{a^h)--H{a) = hW (a + 0,^ 

and so Ay = h [fx (<x 4- 6 + A) — fx {a 4- 0A, 6)] (1). 

By hypothesis (ii) fx {oc, y) is differentiable at (a, A), so that 
fx (a +6h,b + h) - fx (a, h) = Shfxx (a, 6) + h/y^ (a, &) 4- €% 
and fx {a + Oh, b) - fx (a, b) - Ohfxx (a, A) + c'h, 

where e' and e ' tend to zero with A. 

On subtraction and substitution of the difference in (1) we get 

Ay= Ay;^4-€iA2 (2), 

where ^ = e' — e", so that €i tends to zero with A. 

(б) Ay is also the increment of the function 

-S' (y) = /(a + S, y)-f{a, y) 
as y increases from 6 to A + A ; and by a similar argument 

Ay = Ay^y 4- (3). 

If we divide equations (2) and (3) by and take the limit as A 
tends to zero, it follows that 

A^/ 

lim = /yx (a, h) = (a, 6). 

Bj assuming hypothesis (ii) in the above theorem we postulate the 
existence of all the second order partial derivatives of f y) at the point 
{a, h\ but not necessarily their continuity. 

An alternative set of hypotheses involves only the existence of one of the 
second order partial derivatives of y) at (a, h) provided that we assume 
also its continuity. These hypotheses are made in the following theorem. 

Theorem 2. y (i) fy, fyx oil exist in the neighbourhood of 
the point (a, b) and (ii) fyx is continuous at (a, i>), then (a) fxy also 
eai,sis at (a, b), and (b) fxy - fyx- 
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Consider the function 

H (x) = /(a;, 6 + k) - / (x, b), 

and apply the mean value theorem to H (x) in the interval (a, a + A), 
then 

jEf (a + A) - jff (a) = A if' (a + 6h) 

= hif^ (a ^ eh, k) - /, (a + ek, b)l 
Now, since fyx (oo, y) exists in the neighbourhood of (a, h) we can 
apply the mean value theorem again to the right-hand side of this 
equation : this gives, if 0 < < 1, 

S’ (a -f- A) — S’ (a) = hkfyx (a -h Oh, h + 8'k), 

By hypothesis (ii) fyx is continuous at (a, h) and so the above 
equation may be written 

if (a + A) - if (a) = hh [fyx (a, 6) + e] (1), 

where e tends to zero as A and k tend to zero. 

Now E{a-\'h) - H (a) is the function Ay (A, k) defined above, 
and so, if we divide equation (1) by hk and take the double limit 
we get 

fxy (a, b) = lim lim = fyx (a, b) 

from (1) above. 

Thus fyx exists and is also equal to fxy> 


Note. By examining the hypotheses in Theorems 1 and 2 above, the reader 


will see that if 


c^f 

dxdy 


02 / 

and ^oth continuous functions of x and y, then 


these two derivatives are certainly equal, for the assumption of the continuity 
of both these derivatives is a wider assumption than those required for proving 
either Theorem 1 or Theorem 2. 


9*4. Differentials of higher orders. 

Let be a dififerentiable function of the independent variables x 
and y. The first differential of u, 



is diferentiahle {dx and dy being regarded as constants), if ^ and 
bu 

^ are determinate in the neighbourhood of the point considered 
and are both differentiable at this point. In this case the differentia! 
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of d% which is called the second differential of u exists, and it is 
denoted by dH, 

The second differential is calculated in the same way as the 
first; thus 

dH = d (du) = d do) + d dy (2). 

( 0i^\ 

we have only to replace, in the right-hand 
0Z4 

side of (1), the function n by the function ^ : a similar remark 

applies to Since du is differentiable, we can use the 

theorems of the preceding section to justify our assumption that 


hence 


dhi _ dhi 
dxdy dydx ’ 








.( 3 ), 


where, of course, dx^ is dx, dx. 

Similarly we can define the successive differentials d^u, d^Uy 
The function u = u (x, y) is said to possess a differential of order n, 
d'^u, at the point (a, 6) if d'^'^hi is differentiable at this point, which 
implies that all the partial derivatives of order n—1 exist in the 
neighbourhood of, and are differentiable at (a, 6). This condition 
ensures the legitimacy of inverting the order of the partial deriva- 
tives with respect to x and with respect to y, and so 

dx^dff dfdx^ ' 

where r-f s = n — 1. 

The abbreviated notation for dP'u is useful, and may be con- 
veniently introduced here. We write 





and the complete expression is obtained by expanding the right- 
hand side as a binomial expansion and interpreting the powers of 
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0 as indices denoting the order of the partial derivatives concerned : 
thus 


n(n-l) 9"« j „ „ j , j „ 


2 ! 


The reader should observe that in the preceding discussion s and 
y are THE INDEPENDENT YARIABLES, and SO dx and dy may be 
treated as constants*. It will he recalled that the differentials of 
the independent variables may be taken to be the arbitrary incre- 
ments of these variables, 


dx = Ax, dy = Ay, 


9*5. Differentiation of functions of functions. 

So far attention has been directed solely to functions 
u = u{x,y,z,,.,) 

where the variables x,y,z,,,, are the independent variables. We 
now consider a functional relation 

u = u(x,y,z , ...), 

in which the variables x,y,z,... are not the independent variables, 
but are themselves functions of other independent variables 
so that, say 

x = x{r, s,t , ...), 
y = y(r,5,t, ...), 
z^.z{r,s, t,,,,), 


We now prove the fundamental theorem on the permanence of 
the expression for the first differential. 

Theorem. If w = w, {w, y, z,.,,) is a differentiable function of the 
variables x,y,z, and these variables are themselves differentiable 
functions of the independent variables r,s,t, then u, considered 

* The statement that a set of variables x, j/, ... are “ the independent variables," 
will always mean that they are the independent variables of the problem con- 
sidered, and so the differentials dx,dy,.., may be treated as constants. The word 
“independent” is used by some writers in a loose way, and sometimes when it is said 
that two variables x and y are “independent,” in the sense that x does not depend 
on y, the word “independent” carries a slightly different shade of meaning, x &ndy 
may be independent of each other, and yet not be the independent variables of a 
particular problem. 
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as a function of is differ'entiahle, and its differential is 

given hg 

just as though x,y, s', ... were the independent variables. 

To fix the ideas, consider only two intermediary functions x and 
y and two independent variables r and s. The method of proof is 
evidently general. 

Write p=|Aa;| + |Ay| and p' = | Ar | + | A^j. 

Since x and y are diiferentiable functions of r and 5, 


Air = I? Ar As + ep' 

dr ds ^ 

A2/ = ^Ar + ^As+€y 


( 1 ), 


where e' and e" tend to zero as p'“>0. 

If ft) denotes the greater of e' and e", and M the greatest in 
absolute value of the four partial derivatives which occur in equa- 
tions (1), then 

I Aa: I < (if 4- o)) p', j Ay ] < (if + a>) p\ 

and so £ = l < 2 (if + m): 

P P 

thus the ratio p :p remains finite and p->-0 when 
Since w is a differentiable function of x and y, 

* du . du . 

+ ( 2 ). 

where €-->0 as p->0. 

Now r and s are the independent variables, and so Ar and As may 
be replaced by dr and 'ds and equations (1) may be written 

Ax = -h ep', Ay dy + e"p\ 
and, on substituting these values in (2), 



4- e ^ -f- e 
dx 


dff\ 


This proves the theorem, for the expression in the bracket tends 
to zero as p'*^ 0, and so 
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The above theorem establishes this fact of fundamental impor- 
tance. The first differential of a function is expressed always by the 
same formula, whether the variables concerned are independent or 
whether they are themselves functions of other independent variables. 
This is only true for the first differential. Ditferentials of higher 
orders are discussed in § 9*6 below. 


9‘51. The derivation of composite functions. 

We deduce at once from the preceding theorem two important 
results. 

(i) Let x,y, he differentiable functions of a single independent 
variable t, then the derivative oi u=:u{x,y, ...) with respect to i is 
obtained by dividing the differential du by dt, 


du du dm du dy 
dt dx dt dy dt'^ ' 


.( 1 ). 


(ii) If a?, y, . . . are differentiable functions of several variables 
r,5, ... the partial derivatives of u^u(x,y,»,,) with respect to 
these variables are calculated by the preceding formula, except 
that all the derivatives concerned are now partial; thus 
du __ du dx du dy 
dr dx dr * 


du ^ du dx du dy 
ds dxds^ dy ds~^ * * 




•( 2 ). 


This is immediate, for if we consider that of all the variables 
r,s, ... concerned, r alone varies, then the conditions are the same 
as in (1), save that when t is the only independent variable 

du dx dy 

are ordinary derivatives, but when r alone varies, the other vari- 
ables being kept constant, the derivatives concerned will all be 

partial ^ 
partial 

If the set of equations (2) are multiplied by dr, ds, ... respectively, 
then on addition we reproduce the fundamental formula 

du j du 
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JVoie. The above result illustrates the great advantage of the difierential 
notation. From equation (3) we can obtain all the information that can be 
obtained as regards first order derivatives, whereas if all the possible sets of 
equations involving partial derivatives are written down, there would be a 
long list of equations every one of which is implicitly contained in (3). 

For example, if 

u^u (x, y, z), v^v (a?, y, z), w^w {x, y, z\ 
and we difierentiate these, we obtain three equations of the form 
du^AxdX'\‘BxdA)‘\-Cxdz^ 

M 2 + B^dy + t/g cfe, 

dw + C^dz. 

From the six variables v, w, z sets of three independent variables 
can be chosen in 20 different ways: corresponding to any one set of three 
independent variables there are nine equations involving partial derivatives. 
Thus the information conveyed by the above three equations involving 
differentials can be obtained only by the formation of no less than 180 
equations involving partial derivatives. 


9*6. Dififerentials of higher orders of a function of functions. 

In the preceding section we have seen that if we write down the 
expression for the prst differential of any function of several vari- 
ables, the equation is always correct, whichever of the variables 
concerned may he the independent variables. The permanence of 
the expression for the first differential is a fact of very great im- 
portance in practice, and it may be stated in the following form. 

Given a differentiable equation between a certain number of vari- 
ableSy independent or not, hut differentiable, it is always allowable 
to differentiate the equation totally'^. 

Consider the function u = u{x, y), when x and y are themselves 
functions of other independent variables, say r and s. We have 
seen that in any case, whether x and y are the independent vari- 
ables or not, 

T du T du . 




* The differential du of a function u [x, y) is sometimes called a total differential, 
to distinguish it from the so-called part/ai differentials 


j j j j du ^ 

dJU—TT-ax and dyU=:^dv. 
Ox oy 


It is then natural to speak of the process of finding du as “ differentiating totally.’ 
The concept of partial differentials is not of much practical utility, and will not be 
used lu this hook. The term “total differeniiial ” mav iiowevoi be Ubcd occaaioLtally. 
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In the formation of the second differential dht, however, there is 
an important difference when x and y are not the independent 
variables. 

Since x and y are not the independent variables, dx and dy are 
no longer constants, but can be themselves differentiated and 
dhj both exist. On differentiating equation (1) we get 


and on comparison with equations (2) and (3) of § 9*4, we see that 




'dx’^ 


The formation of differentials of higher orders follows the same 
law, but the formulae become more lengthy and complicated. No 
simple general formula for d^u can be given. The introduction of 
more than two intermediary variables causes no difficulty: thus 
when u=-u{x, y, z), and a?, y, z are not the independent variables, 



The reader should notice that if r and s are the independent- 
variables, we have equations of the form 

dx = Ridr-^ Si ds, dy = M-z dr + S2 ds, 
d^x= Fidr'^ + 2Gidrds-^ Hids^, 


d^y — F^dr^ + ^G^drds + H^ds^; 
and, on substituting for these in equation (2), we get 
dhi = Adr^-^- 2Bdrds 4- Cds^, 


which expresses dhi as a quadratic function of the differentials dr 
and ds of the independent variables. 


9*61. Exanaple. 

Prove that^ hy the transformations xi^x the partial differential 

equation 


0.r2 



reduces to 

and, hence solve the equation. 
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In this problem x and t are the independent variables, and we wish to 
express y as a function of u and v, where u and v are functions of the inde- 
pendent variables x and t 


Now 




^ ou^ ouov ou ov 


'^y ^ 




and we have to express d’^y in terms of the differentials dx and dU 
Now du^dx-^ cdt^ dv=dx-\- cdt^ 

^2w=0, d^v:^0*. 

On substitution in (1) we get 

ii-> ife+s} ...m. 

the coefBicient of dxdt being written as B, since its actual value is not required 
for this problem. 

02^ 

Now is the coef&cient of dx^ in equation (2), and so 
0a® 0M® dudv^&v^’ 

and similarly, on taking the coefficient of di^ in (2), 

a«a® 0 »v’ 

If these values are substituted in the given differential equation 

02y 


it follows that 


®!y=c®— 
0^2 0^ 

^=0 

dudv 


The solution of this equation is simple, for the equation 


_o 

du 


\dvj 


implies that ^ is ^ function of v alone ; and so the general solution of *the 
differential equation takes the form 

where F and f are arbitrary functions. The general solution of the given 
equation is consequently 

y^F(x- ct) -f f(x-hct). 

The differential equation which has just been solved is the “wave equation,” 
and is very important in Mathematical Physics. 


• Note that d^u and d^v are zero merely because u and v are linear functions of 
X and t ; and, in general, if u and v had been other than linear functions of x and t, 
d^u and d^v would not have been zero. Equation (1) above would have been incorrect 
if the last two terms of it had been omitted, although in this particular case they 
vanish. 
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9*7. Euler’s theorem on homogeneous functions. 

A function / {x, y,z, ...) is a homogeneous function of degree n 
if it has the property 

/{tx, ty, tz,.„) = y.z,...) (1). 

(1) To prove Euler’s theorem, write x tx,y' = ty, then 

/ y\ . . . ) = (-A (2), 

and if we take the partial derivative with respect to t, we get 
dfdx': dfdy' 

dx' a# '^dy' 


that is 




Now put i = 1, so that x'=x, y' —y, ... and we get 

‘*1+2^1 + - = (S). 

which is known as Eulers theorem. 

(2) Differentiate the equation (2) m times; since t is the only 
independent variable, we have 

7i(n — 1) ... (n — m -p 

and ^ince y'^ = ..., when ^ = 1 we get 

/ 0 0 

(^«^ + 2/g^+ ••• ) /(a!,y,i,...)=n(n-l)...(n-m-i-l)/{a-,y,s,...) 

which is the generalisation of Euler s theorem, ‘ 


9*8. Taylor’s theorem. 

In view of Taylor’s theorem for functions of one variable, it is 
not unnatural to expect the possibility of expanding a function of 
more than one variable f {x + h, y + h, z 1, • - • ) in a series of 

ascending powers of h, k, I, To fix the ideas, consider a function 

of two variables only; the reasoning in the general case is precisely 
the same. 

i6-2 
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Consider a circular domain of centre (a, 6) and radius large 
enough for the point (a + A-, 6 + to he also within the domain. 
Suppose that f{sc^y) is a function such that all the partial deriva- 
tives of^vrder n of f (x, y) are continuous in the domain. Write 
x — a-^htf y = b-\-kt, 


so that, as t ranges from 0 to 1, the point (x, y) moves along the 
line joining the point (a, h) to the point (a + A, 6 + i); then 
/(®.y) =/(® +H b+kt) = <f> (t). 




and similarly <f)" (t) = d^f . . . , = d^f. 


We thus see that and its first n derivatives are continuous 
functions of t in the interval and so, by Maclaurin^s 

theorem, 


<j>(t)==4> (0) + (0) + <3b" (0) + . . . + ^ i9t). 


where 0 < ^< 1. Now put t = 1 and observe that 

4> (1) =/(a +h,b + k), (0) =/(«, b), <j>' (0) = df(a, h), 

( 0 ) = d?f{a, b), {et ) = dy (a +eh,b + ek). 

It follows immediately that 

/(a + fe ,6 + A)=/(a, 6) +d/(a,6)+ L dy(a,i)+ ... 



where iJ„ = (a + 6h,b-i- 6k), 0 < ^ < 1. 


Note. The reader should compare the assumptions made here 
about /(fl?, 2 /)with those made about /(ic) for the application of 
Taylor’s theorem to functions of one variable in §4*45. It was 
there found to be sufficient that /<”> (^r) should exist bia<x< a^h, 
but here we have assumed that all the partial derivatives of order 
n are continuous in the domain in question. It can be shewn by ex- 
amples that the Taylor expansion above does not necessarily hold 
if these derivatives are not continuous*. 


See Examples IX, 13. 
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9*81. Maclaurin’s theorem. 

If we put a==6 = 0, A = ^ = we get at once, from equation 

(1) above, 

f(x, y) =/(0, 0) + d/((), 0) + i cP/(0, 0 • + . . . 

+ (;r^)-|‘^'*"VXO,0) + i2„, 

where Rn — d’'j'{6x, Oy), 'Q<d< 1. 

The theorems easily extend to any number of variables. 


EXAMPLES IX. 

1 If tt = (1 - 2xy + y-) ~ prove that 

2. Prove that is invariant for change of rectangular axes. 

[If the axes be turned through an angle a, then 

X —of cos a - y sin a, y^x' sin a cos a ; 

shew that the above expression becomes .] 


3. If ar = f cos y = r sin prove that 

... _ cos 2$ ^ 

'bx'by ~ * 


fc'^'u dhi\ , . du 

^ ^ 8y V cx hy ” ^ ^ 


(ii) 

where u is any twice-differentiable function 


0^ 

Ctf2’ 


4. Prove that the function 

Kx, y)={\xy,h 


is not differentiable at the point (0, 0), but that 


r f cf 

■==- and ^ both exist at the 

rjr cy 


origin and have the value U. 

Hence deduce that these two partial derivatives are continuous except at 
the origin. 
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6. Given that si, ...» -^n Q-i*® ^ independent variables, c is a constant 
Pii Pzi •^•yPn are n functions of u which is itself a function of the a:’s, and 
that 

jDi® +P2H ... 

+ ^2i>2 + . . . 4- XnPn = OU^ 


shew that 


02-1^ 


6. Given that 2 is a function of x and y and that 

(i) a:— 
prove that 

032 023 32g 02 03 323 323 3*3 

du^ cudv ex ^ Zy ^ Zx^ ^^Zxdy ^ dy^' 

(ii) If x=:iu+v, y=^ uv, prove that 

c^z _ d^z d^z . „ 4 \ * 02 

du^ 0^2 ^ dy^ dy ‘ 

7. Change the independent variables from x and y to 2^ and v in 

(i) (^+y)(g+g^^)+4^^ + 2*|+2y|=0, 

if 2^ = e*4- e*, 2y « e“ - e* ; and in 

(ii) g+2^/^ + 2(y-^^)|+^/2=o, 

if x^uv, y^ljVi deducing that z is the same function of u, v as of a?, y. 

^ 8. Given that 2 is a function of u and while 
?i=a:2_y2_2ry, v^y^ 

prove that the equation 

(^+y)g^+(^-y)^=o 

02 ^ 
is equivalent to g^— 0. 

Hence deduce that z—f(^—y^’^2xy), 

9. Prove that fxv=¥fyx origin for the funct^ 

f{x, y) =^172 arc tan ~ arc tan 

^ ^ V 

jsl/ac 

10. Shew that - (r”” ^ = ( — )” — tt . 

11. Prove that, whatever the functions /and y, 

(i) 2=^/(r+y)4-y^(a7+y) 
satisfies the relation* r - 25 + ^ — 0 ; 

(ii) z-=xf{ylx)Jrg{ylx) 
satisfies the relation rx^-\-%sxy-^ty^=:0. 


p, q, r, s,t are defined in § 10-31. 



EXAMPLES IX 


239 


12. p)^e^coahy, prove that the first four terms of the Maclaarin 
expansion of f{x, y) are 

and obtain the first four terms of the Taylor expansion of /(r+A, y+h) in 
powers of h and k. 

Discuss the validity of these expansions. 

13. If /( a’) y)-(|^?yl)^, prove that the Taylor expansion about the point 
(j;, s) is not valid in any domain which includes the origin. Give reasons. 

[See example 4. If a Taylor expansion were possible (n= 1) 

/(j7+ A, A)=/(jf, ^)+A {/^(^, 1)+/, |}}, 

where ^ ^ A. This is not valid for all a:, A for it implies that 

|:r+/ii = |jr| + A, ^+0, 

=kl, ^=0.] 


r\f ?!/ 

14, Shew that, if /(a;, ^)j ^ ^ continuous in a circular domain D 

of centre (a, b) and radius large enough for the point (a + A, 5 + 1*) to be within Z), 
/(a-pA, b-\rik)=^f(aj 5)+A/*(ffl+^A, dh, bi-ek) 


where 0 < ^ < 1. 

If f{x, a=6=* - 1, A=ir«3, verify that the above conditions 

are satisfied and find the value of 6. 


15. If 
prove that 

16. If /(^, y, z) is a homogeneous function of ar, y, z of degree u, prove that 


/aaj f XI/: /w 

{n-lf 

/ xx: fxy: fx 

fyxi fvy> f V* 


f m fyyi fv 

/ «i f ty: fu 


ft: ft: »//(»-!) 
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IMPLICIT FUNCTIONS 

101. Existence theorems for implicit functions. 

Let F{aji,X 2 y ,..yCCn,n) = 0 (1) 

be a functional relation between the w + 1 variables w, 

and let 

be a set of values such that the equation 

jP(ai, a„, 2/) = 0 (2) 

is satisfied for at least one value of u; that is, the equation (2) in 
u has at least one root. We may consider uas a function of the a;'s, 
w = (j!) (iTi , ^ 2 , • • • > ^n) defined in a certain domain where (^i , ^i?2 , • * * , 
has assigned to it at any point (^ri, ^^ 2 , . , cOn) the roots u of equation 
(1) at this point. We say that u is the implicit function defined by 
(1): it is, in general, a many-valued function. 

More generally, consider the set of equations 

Fp(xiy Xn, uiy nj = 0 (p = l, 2, ,..ym) ...(3) 

between the w + m variables , . . . , , . . . , > and suppose that 

the set of equations (3) are such that there are points (xi, ^ 2 ? •••, ^n) 
for which these m equations are satisfied for at least one set of 
values Wi, •••) We may consider the u'a as functions of 
the X8y 

Up = 4>p(xi, X 2 , Xn) = 2, m) 

where the functions ^ have assigned to them at the point 
(a;i, X 2 , Xn) the values of the roots Wi, at this point. 

We say that u^n constitute a system of implicit functions 

defined by the set of equations (3). These functions are, in general, 
many-valued. 

We now prove an existence theorem for implicit functions; for 
simplicity we consider only three variables, but the method of proof 
is evidently general. 
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Theorem 1. LetF{u, x, y) be a continiiom function of the variableb' 
u, X, y. At iJie point (wq, b) suppose that 

(i) F(ao, a, 6) = 0, 

(ii) F(u, X, y) is differentiable, 


dF 

(iii) the partial derivative^ is not zero, 

then there exists at least one function u = u(x, "y) reducing to at 
the pointful)), and which, in the neighbourhood of this point, saiisjies 
the equation F{u, x,y) — 0 identically. 

Also, every funetioiiji which possesses these two properties is con- 
tinuous and differentiable at the point (a, b). 
dF 

Since F= 0, ^ =j= ^ point (?/o, cl, b), a positive number B 


can be found such that F(uo-S, a, b) and + a, b) have 
opposite signs, for the function F is either an increasing or a 
decreasing function of u when u^Uq. Further, since F is continuous, 
a positive number p can be found so that the functions 
F (uo - 8, 01 , y), F (n„ + S, x, y), 
the values of which may be as near as we please to 
F ( Wo - S, a, 6), F (uq 4- S, a, b), 
will also have opposite signs so long as 1 ~ a j < t?, j y — 5 1 < tj. 

Let X, y be any two values satisfying the above conditions; then 
F (w, X, y) is a continuous function of u which changes sign between 
Wo — S and wq + S and so vanishes somewhere in this interval. 

Let u = u(x, y) he the root (the greatest root if there is more 
than one); then this will be one solution of ^^=0 which reduces 
to Wo at the point (a, 6). 

Suppose that Aw, Aw?, Ay are the increments of such a function 
u and of the variables x and y measured from the point (a, 6 1 
Since F is differentiable at (wq, a, h), we have 


AF = [Fu (uq, a, b) -h e] Aw -h [Fy^ (wq, a, b) -1- e'} Ar 

+ \F,fuQ, u, 6) -f- e ,• Ay = 0, 

for since F=0, it follows that AF = 0, and the numbers 6 tend to 
zero with Aw, Aw? and Ay, and can be made as small as we please 
with S and p. Let S and p be so small that the numbers f are all 
less than ^ [ Fu{iio, a, 6)1, which Is not zero by hypothesis. 
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The above equation then shews that as Aic-->0and 

Aiz-^O, in other words the function u^u{so, y) is continuous at 

(a, 6). 

It also shews that u is differentiable at (a, 6), for 

+ g'} + {^y (^0, &) + % 

•^w (wo, u, ^>) + e 

that is, 

, 25 (MQj b^ A Fy(jUiQ^ (X, 2^) A I A I A 

F^(uQ,a,b) Fu{uo,a,b) ^ ^ ^ 

€1 and €2 tending to zero with Ax and Ay^ 


Au— — - 


CoROLLABY 1. If ^ exists and is not zero in the neighbourhood 

of the point (wo, ci, b\ the solution u of the equation jF= 0 is unique. 

For, if there were two solutions Ui and u^ we should have, by 
the mean- value theorem, if %< u! < u^, 

0 = F(ui,a!,y)-F (u^, x, y) = (m, - F„ « x, y), 

and so Fu (u, x, y) would vanish at some point in the neighbourhood 
of {uq, a, 6), and this is contrary to hypothesis. 


CoROLLABY 2. If F (w, a?, y) is differentiable in the neighbourhood 
of{uQ, a, 6), the function u = u{x, y) is differentiable in the neighbour- 
hood of the point (o, 6). 

This is immediate, for the preceding proof is then applicable at 
every point {% x, y) in that neighbourhood. 

The above theorem, like most existence theorems in Analysis, is of an 
abstract nature, and the reader will probably appreciate the theorem better 
by considering the geometrical illustration, taking for simplicity the case of 
a function of two variables only*, say F{u, r)=0. 

Corollary 1 is of great importance, for by considering a function 
of two variables only, jP(i 6, aj) = 0, and taking F(u, iv)=^f(u) — x, 
we can enunciate the fundamental theorem on inverse functions as 
follows. 


Theobem 2. If in the neighbourhood ofu = UQ, the function f {u) 
is a continuous function of u, and if (i) f{uo) — a, (ii) in 

the neighbourhood of the point'\ u^uq, then there exists a unique 

* See, for example, Hardy*s Pure Mathematics, § 108. 

t That is, / (u) is a steadily increasing (or decreasing) function in this neighbour- 
hood. 
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continuous function u = (j)(x), which is equal to Wo when and 

which satisfies identically the equation 

in the neighbourhood of the point x = a. 

The function u=<l>(x) thus defined is called the inverse function 
oix= f(u). 

Examples. If x—u\ Uq=0^ <z= 0, then all the conditions of Theorem 2 are 
satisfied, and u^^x. 

Under the same conditions, if x=^u‘^ the conditions of Theorem 2 are not 
satisfied, for is not an always increasing (or always decreasing) function of 
u in the neighbourhood of the origin, since it decreases when u is negative 
and increases when u is positive. In fact the equation defines two 

functions of 

u^sjx and 

These functions both vanish when .r=0, and each is defined for positive 
values of x only, so that the equation has sometimes two solutions and 
sometimes none. 


1011. The logarithmic function. 

So far no definition of the logarithmic function has been given, 
although, like the circular functions*, it has already been used to 
enrich our examples. To illustrate the application of the inverse 
function theorem, it is convenient here to define the logarithmic 
function, and then to shew how to deduce the properties of the ex- 
ponential function from it by means of the inverse function theorem 
of the preceding section. 

Let us adopt the method of defining the logarithm by the 
equation 

, [-dt 

\ogx=\^ 


x>0. 


Since the properties of definite integrals have been discussed in 
Chapter vii, most of the fundamental properties of the logarithmic 
function can be proved directly from these properties. 

(1) By the fundamental theorem of the integral calculus, log x 
is a continuous function of x in the interval (1, x), it increases 
steadily as x increases, and it has a derivative 

d , 1 


See §4*33. 
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Also, if £i; > 2”, 


logzc > 


2^^ dt dt . 1*4 dt 


It jit t 


■ + ...+ 


■2™ (M 
2-1 i ' 


but, if ^ = 2^w, 


j 2^ t Jl U * 


log £C > ^ 


and so log X'^oo as x^ oo . 

(2) If 0 <x<l, then log x < 0, for 


, at " ( 

log^= -=- . 

J 1 5 Jx 


and, by writing ^ = 1/ w, we get 

, [^di [y^du , 

log® = J^-=-J^ _=-log(l/^), 

and so log x^ — oo as^c-^0 + 0. 

(3) The functional equation for log a? is 

log (icy)=:loga; + logy. 
vr , . . [^^dt du 


if ^ = yu, hence 


iogto)-J, f-L -J. 


. du du 

IT -j. 


aoga:-log(l/t/) 


= loga:4- logy. 

(4) The number e. 

This number is conveniently defined* by the equation 


p dt 


and the definition is unique, since log a? increases steadily with x, 
and so it can pass only once through the value 1. 

From the functional equation above it follows that 
log x^ = 2 log X, log x^ = 3 log X, . . . , log x^^ = n log x, 
where n is a positive integer. Hence 

log e^ = n log e = n. 


* Another definition of «, as a limit, has already been given in § 2*8. The two 
definitions are shewn to be equivalent in §10‘18 below. 
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If p and q are positive integers and denotes the positive qth 
root of we have 

p = log = log = q log 
Thus, whatever positive rational value y may have, 

loge!' = y. 

Also, since 

log = — log — 

the above equation extends to all rational values of y. 

Since when y is irrational may he defined by Cantor s method 
as described in § 6*3, if t/^ is an appropriate rational approximation 
to y, from the equation 

logeJ'n=?/„, 

we deduce, by the limiting process of Cantor's definition, the 
equation 

Ioge» = y 

for all real values of y*. 

10*12. The exponential function. Application of the inverse 
function theorem. 

We now define the exponential function expy, for all real values 
of y, as the inverse function of y^Xogx. That is, if logj*, w*e 
write 

x = exp y. 

As X ranges from 0 to oo , y ranges from — oo to x and increases 
steadily throughout this range, so to each value of x there corre- 
sponds one value of y and conversely. 

If a>0, then, in the neighbourhood of any point the 

function F {y, x)=y log a? = 0 satisfies all the conditions of 
Theorem 2 (by taking account of differences of notation); and this 
justifies the assumption that a unique inverse function x==exp !/ 
exists. Since, moreover, Theorem 2 is a special case of Theorem 1 
we can deduce for the exponential function (i) continuity and 
(ii) differentiability in the neighbourhood of the point y = 5, where 
h is the value of the function y = log^c when x^a. It is therefore 
unnecessary to prove for the function exp y any of the properties 
which have already been proved for the function log ,r and which 
can be deduced from the implicit function theorem. 


This aswmee, of coarse, the continuity of the logarithmic fuaction. 
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If e be the number defined (as above) to be the number whose 
logarithm is unity, the functions exp y and are identical for all 
real values of y. 

An alternative method of developing the theory of the exponential and 
logarithmic functions is to take as the definition of the exponential function 
the result that exp x is the sum-function of the absolutely convergent power 
series 

1+^+^+^+ w 

for all values of x. By using the multiplication theorem for absolutely con- 
vergent series (§ 5*7) it can be proved that 

exp exp exp (^+y) (2). 

Also “PjJ- l = = (JO (say). 

Now lP! + lM|-+|U13+... = liA!/(l-liAl), 

and since (j) (h) is numerically less than this series, 

(j) (A) 0 as h 0. 

Hence , 

and by taking the limit as A 0, 

d 

exp X = exp X (3). 

Incidentally we have implicitly proved that exp ^ is a continuous function 
of X. From (2), if m and n are positive integers, 

(exp xY — exp nx^ (exp 1)" — exp 
{exp(m/n)}”=exp?7z=(exp I)”*, 
and so exp {mjn) is the positive value of (exp 1)"*/”. 

Also exp^r. exp(-“^’) = l, 

and so for all rational values of x we have 

exp X = (exp 1 )* = e®, 

where e=expl = l-f 14*^ + 

We define e* when x is irrational as being equal to exp x. The logarithm 
is then defined as the function inverse to exp x or e*. 

The method adopted in this book is preferable, because it depends upon 
the concept of a definite integral, and this itself may be defined as soon as 
the concept of a bound is understood. The alternative method sketched here 
depends upon a knowledge of operations on infinite series, and infinite series 
themselves require a knowledge of limiting operations. 
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10*13. Tiie identij&catioiL of tlx© exponential ^onctiozu e* with, 
lim (14--) . 

In § 2*8 we have already proved that if s be the sum of the 
convergent series 




then 


5- lim fi+-r. 

n^ooV nj 

It remains to shew that if e® be the exponential function as 
defined above*, 

lim(^l+?] =lim(l-- 

n-^oo \ tt-3^00 \ ^ 

Now by § 10-11 (1) 


x\-» 

- =e* 

n) 


.(I). 


IfA=l/i, 


k 


hr*^ 


as t 00 or as t- 
tinuous, we get 


limdog^l+^^=aj, 

— 00 . Since the exponential function is con- 

as 00 or as . 

Hence lim (l + = lim (l -f = e*, 

f^oo\ tj 1/ 

and (1) follows at once by making t range through integral values 
only. 

The function log x may also be expressed as a limit, 

log lim w (1 “ = lim n - 1 ) ; 

Tl-».oe 

for 1) 1) (i - 

the right-hand side of which may be shewn to tend to zero. 

Also, if n is a positive integer and a? > 1, 

dt dt 

or n (1 - j;“ ^/’‘) < log a? < w - 1). 

* The proof here given is on the lines of one given in Hardy’s Pure Mathe- 
matics, p. B6S. 
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10*2. Bififerentiation of implicit fonctions. 

To pass from the consideration of explicit to that of implicit 
functions, let u> = u{x, be a function of the independent 

variables x, y, If the function u reduces to a constant, then 
and therefore also du, is zero. Conversely, if 


dw = da; + — di/ -f- . . . = 0, 
cx oy ^ 

since dx^ dy, ... are arbitrary it follows that 


9u _ 9w _ __ 

dx~^dy 


in other words u is a, constant. 

Hence the necessary and sufficient condition that the function u 
should reduce to a constant is that du = 0. 

Now suppose that the set of variables x, y, ..., independent or 
not, satisfy a functional relation 

f{x, y, ...) = 0. 

This equation is said to be differentiable, if the function f{xy y , ...) 
is differentiable. Hence, if the variables concerned, x, y, ... are 
differentiable we have, since df=^ 0, 

This result is fundamental, and may be expressed as follows. 

Given a differentiable equation between a certain number of 
variables, it is always permissible to differentiate the equation, 
whether the variables concerned are the independent variables or not. 

The above principle enables us to deal with implicit functions 
by differentiating the equations which define them. It must be 
emphasised, however, that the results of differentiating implicit 
functions depend for their interpretation on a knowledge of which 
are the independent and which the dependent variables. 

(1) To fix the ideas consider two variables only. Let x and y be 
connected by the differentiable equation 


F{x,y) = 0 

On differentiating we get 


( 1 ). 


dF 

dx 


dF 

dai+-^dy = 0 


( 2 ). 
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If y is considered as a function of the independent variable x 
chosen so as to satisfy equation (1), then the derivative of this 

function, ^ , is deducible from equation (2), 


dx Fy' 


The same result can be obtained by using the rule for the derivation of 
composite functions given in § 9’51. y) is a composite function of ar, 
and if we write 




since du^O, we get 


0=—+^—^ 
dx cy dx " 


(2) This argument can be applied to the case where u is an 
implicit function of several independent variables r, y, ... defined 
by the differentiable equation 

F{x, y, t^) = 0. 

We get, by differentiating the equation, 

dF. dF. ^ dF. . 

and provided that F^^ + 0, 

Fa^dx-^Fydij-h... 

and the partial derivatives of u with respect to r, y, are the 
coefficients of cte, dy, ... 

_ Fx d u _ Fy 

dx~' F,/ dy Fu"" 


(3) In the general case, suppose that m implicit functions 
u, V, ... of n independent variables r, y, ... are defined by the m 
differentiable equations 


Fp(x,y,...; w,p, ...) = 0, (p= 1, 2, .... 

On differentiation we get m equations of the type 

dFp , dFp , j ^^’7 - .'A 

dx -h -:r-^ dy + . . . 4" -TT^ du — r- - a y -r . . . = 0 . . . . 
dx dy ca cv 


.(3). 


.( 4 ), 


where p takes the values i, 2, ...» //^. 
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If the determinant 



dFi 

du ’ 

dv ’ 

^Fz 

dF^ 

du ’ 

dv ’ ■■ 

dF„ 

dFm 

du ’ 

dv ’ ■■ 



does not vanish identically, the equations (4) can be solved for 
du, dv, .... Each of these differentials is obtained in the form of a 
fraction having J for denominator, and each numerator is linear in 
dxydy, .... Thus the partial derivatives of any one of the functions 
It, w, ... with respect to y, ... are respectively the coefficients of 
dx, dy, ... in its differential. 


10 21. The choice of independent variables. 

In the preceding section it has been assumed that the inde- 
pendent variables have been definitely specified, so that it is known 
which of the variables concerned are dependent and which are inde- 
pendent. Suppose now that we are given a differentiable equation 

F(x,y,z)=^0 ( 1 ), 

and nothing further is specified about the variables x, y, z. 

By the fundamental principle of the last section, the equation (1) 
can be differentiated, and so 


dF j j dF , ^ ... 

-dx+^dy + -^-Jz^0 ( 2 ). 

Before we can proceed further the independent variables must be 
chosen, and there are three cases to consider. 


(i) Let z be chosen as the variable dependent on the two inde- 
pendent variables x and y in such a way that equation (1) is 
satisfied. Since is a function of the two independent variables 
X and y, say 

z^z{x, y), 
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Now equation (2) may be written 

dz = -~^dx~~^Jy, (F, 4= 0) (4), 

and by comparing (3) and (4) 

0^ F,’ F, 

(ii) If y had been chosen as a function of the two independent 
variables x and z so as to satisfy (1), instead of equation (3) we 
should have 

< 3 )- 

and on comparing with equation (2), which is now written in the 
form 

dy = -Y^dx-^^dz, (Fy^O), 

dx~ Fy' dz~ Fy 

(iii) Similarly when x is the dependent and y and z the inde- 
pendent variables we get 

02/- dz^ 

The reader will see that in dealing with implicit functions, the 
partial derivatives of one variable with respect to another can only 
be calculated when it is known which are the independent variables. 

Thus “ only has a meaning in case (ii) when y is the dependent 

and X is one of the independent variables : in cases (i) and (iii) || 
is meaningless. 

10‘22. Illustration. 

dll 

If u =f{x, y) and y = <f)(x, z), explain the meanings of ^ . 

cx 

Here we are given two functional relations 

«=/(^. y) (1). 

y = 4>{x, z) C2). 


17-2 
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connecting the four variables u, x, y, z. Any two of the four can be 
chosen as the independent variables, and, as we have already stated, 
the meaning of any partial derivative will depend upon our choice 
of independent variables. The choice of two out of four can of course 

0 W 

be made in six ways, but if — is to have any meaning, (i) x must 

ox 

be one of the independent variables, and (ii) u must be one of the 
dependent variables. Hence in this problem we have only to 
consider the cases when the independent variables are either 
(1) X a7id y, or (2) x ay\d z. 

Since we are assuming equations (1) and (2) to be differentiable 


we have the two permanent equations 

( 3 )' 




which hold no matter which two of the variables are chosen as the 
independent variables. 

(1) Let the indepeiident variables be x and y. In this case we 
must express du and dz as linear functions of dx and dy. The 
permanent equations (3) and (4) do so express du and dz, and so 
from (3) 

du ^ df 
dx dx’ 

(2) Independent variables x and z. 

To find we must express du as a linear function of d,x and dz 

and then select the coefficient of dx. In this case also the permanent 
equations (3) and (4) are sufficient, for the fact that y is a function 
of z and z is expressed by the given equation (2). Thus, from (8) 
and (4), on eliminating rfy, 



dx dx dydx 


and so 


(5). 
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Iq order to indicate which case is under consideration the other 
independent variables are sometimes written as suffixes: if this is 
done the equation (5) would read 

dx\,'^ dx\y dyj^'cx}^' 

10*3. Differentials of higher orders. 

If all the equations concerned are differentiable, the differentials 
of the second, third and higher orders are obtained in the Siime 
way by differentiating twice, three times, and so on. It is of course 
necessary to know which are the independent variables, and to 
remember that if the independent variables are x, y, ... the dif- 
ferentials dx, di/j ... are constants, and so d^x, d^y, ..., d^x, ... 
all vanish. 

Suppose that the m dependent variables u, u, ... are connected 
with the n independent variables x, y, ... by the system of 
equations 

Fp{x,y, ...; u,v, ...>=*0, (p=l, 2, ..., m) (1> 

On differentiating we get the systems of equations 


dFp. dFp. ^ 


dFp j dFp j ^ 

. -f + ... = 0, 

du cv 




^ ,2 


(P-1,2 n>) (31. 


From the system of m equations (2) w^e can express the m dif- 
ferentials du, dv, as linear functions of the differentials dr, dy, . . . , 
and after substituting for du, dv, ... from these equations in the 
system of equations (3) we have m equations to determine the m 
second order differentials d% d% ... as quadratic functions of the 
differentials dx, dy, and so on. 

It should be noticed that J, the determinant of the coefficients 
of the differentials of the dependent variables (which determinant 
is assumed not to be identically zero), is the same lor each system 
of equations such as (2), (3), .... 
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Ob differentiating equations (2), since d^x: and dy are constants, we get 
d'^u = - sin V dv dx +* cos v dv dy, 
dudv + ucPv -cosvdvdx - sin v dvdy : 
these become, on using equations (2) to eliminate du, dv, 

u fT^u = sin* V dx^ - 2 si n v cos v dx dy 4- cos* v dy\ 
drv = 2 sin a? cos v {dx^ — dy^) + 2 (sin* v - cos* v) dxdy. 

We can now express (7) as a quadratic function of the differentials dx, dy, 
and on writing down the coefficients of dx^ and dy'^ we obtain the same 
expressions as (5) and (6). 

ExampU 2. Transform the expression 

^ ofV d^V 
dx^“^ dy^ ^ 

hy the formulae of spherical polar tramformation 

a?=r sin ^ cos 0, y=r sin ^ sin (^, s = rcos^. 

The problem is simplified by observing that the given transformation is a 
combination of the two plane polar transformations 
x^ucoscf)^ ^ z=r cos $ 

y=ttsin<^J t^ssfsin^ 

From (1), by wi-iting <f) for v, we deduce at once that 

OW* U* 0(/)* udu 

Similarly we see that 

02? 02r_^ loV 

W 02 ? or* "^r* dd'-^ ^ r dr 


From equation (4), on writing u, r, $ for y, u, v respectively, 


..(10). 


3F . JV cosSdV 

'5-=sm^ ^ — h ^ 

ou or r 00 

0 V 

Add (8) and (9) and use (10) to replace ^ which occurs on the right-hand 
side of (8), and we get 

aap 02p 32p 0 ^F 1 ^ 1 a^F 20 F cotddV 

r+ a..2 d" ^ “^^.2 7^ a 2 /3 d-~ 




r* 0^ 


dy^ 03* cf^ r* 0d* ~ r* sin* 0 d(j>^ ~ r dr 


10*5. Extreme values. 

In § 4*9 the theory of extreme values for functions of one variable 
was considered. We now investigate the theory for functions of 
more than one variable. There are two cases to consider, (1) the 
investigation of extreme values of an explicit function, and (2) the 
investigation of the extreme values of an implicit function of 
several variables when these variables are connected by a number 
of given “equations of cuiidition.” 
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Exj)licit functmis. 

Let u =y* (x, y) L>e the equation which defines u as a fimctioii of 
the two independent variables x and y. For thrte independent 
variables the sufficicut conditions for maxima and Eiinima are 
different from those in the case of two. 

The fuuction f (x, y) Jias an extr&t)ie value at the point (<1, b) when 
the increment 

^f=f(a + h,b + k)-/{a,b) ( 1 ) 

preserves the same sign for all values of h and k whose moduli do 
not exceed a sufidently small positive number S, If ^f be negative 
the extreme value is a maxihriumf and if Ay be positive it is a minimum. 

necessary condition thnt f [a, b) should be an extreme value is 
that botby, and/j, should be zero at the point (a, 6), for /(a. 6) 
cannot be an extreme value of / (x, y) unless it be an extreme value 
of the function / (a:, b) and also of the function /{a, y). In other 
words we must bave/^ {x, b)=0 when z=a, and/j, (a, y) = 0 when 
y = b. Values of {x, y) at which df=0 are called stationary values. 
To investigate sufficient conditions we must consider the sign of 
A/. Let us suppose that the first partial derivatives of/{i, y) are 
differentiable at (a, h) and hence existent in the neighbourhood of 
this point, then, if ] A | and | A | are sufficiently small, and 0 < d < 1, 

hfa (« + dh,b + Bk) + A/j (a + SA, h + 0A) ...(2). 

by Taylor’s theorem with remainder when n = 1. 

Let p = fljh?-\-k^), h=p k=p cos<f>. so that p tends to zero 
as h and k tend separately to zero, and f is arbitrarv. Let us writ“ 

,<,ACrespecaveljforg, fL. g. 

Now since /q and/^ are differentiable at {a, 6), and also vanish 
at this point, 

/; (a i-eh,b^ 6k) = 6 {Ah + Bk -f ' 

(cj + dn, h + 6k) = d [Bh + Ok -t* ) j ^ ^ 

where and eo to zero as p -> 0. 

Thus A/ = dp- [.4 sin- 9 4 - 2B sin o cos ^ 4- C cos- A -r 7]" ■ ..(I), 

where 0 as p ^ 0. ij is oi unkn’.own sism. 
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Since dp^ is positive, the sign of A/ depends upon the sign of the 
expression E+r], where 

E = A sin^ ^ + 25 sin ^ cos ^ + C cos^ ^ (5). 

There are several cases to consider: 

(1) If E never vanishes it keeps a constant sign, and there must 
be a certain positive number m which it exceeds in absolute value. 
Thus, as soon as | | < tti, that is for a small enough value of p, the 
sign of Af is the same as the sign of E, 

Hence there will be a maximum or a minimum value according 
as E is negative or positive. 

(2) If E can change sign, since Af and E have the same sign 
when p is small enough, there will be no extreme value. 

(3) If 5, without ever changing sign, may vanish for certain 
values of </> the sign of Af depends upon rj, which is of unknown 
sign, and so no conclusion can be drawn. This is called the doubtful 
case. 

E may be written in the form 

_ (<4 sin ^ + 5 cos -h {AC — B^) cos^ 

E -j . 

Suppose first that .4+0. 

(1) If AC — B^ > 0 the numerator of E is the sum of two squares 
and it never vanishes. Hence E never vanishes and it has the same 
sign as A. 

Thus there is a maximum value if 4t<0, a minimum value if 
A>Q. 

(2) If .4C' — S^<0 we can find two values of ^ for which the 
numerator of E has different signs, namely (i) cos^ = 0 and 
(ii) taLn<l>= —BJA. Hence E can change sign and there is no 
extreme value. 

(3) If AC — B^ = Q the numerator of 5 is a perfect square, and 
E, without changing sign, may be zero. 

This is the doubtful case, in which the sign of Af depends 
upon 7). li A = 0, then 

5 = cos ^ (25 sin + C cos (jt), 
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and if J5=(=0, j? changes sign with cos<j> and there is no extreme 
value. 

If A = B = 0, then 

E=C cos* <l>, 

and E may vanish but cannot change sign. This is therefore the 
doubtful case. 

In the above discussion we have assumed only the existence of 
Af B and G at the point (a, 6). We have not assumed their con- 
tinuity nor their existence near (a, 6). 

To summarise, it is convenient to state the criteria in the form: 
The value/ (a, b) is an extreme value of f{x,y) if 

/a(a,6)=/j(a,6) = 0, 
and if faafbb>fab^ 

and the value is a maximum or a minimum according as f^a (or 
/fti) is negative or positive. 


10*51. Discussion of the doubtful case. 

The general discussion of the doubtful case involves the con- 
sideration of terms of higher order than the second in the Taylor 
expansion of /(a -F A, 6 + A) ; in general this is not easy, and it will 
not be considered here. 

When foAifbh = fab^ it is sometimes possible to decide whether 
f (x, y) has a maximum or a minimum at (a, 6) by geometrical 
considerations, without considering the terms of higher order in 
the Taylor expansion. The two examples which follow shew that, 
in the doubtful case, f{x, y) may or may not have an extreme 
value at (a, 6). 

Example 1. Let 

/ (x, Zxy^ -f- - y^) (x - SyS), 

and let a=0, 6=0. 

It is easy to verify that /x=0, /y=0 at (0, 0), and that /xx=2, 

/yp—0 at this point. Consequently 

fxxfyy 

If L be the parabola x—y^ and if the parabola 5:=2y^, we easily see that 
f{x,y)<Q between the two curves L and if, f{x,y)=^0 on the curves, and 
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everywhere else in the neighbourhood of the origin. Thus the 
origiu is not a point at which y) has an extreme value, so that there can 
be neither maximum nor minimum there. See Fig. 21. 



Example 2. Let 

In this case it is easy to verify that, at the origin, 

/j, = 0, fyy^% 

Hence again, at the point (0, 0) we have fxxfvM^fxv' However, on writing 

it is clear that /(j?, y) has a minimum value at the origin, sinoe 

/ A A ^ Zh* 

4;W(A,t)-/(0,0)=(^x-+-j +-- 

is greater than zero for all values of h and k. 

10-52. Stationary values of implicit functions. 

Let us consider the general problem of finding the stationary 
values of a given differentiable function f (Xj y, u, v, ...) of 
m -f n variables which are connected by n independent differentiable 
relations 

F,{x,y, ...)=0, (r=l,2, ...,n) (1), 

so that / really depends on m independent variables. 

At a stationary value of/, df=0, so every system of values of the 
in independent variables must satisfy df=Q. 
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Also, since the n equations (1) are differentiable, we have the 
following n + 1 equations : 


df 

dx 


dx + f^dy + .. 



du -H ... 



dx 





du "f- ... = 0 



( 2 ). 


j dF„ , 

’'da; + -^dy + . 


dx 


,.+^(£u + ... =0 

ou 


From these the differentials dujdi?, ... of the n dependent 
variables can be eliminated, yielding a result of the form 


Mdx + Xdy 4 - . . . = 0 , 


and since the differentials dx,dy ^ ... of the independent variables 
are arbitrary, we get m equations i¥=0, ^“=0, which, together 
with the n equations (1), form a system of m-j-n simultaneous 
equations between the m-\-n unknowns ic, t/, . . . , u, t’, . . .. On sohing 
these we get the system of values for which the function / has a 
stationary .value. 

By this method we cannot discriminate between maxima and 
minima. 


/l0-63. Lagrange’s multipliers. 

The elimination of the n differentials du, dt\ ...from the equa- 
tions (2) above is most conveniently effected in practice by the use 
of multipliers, a method due to Lagrange. The process is as follows. 
Multiply each of the equations (2), except the first, by constant 
factors Xi, Xg, ..., which are to be determined. On addition we 
obtain a result of the form 

Adx-^ Bdy -h ...4- Udu + Ydv+ ... = 0 (3). 

Now assume that the n multipliers have been so chosen that 
the n coefficients U, F, ... of the differentials du,dv, ... all vanish. 
Then in equation (3) there remain only the differentials dx, dy, ... 
of the independent variables, and, since these are arbitraij, it 
follows that 


,4-0, /? = 0 
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Hence, all the coefficients in equation (S) vanish and we have the 
following m + n equations : 


3/ 4 .x 5^1+ 4-7u^"-0^ 


4 .\ ^'^^4- 4-X.,®'^”-0 




.(4). 


The systems (1) and (4) contain in all 2n + m equations, and 
these suffice to determine the values of the n multipliers Ag, A^ 
and the values of the m + ^ variables x, y, u, ... fox which the 
function / has a stationary value. 

Example, Find the lengths of the axes of the section of the elUpsoid 

iy% 2 j 2 

-;+r^+^ = l hy the plane lx-\-my-\-nz— 0 , 

Ir cr 

The problem can be solved by finding the stationary values of the function 
r* where 

subject to the two equations of condition 

lx-\-my’^nz—0. 

The method of multipliers gives the set of equations 

Xi ^ “ 0 , 


Jp + Xj ^ +X271 = 0 . 

Now Xj is easily found by multiplying the above three equations by 4?, y, 1 
respectively and adding, for on using the given equations we get 


hence 


but 


a A 


Xi= 

Xom 

63 ^ 


X 97 i 

c<‘ 


« 7 , , V f 1^0^ 1 

0 =i®+ 7 »y , 
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and, since Aj 4= 0, we get the cjuadratic ia r® giTing the stationary values 

7 t-C^ 

1 .4 A 

r^-a^ r^-b^ ■ 

By geometrical considerations it is clear that one value of r® is a maximum 

and the other a minimum. 

10*6. Jacobians. 

If F^, F^, denote n differentiable functions of the n-hp 

variables 1 / 2 , rCp, the deterniinant 

dui' 01 ( 2 ’“*’ CUn\ 

^ ^ ^ i 

dui * dU2 ’ ' * * ’ dUn I 


dFn dF^ dFn 
dut^ dlln 

is called the Jacobian* of the n functions with respect to the n vari- 
ables u^, « 2 , •••, In the following sections we shall consider briefly 
some of the applications of Jacobians to important results in the 
theory of implicit functions, and to the determination of the question 
whether a given set of functions are or are not independent, A 
few of the more important properties of Jacobians are also discussed. 

The notation for Jacobians varies with different writers, but w'e 
shall adopt the notation f that 

j- _ 9 (Fly Fo, ..., Fn ) 

“ 0 {Ul,U2y...,lln) * 

10'61. An existence theorem. 

We now prove a general theorem analogous to the existence 
theorem for implicit functions which was proved in § lOT. To fix 
the ideas we consider a system of two equations involving three 
independent variables ic, y, z and two unknowns u, v. 

Theorem. Let the equations 

Fi {x, y, Zy Uy v) = 0, F 2 {x, yyZy}i,v) = 0 (A), 



* Jacobians are also called “ Functional deterrainants.” 

t Sometimes the d is replaced by D or d, and the notation J ( * ^ 

\ 

LB also used. 


U^y 
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he satisfied for x^xq, ^ = 2/0 » - s : = ^ ^ » (^‘^d suppose that 

the Jacobian does not vanish for this set of values. 

d(u.,v) 

If the functions Fi, are continuous, and possess continuous 
first partial derivatives in the neighbourhood of these values, then 
there exists one and only one pair of continuous functions 

w = {x, y, z). v=^<j >2 (a?, 2/» 

which satisfy the equations (A) and reduce to Uo and Vq when 


x = xo, y-yo, •2^ = '2^o 


By hypothesis the equations 

Fi(x,y,z,u,v)^0 (1), 

F2(x,y,z,u,v)^0 ( 2 ), 


are satisfied for x = xq, y—yot w = Wo> '^=='^0; and since 

4= 0 for these values, one at least of the partial derivatives 
0 (w, V) ' , 

r^F 7\F ^F 

does not vanish for these values. Suppose that =t 0. 
dv dv . ov ^ 

Then by Theorem 1, §10*1, the equation (1) defines a function 
v-==fOc,y,z,u) (3), 

which reduces to Vq ^vhen x — XQ,y-yo,z==Zo,u = Uo. 

Eeplace v in the equation (2) by this value, and we obtain an 


equation 

^ y> J) — -^2 (^j Hi f ) — • ' 


(4), 

which is satisfied by the values x^xoy y = 2/o, zo, 

u^Uo. 

Now 

'i>Qr Jbl\ Jtn^f 
du du dv du 

(6), 

and fi'om (1) 

du dv du 

(6); 


hence on substituting for — in (5) the value obtained from (6) 


we get 


du 


^ (Fi, F a) 
d (u, v) 
dFt 


dv 


( 7 ), 
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and this derivative clearly does not vanish for the values a-©, y©, 
^o> Wo- Now the equation (4) is satisfied when u is replaced by a 
certain continuous function w = <^i ( 5 :, y, which reduces to Uo when 
a! = £Co, y==yo, = Thus, if we replace u by ^r) in 

f {Xy y, u) we get from the equation (3) a certain continuous 
function 

w = y, ^). 

This proves the theorem, since v = <^2 y, reduces to r© w*hen 

= y==yo, = 2 ^ 0 - 

Corollary. It can he shewn that the functions 
u=:<f>i {x, y, z)y v = (f )2 (Xy y, 5 ), 

possess first order partial derivatives with respect to x, y and z. 

To prove this, keep y and 2 ? fixed and let An and Av be the 
increments of u and v corresponding to an increment Ax of x. Then, 
from (1) and (2), 



where the e's and the rfs tend to zero with Axy Au and Av. On 
solving the equations (8) for the ratios An: Ax and and 

taking the limit as we get 

diFi._F2) 

du a (xy v) 

dx d jFiyF^) 
d (u, v) 

and a similar formula for ~ . 

ax 

Similarly we can find the partial derivatives of u and v with 
respect to y and 

10*62. Dependence of functions. 

We now prove the fundamental theorems on the dependence of 
functions. These important theorems illustrate the way in w’hich 
Jacobians enter into the theory of dependence and independence 
of functions. 



266 


IMPLICIT FUNCTIONS 


[CH. X 

Theorem 1. i/ wi , Wa , • • • , are n differentiable functions of the n 
independent variables Xi, X 2 , Xn, and there exists an identical 
differentiable functional relation W 2 ) •••> uf) — Q which does not 
involve the x*s explicitly, then the Jacobian 
d(uu 

d{Xx, X2,...,XJ) 

vanishes identically provided that as a function of the us, has no 

stationary values in the domain considered, 

(l)(Ui,U 2 , ...,Wn) = 0, 


Since 
we have 

but 




, dui 7 dui , . dui j \ 

dui = dxi+ ^ ^^2 + . .. + ^ docn I 


dxi 


dxf 

dUn^ 




dun = ^^dxi-{‘^dx2+ ... +'^dXn 
oa'i 0 X 2 ox^ 


.(2), 


and on substituting these values in (1) we get an equation of the form 

Aidxx -I- Atdx^'^ ... + Andxn — 0 (3), 

and since dxx, dx^, ..., dx^ are the aAitr^ry differentials of the 
independent variables, it follows that 

= 0, J.2= 0, ..., J-n = 0; . /^ 

in other words, 



dui 

4-H 



dVn 

dux 

dxx 

dU2 



dxi 


dux 



J.M 

dUn, 

dux 

dx2 

. . A'. , 

dU2 

dx^ 

“^dUn 

dx2 


9% 

d(f> 

du2 

dcj> 

dj^ 

dux 

diUn 

^dui 

d^n ■■ 

"^du. 

dx„ 


.(4); 


and since, by hypothesis, we cannot have 

Q 

dux^ du2 *’* dun ’ 

on eliminating the partial derivatives of ^ from the set of 
equations (4) we get 

'd{Xx,X 2 , ,,.,xj) 

The theorem is therefore proved. , 
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The vanis hing of the Jacobian is also a sufficient condition for 
the existence of a functional relation between the m’s. The proof 
“'of 'this result in 'the general case is not ^sy. We first give a proof 
by i nduc tioD, and then indicate a method of proof which is ea&ilj 
applied in the case of three variables, but suffers from the defect 
that it cannot easily be extended to more than three variables: 
the latter proof is a good illustration of the use of differentials. 

Theorem 2. If ui, are n functions of the n rariaMes 

xi,X 2 , 2, n), 


7 d(iiiy if2, ?/„■) . 

and %f 5- t_JL ^ 0, 

d{Xi,X2, 

iheUy if all the differential coefficients concerned are continuous, there 
exists a functional relation connecting some or all of the variables 
Ui, U2, u„ which is independent of x^y x*. 

To prove the theorem when n= 2. 

We have u— f (x, y\v — g (x, y) and 

0U 0M _ ^ 

dv dv 
dx’ dy 

If V does not depend on t/, then ^ == 0 , and so either ^ 

else ;r- == 0. In the former case u and v are functions of x only, and 
ax ^ 

the functional relation sought is obtained from 
u=f{x\ v=-g{x\ 

by regarding x as a function of v and substituting in w == /(x). 
In the latter case ?; is a constant, and the functional relation is 


If V does depend on 3/, since ^ t equation v — g (x, y) 

defines 3/ as a function of x and v, say 

y = f(x, vX 

and on substituting in the other equation we get an equation of 
the form* 

u = F (x, v), 

* The function F{x, g (x, y)} is the same function of * and y as / (x, t/K 
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0 = 


du 

du 


dF dF dv 

dF dv 


dF 

A 




dx dv dx ' 

dv dy 


dx' 

U 

dv 

dv 


dv 

dv 


dv 

dv 





dy 


dx' 

dy 


dv 


dF 


and so, either ^ = 0, which is contrary to hypothesis, or else 


0, 


so that JF is a function of v only ; hence the functional relation is 

u^F(v), 

Now assume that the theorem holds for n — 1. 

Now Un must involve one of the variables at least, for if not there 
is a functional relation = a. Let one such variable be called 

Since ^ =1= ^ solve the equation 

dXfi 

Wn=/n(^l, ^2, •••, ^n) (1) 

for in terms of • • • > ^n-i and?^^* and on substituting this value 
in each of the other equations we get n — 1 equations of the form 

Ur^gr(Xi,X2y , CCn-i, U^), O’ = 1, 2, ...(2). 

If now we substitute /n(^i, 0 ^ 2 ; •-» ®n) for Un the functions 
^ 2 , •••> ^n- 1 , Un) become 

fr **• ) 1 > ^»)> (?*= 1 , 2 , ,*»f 71 1 ). 

Then 

0 = 


a/i 

8/i 

9/i 

dxi’ 

dX2 ’ " 

■’ dx„ 

d/. 

dA 

dA 

dxi' 


’ dx„ 


a/« 

S/n 

dxi’ 

dx^’" 



dyi dffi du„ 

Syi . dyi dun 

dgi dun 

dxi dUn dxj ’ 

dXn-i dUndXn-i’ 

dUfi OXf^ 

^ a^z ^ 

dxi d-Un dxi * 

dg2 dg^ 9m„ 

dgt dun 


dUn dXn 


dun 

du„ 

dxi ' 

dx„_. 

dx„ 


• T}ie interchanging of the names of two variables merely changes the sign of the 
Jacobian, so that its vanishing is unaffected. 
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Sffi 

0 


dgz 

1 

0 ! 

! 

(Ja'i ’ 

1 

8u„ 

9«„ 

I 

3%’ 

Sa:„_i’ 

3x„ 1 


by subtracting the elements of the last row multiplied by 

^2 dgn-^ i 

from eiich of the others. Hence 

^ 9(/7i, ^2, .^Q 

da:n^d(uj, 

Since ^ 4= ^ na^^st have SV . ^ — 0, and so bv 

OXn d{Ui, U2, 

hypothesis there is a functional relation between ^ 1 ,^ 2 , 
that is between Ui, Wn-i, into which u„ may enter, because 

iLn may occur in the set of equations (2) as an auxiliary variable. 
We have therefore proved by induction that there is a relation 
between •••! 

10-63. Alternative proof for three functions of three vari- 


ables. 

Ijot Ui s=/i (a;i, j? 2 , ^ 3 ; ( I j, 

W 2—/2 (^1, <2^2) ^3 

W3=/j(^1,^2,^3) ;3^ 


j T /V 

and suppose that «/ = ttt x ~ 

(i) Suppose that one at least of the first minors of ./, say ' ^ . ^ = 1 = 0 , 

c* } * 2 ^ 2 } 

then equations ( 1 ) and ( 2 ) can be solved for Si and ^2 so that 


(4), 

= W2, (5), 

and hence W 3=/3 (^1, ^2? ‘*^3)*= ^ (^» ^21 *^3) 


If we now prove that s- == 0 , then % does not depend on T3 , and (1*1 , Uj) 

is the functional relation sought. 
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0A 

dft 

CO^i’ 

dX2 

a/2 

a/2 

a^i’ 

CX 2 

¥s 


dxi^ 

dX2 


(r=l, 2, 3) 


Consider the determinant 

A I 

A=| ^ ^ , dux 

du2 

dU3 

and replace in it c?Wi, du^ and du^ by their values 

+ dxt 

CXi CX2 OXi 

obtained by differentiating the equations (1), (2) and (3). 

It follows that A=:0, since the determinants which are the coefficients of 
dxi and dx 2 each have two columns identical and so vanish, and the coefficient 
of dx^ is the determinant «/, which vanishes by hypothesis. 

If, however, the determinant A is expanded from the last column the 

coefficient of du^ is yy-'- , which is not zero, and we get an equation of 

the form 

dus=Aidui-hA2du2 (7). 

From equation (6) 

(8), 

dff 

and on comparing (7) and (8) we see that ^ ~0, and so 

0 X 2 

%=(?(»,, Kg) (9). 

Further, no other relation can exist which is distinct from the one just 
found, for if another relation £f (uj^ 7^25 'W3)=0 existed, on substituting for 
from (9) we should have 

H{Ui,U2,O(Ux,U2)}-^0, 
which contradicts the hypothesis that 

g(Xi,X2) 

(ii) If we suppose that all the first minors of J are zero, but say 
then on solving (1) for we get 
^1=5^1 (Ml, 

%=/2 (^1 f ^2, ^3) = <^2 (Ml , ^ 2 , ^3)» 

(j^l t ^29 ^3) ~ ^3 (Mi, X2f Xg ) ; 

as before we shew that the determinant 
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Similarly we shew that 
and so 




cGi 


- 0 . 


^3. _ 

8a*2 0J?3 


-0, 


The above proof is elegant and straightforward, but does not easily extend 
to the general case. 


10-64. Properties of Jacobians. 

Jacobians have the remarkable property of behaving like the 
derivatives of functions of one variable. A few of the important 
relations are given here, and the proofs ail depend upon the algebra 
of determinants. For simplicity the properties are stated in terms 
of two or three variables only, but they are evidently true in 
general, however many variables may be involved. 

I. Let oc and y be tiuo given variables, and u and v two functions 
u^u{x,y\ v^v{x,y\ 

and suppose that x and y are themselves functions of the two 
independent variables ^ and t], then, if all the differential coeficients 
conceimed exist, ^ 

d(u, v)^ d(u, v) d(x, y) ^ 

d{x,y)d{^,~v) 

This is immediate, for 


du 

du 


du dx d u dy 

du dx 

du dy 


drj 


dx d^ dy of * 

dx dr} 

dy d-y} 

dv 

dv 


dv dx dv dy 

dv dx ^ 

dv dy 


drj 


dx 3f dyd^* 

dx dr} 

dy d'Y} 


and the second determinant is the product of the two determinants 
on the right-hand side of (I), by the rule for the multiplication of 
two determinants. 


II. If ^ = u and 7} = v, then from (I), on assuming the existence 
of the two inverse functions x and y, 

x = x{u, v\ y = y(u, v). 
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By the theorem in § 10’61 we know that if the functions u and v take the 
values and the point (^o> ^o) if their Jacobian does not vanish at 
this point, then ^ and y are functions of u and v which are continuous in the 
neighbourhood of the point (wqj %); and further, these functions are single- 
valued and possess first order derivatives. 

III. Let u — u{r, s, t),v^v (r, s, t), where the variables i\ s, t are 
themselves functions of the independent variables x and y, then 

d (tt, jO _ 8 (u, v) d(r, s) d(% v) d(s, t) d (u, v) d (t, r) 

d(a, y)~d {r, s) 3 {x, yy {s, t) d (x, y) d (t, r) 3 {x, y) 

(!)■ 

, du dudr duds dudt 

We have 35 = Fr ^ + 3i ^ 

dy drdy ds dy dt dy ^ 

0 ( i£ 

and if we substitute these values in the Jacobian ;r- 7 -^ — { we ^et 

a (x, y) ^ 

B (u, v) du d (r, v) du d (s, v) Bu B (t, v) 

B {x, y)'^ Brd {x, y) ds B{x, y) dt d (x, y) ^ 

which is a linear expression of the Jacobians of (r, v\ (s, v) and (t, v) 
T\dth respect to x and y,' * 

Now in each Jacobian on the right-hand side of (4) substitute 
Bv Bv 

the expressions for ^ and which are analogous to (2) and (3) : 

each of these Jacobians will be given as a linear expression of the 
Jacobians of (r, 5 ), (s, t) and (t, r), since those of (r, r), ( 5 , s) and 
(t, t) of course vanish. Thus we see that the terms which involve 
the Jacobian of (r, s) are 

du Bv d (r, s) du Bv 8 (s, r) 

dr Bs d (x, y) Bs dr 8 (x, y) ’ 

B (u v') 8 (r s) 

and this is equal to ' ( , the first term on the riffht of (1). 

^ d(r,s)d{x,yy 6 V ; 

Similarly we obtain the remaining two terms, and the formula is 

established. 

^ote. Formula (I) is analogous to the formula for the derivation of a 
function of a function ; if and x—g (i), then 

dy 

dt ^ due dt * 
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formula (H) corresponds to the relation 

jdx 

S ! dy"' 

and formula (1) in (III) is the analogue in Jacobians of the formuia(2) which 
involves oixiinary partial derivatives. 


EXAMPLES X. 


V 


1, If ixi—U‘^mi^yy=v-’Uv^^ find the values of in terms of m and r. » - 


2. The equation 3y = + 3 defines z implicitly as a function of r and y ; 
prove that 



3. Shew that all the functions z = (j>[X, y) which satisfy the difierential 
equation 

qh'-^pH^^pqs 

may be expressed by the solution of the equation 




where f and g are arbitrary functions. Give the geometrical significance of 
this result 


[See § 10-31.] 


4. The thi’eo variables jr, y, z are connected by a functional relation : prove 
that 

/Cx\ ~ ^ c^x __ cz* cz dh 
\dz) dydz~^^ ca^ cx cxiy 


where on the right-hand side the independent variables are x and y and on the 
left-hand side they are y and s. 


^ 5. (i) If = sin x oosh y, log (x’-j-y) 4- 2y- - 3 tan 4 = 4, explain all the meanings 

of 2^ and calculate it in each case, 
ox 

Bx cy 

^ (ii) If z^u^v\ !A--“r + x = 0, M-bt?2-y=0, find ^ and ^ whenever they 
have a meaning. 

6. The variables 2 and u are each functions of x and y defined by the 
equations 

{2 -/{m)}» = x2 y- - M*), {2 -/{«)!/' (“)“ : 


CZ dz 

IT- ~ =*jrv. 

ox oy 


prove that 
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7. If py V and t are three variables connected by a functional relation 

^)=0, prove that 

dp dt dv ^ _ 

dt cv ’ 

and explain the meaning of each of the partial derivatives. 

8. If ^ is a function of x and y defined by the equations 

z^ax+pf{a)-h<j>{a\ 

0=r+y/'(a) + <#)' (a), 

and a is an auxiliary variable, prove that, whatever the functions / and ^ 
may be, the relation 

is satisfied. Interpret the result geometrically. 


9. If a? is a function of i while a, 6, c and d are constants, 

prove that ^ 

”7 “IVyV » 

where dashes denote derivation with respect to t 


10. Prove that log x is not an algebraic function of a, 
f S jX 

[If y=log:r~ / — were an algebraic function, y would have to satisfy an 


irreducible algebraic equation of the form 

/(r,y)=0 (1). 

Now dy=dxlx (2), 

and on differentiating (1) we get 

fzdx-\-fydy^O, 

and so from (2) ^/*+/y=0 (3). 


Now (1) and (3) must hold for all values of but since (1) is irreducible, 
if one of its roots satisfy (3), the others must ail do so. Let yi, ys) yn 
denote the n roots of (1), then 


dx j dx j 


dx J 

~z=^dyr, 

X 


dx 


«^yi+dy2+...+c?y», 


and so 


f 


'dx yi+.y2+...+y» i?i(3?) 

X n n * 


where Ri {x) is a rational function of x. ties now Theorem 3, § S'l.] 
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11. (i) Prove that, if a > 0, 0 as r oo . 

[This is most easily proved by the theory of indeterminate forms, § 4*51. 
Xn alternative proof is as follows. Let p>0, then when <>1, 


ind so 


or 

log X < (a-P - l)/p < i-P/p, 


when 1. Since a >0, ^ can be chosen to be less than c, and 
0 < (log (r > 1 ) : 

but since a >p, the last term 0 as a? oo . Hence the theorem.] 

(ii) Shew similarly that, ifa>0, ~-*-0as^-*^ac. 

[The above results are frequently stated loosely as follows : log x tends to 
infinity slower, and e* tends to infinity faster than any positive power of x] 

12. (i) Transform the expression 



by the substitution x—lu^ mv, y = - mu + Iv^ 
where I and m are constants and ^+m‘**~l. 

(ii) Transform the expression 



by the substitution x—u cos v, y—u sin x 


13. By putting Q—ai^E^ and changing the independent variables x, y to 
t?, where u—yix and transform the equations 


m 'cG ^ 


cU cU „ 

cx ^ Cy 


Hence shew that G = 
arbitrary functions. 


’jf^<t)(ylx) and U=:yj/(xy\ where tp and p denote 


14. A set of three variables x, y, z is connected with another set w, r, w by 
the equations 

yz+zx+xy^v, xyz=^w; 


prove that 


2{2x-y-z) 

dw^~ {{x-y) 


15. Ifx = cuv, y==:c{(l +te^) (1 - where c is a constant, shew that 



where V is any difierentiable function of x and y. 
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Prove that the volume of the greatest rectangular parallelepiped that 
can be inscribed in the ellipsoid 


. Babe 




,17- Investigate the maxima and minima of the functions 

(i) 

(ii) 

(i ii ) M =* “ 5 ^- — Bxy - 6y-. 

18. Find the stationary values of the function 
u^e~^ {x—y-^2z\ 

where 


19.^he variables a;, y, z satisfy the equation 
shew that, if <#> (a)=c?4=0 and <f> (a)=#0, the expression 

/(^)+/(y)+/» 

is a maximum when x=^y=‘Z — a provided that 


/ <#>' (“)l ^ 


20. Find the shortest distance between the points yi, ^i) and 

h)> if Pi lies in the plane .r 4-y + and lies on the ellipsoid 
a^ja^ 4-y^/62 + ~ 1 . 


21. Find the points of the circle Ix-^^my-^nz^O at which 

the function 

u = cu%^ + by^ 4 “ cz^ + 2fyz + Byzx + 2kxy 
attains its greatest and its least values. 

22. ''^ind the greatest and least distances from the origin to the curve of 
intersection of the surface 

(,t 3 -|-y2 22)2 a V + 6 V + cV 
and the plane Ix-hmy-^nz—Q. 

23. If a, b, c are positive and 

u = 4- 6^2 ^ 4- 6y® 4- = 1 , 

shew that a stationary value of -m is given by 


2a(/i4-a)* ^ 26(p4"S)’ 

where p. is the positive root of the cubic 


2c (^4 c)* 


- {be 4co.4a/) ; ^ - 2a^c»0. 
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24. Find the condition that the expressions are 

connected with the expression 

cz^ -h 2 fyz + '2gzx 4- 2^4:^ 

by a functional relation. 

What is the geometrical significance of the result? 


26. 


. (»i=l, 2, n), prove that 




26. If 4?i*=co3Wi, 4r2=cos?^2smwi, ots = costas sin sin Wi, shew that 

Extend this result to the n-dimensional case. 


r= -sin^Misin^ J^sinws. 


27. Prove that if /(0)=0,/'(4?)=:l/(l then 

[Use Theorem 2, § 10*62.] 

28. Prove that the three functions ?/, v, w tire connected by an identical 
functional relation if 

(i) u^X’\-y-z, 

/-V . ^ y ^ 

(ii) — ; 

' y-z z-x x^y 

(iii) u^j^-\':Ji^i’Xh-z^{x^y-\’z)^ r=r-fj, 4-4:3/ 

Find the functional relation in case (i). 


29 .^ If UjV, w are functions of the four independent variables xg, r^, 
and if 

d(u,v,w} d(u,v,w) d(% V, w) 

^3(jr2,4r3,4;4)* “ 8 ( 4 : 4 , “?(4rj, %, JgV 

?Xi ?r4 8x3 ‘ 


prove that 
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DOUBLE INTEGEALS 
111. Area and volmne. 

We have already considered the concept of the length of a 
plane curve, and the length of a curve was defined in § 8*6, but 
we have not yet given precise mathematical definitions of area 
and volume. 

The definition of the integral of a function of one variable f{x) 
with respect to x depends upon the sub-division of the range of 
integration (a, 6) into a finite number of sub-intervals, and the 
integral may be described as the analytical substitute for a certain 
area, namely that area bounded by the curve y=/(^), the axis of 
X and the two ordinates at ^ = a and x—h. 

The obvious extension of this definition to a function of two 
variables f{x, y) follows by subdividing a rectangle R into sub- 
rectangles, and the double integral of /(^, y) with respect to x and 

y can be defined in a similar way to that used for defining f f {x) dx, 

J a 

Double integrals bear the same relation to volumes as single in- 
tegrals bear to areas. 

All our previous references to ^^area'* have depended upon 
geometrical notions, and such areas as were required have been 
tacitly assumed to exist. We now give a precise mathematical 
definition of “area.” 

11*11. Definition of area. 

Let S be any set of points in the a?y-p]ane supposed bounded 
by a rectangle R, Subdivide R into sub-rectangles prg by lines 
respectively parallel to Ox and Oy*: from these sub-rectangles 
form two classes by selecting the ones with the following properties: 
(1) class JJ contains all the sub-rectangles which contain any points 
whatsoever of S, and (2) class L contains all the sub-rectangles 
which consist entirely of points of S, Class TJ evidently contains 


* See Pig. 22, p. 280. 
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class L. Let the total area of all the sub-rectangles in 17 be denoted 
by A, and the total area of all those in L by a*. 

The lower bound of the numbers A corresponding to all possible 
inodes of subdivision of R is called the outer content of S, GS, and 
the upper bound of the numbers a is called the inner content^ CS. 
Evidently it is true that CS ^ CS, 

If the outer and inner contents are equal, the set S is said to 
have an area, which is measured by the common value of the two 
contents. This area, when it exists, can be shewn to have the 
fundamental properties, and to agree with our intuitive notions 
of area. 

Curves which possess a length have been called rectifiable curves. 
Such curves have no spatial measure. This result is very important, 
and we therefore prove the 


Lemma. A rectifiable curve possesses zero area. 

Let L be the length of the curve, and suppose that the curve is 
divided into n pieces of equal length. With each dividing point as 
centre describe a square whose sides are of length 2L'n: there are 
n + 1 such squares and they certainly enclose the curve* The total 
area of these squares is 




n 7 


, 71 4- 1 


and since this can be made as small as we please by increasing n, 
the area in question must be zero. 

Thus the area of a set of points bounded by a closed rectifiable 
curve is unaffected by the inclusion or exclusion of the boundary. 

The above definition of area of course applies only to a plane 
set of points: the concept of the area of a curved surface is a 
more diflhcuit one to which reference will be made in the next 
chapter. 


11*12. Definition of volume. 

To avoid repetition it is merely necessary to state that volume 
can be defined in just the same way as area, the rectangles being 
replaced by rectangular parallelepipeds. 

* The area of a rectangle is of course taken as fundamental, and is given by the 
product of the lengths of its sides. If the rectangle have sides of lengths a and 6, 
the area is ab. 
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In the same way as rectifiable curves possess no area, a regular 
surface* possesses no volume. 

Length, area and volume are special cases of the general concept of measure, 
which plays a very important part in the theory of Lebesgue integrals. It is 
one of the fundamental properties of measure, however defined, that if m > n, 
a set of points in ?i-diniensional space has no j?i.-dimensional measure. 


11-2. Double integrals. 

Since the fundamental two-dimensional interval is a rectangle, 
we first define a double integral over a rectangle. It will be seen 
later that the extension of the concept of a double integral over 
domains other than rectangles is easily made, and that in practice 
the evaluation of such double integrals is effected by a simple 
artifice. 



In order to define a double integral the only notions required 
are those of a bound and of the area of a rectangle. 

Definition. Let / (x, y) be any bounded integrand, m and M its 
lower and upper bounds in the range of integration, which is a 
given rectangle R. Divide JS, by lines parallel to the axes, into suh- 
rectangles prg, the areas of the latter being, for simplicity, denoted 
by the same symbol as the sub-rectangles themselves. 


A regular Burface is defined in § 12*21. 
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Let Mrs, oe the bounds of f(x, y) in f;,,: fona the sums 

S = S S Mrsprs, 

r=l #=x 
n m 

S = ^ 'S. MrsPrs-, 
r=l a=l 

these are the upper and lower approximative sums. 

Evidently S'^s, and both S and s lie between mA and if A, where 
A denotes the area of R: since they are roughly bounded the 
approximative sums S and s possess exact bounds. The lower bound 
of the upper suras is denoted by J, the upper bound of the lower 
sums by I: if / = J, then /(x, y) is Eiemann-integrable in R, and 
the common value of I and J is the double integral of f {x, y) 
over R and is denoted by 

/ 

Exactly the same process may be applied to define triple integrals through 
a given rectangular parallelepiped T, so that we can similarly detine 

Properties of the double integral. 

Since the definition of a double integral is analogous to the 
definition of a single integral, it is not necessary to repeat the proofs 
of theorems given in Chapter vil. For example, in order to shew 
that the definition given above is valid, it is necessary to prove that 
/ ^ J. For convenience we state here some of the main properties 
of the double integral: let us denote the value of the double in- 
tegral of / {x, y) over R by JD, then 

( 1 ) 

(2) m A ^ D ^ il/A, 

where A denotes the area of R, The result (2) is the first mean^value 
theorem for double integrals. 

If f {x, y) is continuous in jR, we have the theorem that 

where v) some point m IL 


10 


PA 
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(3) The condition of integrahility. 

Since it is sufBcient for integrahility that J—I<€. As in 
Chapter vii it can be proved that it is necessary and sufficient for 
integrahility that there should exist a pair of approximative sums 
S and s such that 

S — S<€, 

(4) Important oases of integrahility, 

(i) Every continuous function is integrahle. 

The proof of this theorem follows the same lines as the proof 
given in §7*81 for single integrals. The reader is admed to write 
out the formal proof as an exercise*. 

(ii) A function is integrahle in a given rectangle R if its dis- 
continuities form a set of zero area. 

Since the set of discontinuities has area zero, it can be enclosed 
in a finite number of rectangles of total area less than € : denote 
these rectangles by In R — d the function / {x, y) is continuous, 

and so we can divide R — d into a finite number of rectangles in 
each of which the oscillation of f{x, y) is less than e. When R is 
divided into sub-rectangles prs (some of which are the rectangles 
d mentioned above), we have 

^ s = (ii/rs Pfg 

= (-^rs ^rs) prs “h (-^r* ^rs) Pr$ 

(d) (M-d) 

4:{M — m)Aa + €A , 

where A a, A^^d denote the areas of the rectangles d, and of the 
rectangles R — d; hence 

S — s<{M- m) € -1- eA 

and this is small with e; and so the condition of integrahility is 
satisfied. 

(iii) If the discontinuities of /(a?, y) lie on a finite number of 
rectifiable curves, f (x, y) is integrahle. 

This is immediate in virtue of the Lemma in § llTl. 

* The theorems on continuons functions were proved in Chapter m for functions 
of one variable only, but they are all applicable to functions of more than one 
variable, generally with only slight changes of wording. 
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11*22. The calculation of a double integral. 

We have defined a double integral in such a way that ita 
properties are readily obtained, but we have not shewn how to 
evaluate a double integral. We now shew that the evaluation of a 
double integral can be reduced to the successive evaiuatioiis of two 
single integrals. The fundamental theorem is as follows. 

Theorem. If / (^> y)I^dy exists, where It is the rectangle 

rb 

and if also j / (ar, ij) dx exists for each value of 
- 

y in (a, yS), then the repeated integral 

la 

exists and is identical with the double integral 

Subdivide R as usual into sub-rectangles prt . In we have 

(I); 

if y be fixed, we are concerned with a function of one variable only, 
and by the mean- value theorem for integrals 

CXf 

77lrs {Xr - iPr-l) < /(^, y) dx < {Xr - (2), 

and this inequality holds for each value of y in y«). If the 
integral in (2) be denoted by since the function 6{y) is 

bounded in (ys_i, y^), then 

p 

mn {xr - Xr~i) (ys - y,-i) Mrs (xr - Xr^i) (y, “ • -(3), 

where I' and T are respectively the lower and upper integrals of 
<j) {y) in (y,_i, y,), namely 

1^' <f>{i/)dy and 4>{y)dy. 

Is, -I Jy,-i 

Our object is to prove (i) that I' = J' and (ii) that the repeated 
integral is identical with the double integral. 

On summing the inequalities (3) we get* 

s^\ dyj f{x,y)dxi^S (4\ 


* The inequalities (4) are to be interpreted as representing concisely two distinct 

"(3 

9 {y) dy lie between the two 


statements, namely that both j <f> {y) dy and I 


earns s and S, 
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where 5 and ^ are the lower and upper approximative sums for the 
double integral over R. It follows that 

I< \ dy^ f(x,y)dx^J, 

but since, by hypothesis, the double integral exists, / = J and so 
the unique integral 

f/3 rd 

I dyjy(x,y)dx 

exists, and it must coincide with the double integral. 

Corollary. If the double integral exists, the two repeated 
integrals cannot eodst without being equal. 

It is therefore sufficient for the changing of the order of the 
integrations in a repeated integral, 

dy [ f{(c, y)da:=\ dx f /(«, y)dy, 

that the integrand should be integrable with respect to both 
variables, in other words that 

should exist. 


11*221. Extension to triple integrals. 

Suppose that ^jj^f{x,y,z)dxdydz exists, where T is the rectangular 

parallelepiped In a similar way it may be 

shewn that 

(i) if J f{x, y, z)(lx exists, then 

I A 

also exists and is equal to the triple integral ; or 

(ii) if j f(x,y, z) dxdy exists, then 

Ia * la \j^^' 

also exists and is equal to the triple integral. 

Thus if we can begin the calculation by a simple (double) integration we 
can complete it by a double (simple) integration. In any case if 

j A 

exists, it givers the value of the triple integi’al. 



285 


11*28] 


REPEATED INTEGRALS 


11-23. Kepeated integrals. 

Although repeated integrals are used to evaluate double integrals, 
the two concepts are quite distinct. The double integral is defined 
to be the common value of the bounds I and J of mo sets of 
approximative sums. The repeated integral 

rb 

I ^y\ 

J a. .'a 

is merely a combination of two single integrals: if y be kept tem- 
porarily constant f(Xy y) dx is a function uf y, say and the 
repeated integral is then 

£ 4>i.y)dy. 

There is no a priori reason why the order of the integrations 
should be reversible, and in fact it is not always the case. In the 
Corollaiy above we have given a sufficient condition for reversing 
the order of the integrations, namely that the double integral of 
y) over R should exist. The following example illustrates the 
fact that it is not always permissible to change the order of the 
integrations in a repeated integral. It is not possible to give mmiy 
simple examples of this*. 


Example. Prove that 




Consider the first of theae. We have to evaluate 




U7-;v 

when X is regarded as constant. Now 


/. 


1 






on integrating by parts. Hence 


i 


I 


i 


1-x 1 1 

„(S+3^3“'^-i(l+j)2 + ir‘‘’2(x + V) 2 j: (l+r)’’ 


* Sever 'll examples are given by Hardy in a paper in Froc. Londan Mu:h. Sec. 
XXIV (19tJ0), Reconu oj Procieding^y p. 50. 
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and so 


f T=^ 


/ I Jp W 1 

( y j3 tence tiie value of 

the second integral is found, 

I d^/ [ 

jo 

The reader may observe that in this case, if R is the square 

does not exist, since the integrand is undefined at the origin. 


11*21 Double integral defined as a limit. 

Just as in the case of a single integral, it can be shewn that a double 
integral, when it exists, is the limit of a certain summation. 

If the rectangle R is divided into sub- rectangles prs and Vr») are the 
coordinates of some point in p,.,, then clearly 

^r$ {^rai Vra) ^ ^ray 

and so the summation 22/(fr«> Vra) pra (1) 

must lie between the approximative sums JS and s for the mode of subdivision 
considered. 

By a method of proof similar to that used for Darboux’s theorem, § 7 '22, it 
can be shewn that the sums S and s tend respectively to J and I as the 
number of sub-rectangles increases indefinitely in such a way that the dimen- 
sions of the greatest sub-rectangle tend to zero. The limit in question is of 
course a double limit. 

Thus if /(:i7, y) is integrable so that J=I, both S and s, and therefore also 
the summation (1) which lies between them, tend to the common value of 
J and I as the dimensions of the greatest sub-rectangle tend to zero. 

Although it is not easy to justify, we therefore see that there is an alterna- 
tive definition of a double integral by means of a limit as described above. 


11*3. Dissection of a domain, 

A two-dimensional domain is said to he dissected relative to the 
cms o/ 2/ when it is divided by lines parallel to that axis into a 
finite number of pieces, each piece being bounded above by a 
curve below by a curve y— (pi(oc) and at the sides by 

lines parallel to the axis of y. The functions {x) and <^2 (^) are 
assumed to be single- valued continuous functions of x. 

Similarly dissection relative to the axis of x may be defined. 
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If a two-dimensional domain does not itself satisfy the condition 
that its boundary is met by a line parallel to either axis in not 
more than two points, by suitable dissection parallel to either or to 
both the axes, the domain may be divided into a finite number of 
pieces, each of which does satisfy the required condition. 



11*4. Theorem. If y) is a continuous function throughout a 
given domain J), which is bounded by a finite number of rectifiable 

cujDes, then jj f(x, y) dxdy exists. 

Let us define a function fj}{Xy y) as follows: 

/n y) = y) points inside D, 

= 0 elsewhere. 

Now fj)(x, y) is certainly integrable in any rectangle R which 
completely encloses the domain D, for the only discontinuities of 
/n (^j y) boundary of D which consists of rectifiable curves, 

and so, by case (iii) on page 282, /z) (a:, y) is integrable in R, and 

)|^ /(®. ^)d^di/= j y)dxdy. 

11*41. Double integrals over domains other than rectangles. 

The artifice used in the preceding theorem is the one which 
enables us to define a double integral over a domain which is not 
a rectangle. In order to integrate / (x, y) over any plane area A 
whose boundary is a simple closed rectifiable curve, we need only 
define an auxiliary integrand fji{x, y) which coincides with f{x, y) 
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at all points inside A, and which vanishes everywhere else. Then, 
if {x, y) is integrable in a rectangle R which completely encloses 
the area A,f{x, y) is integrable in A and 

I j ^ /(«, (j^/j (^. y)da:dy. 

For evaluating integrals over a domain such as A, we avoid the 
formation of the auxiliary integrand by suitably adjusting the 
limits of integration in the repeated integrals. 



Let a and ^ be the extreme values for y, and suppose that the 
area A is such that its boundary is cut by any line parallel to the 
^•-axis in not more than two points. Let the points at which the 
line at height y,{a<y< cuts the boundary of the domain i. 
have abscissae xi and x^ which are, in general, functions of y, then 

fL I y) 

Similarly by taking a line parallel to the axis of y, if y, and y, 
are the ordinates of the two points at which this line cuts the 
boundaiy of jl, and a and b are the extreme values for x, 

[I f(«!<y)dxdy=f dxfy{x, y)dy. 

•d A ^ O, J Pi 

When the domain A does not itself satisfy the condition that its 
boundary must be cut in not more than two points by a line 
parallel to either axis, but can be dissected in such a way that each 
of the pieces so obtained shall satisfy the condition, the result for 
the entire domain follows by addition. 
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Example. Find the value of j 
by the axU oj a*, the ordinate at x 


xydxdy^ where J is the domain hou:id&J 

A ^ 

-tt, and the arc of the parabola x-^4ap. 



Let PQ be the line at height^, theu the abscissa of P is ^^(4ay) and of ^ 
is 2a, hence 


I I xydxdy^ I dy I xydx^ I dy I xydx 
J J A jo J xx J ^ J «’{4ay} 

f I «'(2a'‘-2ay)rfi^=io*. 

.'0 L"J*/{4a8r) jo 


The reader should verify that the same result is obtained if be taken 
parallel to the axis ofy. 


11-6. Tlae connection between double and curvilinear integrals. 

The fundamental theorem is the two-dimensional form of Green’s 
theorem, and, as we shall see, this theorem plays a fundamental 
part in the subsequent development of the theory of double inte- 
grals. We first prove the 

Lemma. Let 0 be the boundary of one of the pieces inki which 
a given domain has been dissected relative to the axis of y, then if 
<I>(.r,y) is continuous throughout the domain, 

I , 

{.r, i/) dx = — I (d >2 — <Pi)dx. 

J c '■ .2 

lohere a and b are the abscissae of the straight boundary lines 
parallel to the y-axis, <l >2 = {<r, <f >2 CL^^d d-'i = <I> \x. (pi (.r i}. 

j <P {X, if ) dx =1 {X, y)dx+ I 4>{x,y)dx 

Jo " ' - 0, J r, 


Now 
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(see Fig. 23, p. 287), since curvilinear integrals with respect to a 
vanish along the straight boundary lines parallel to the ^-axis. 
Hence 

J ^(a!,y)da! = J <P {a:, <^i («)} da; + [x, (a;)} da; 

= -[ (4>2-4>i)da:, 

J a 

which proves the lemma. 

Similarly if G now denotes the boundary of one of the pieces 
into which the domain is dissected relative to the ic-axis, 

'ir (x, = J (’Fa - 'Fi) d^. 



Fig. 26 


The two-dimensional fokm of Gkeen's theorExM. 

Zet D be a given domain, C its boundary, P (x, y) and Q {x, y) 
given integrands such that* (i) G is a regular curve, (ii) D can he 
dissected relative to either axis, (iii) P {x, y) and Q (x, y) are con- 

dO dP 

tinuous in both variables, and (iv) and are also both continuous 

'ex oy 

over D, then 

j^(Pd^ + Qdy) - (g - d^dy. 

The theorem can be divided into two parts : 

( 1 ) //<*»-///! ( 2 ) l<ldy.Jl2d.dy. 

* The conditions stated are the standard conditions ” ; they are sufficient but 
not necessary. 
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consider the second of these. Since curvilinear and double integrals 
are both additive for ranges of integration, it is sufficient to prove 
(2) for one of the pieces into which D can be dissected relative to 
the axis of x. Consider such a piece as that shewn in Fig. 26. 

Since ^ is continuous, the double integral in (2) may be evalu- 
ated as a repeated integral, and so 

= f Qdy 

J c 

by the lemma. 

Similarly the first part can be proved. 


11‘51. Deductions from Green’s theorem. 

We now consider two useful deductions from Green’s theorem; 
the first concerns curvilinear integrals for area, and the second is 
Cauchy’s fundamental theorem on regular functions of a complex 
variable. 

I. Curvilinear integrals for area, 

(i) If Q = iT, P = — y we get at once 

{xdy -ydx) = 2 Jj dxdy = 2^, 

where A denotes the area of the domain D. 

(ii) If we put either Q=:0, P = ~^y or P = 0 we get 

similarly 

^ — I ydx = I xdy. 

Hence the area of a closed domain D is given by any one of the 
three equivalent formulae 

I ^dy, -( ydx, {xdy -ydx), 

Jo JC J c 

where G denotes the boundary of the closed domain P, to be described 
always in the positive (anticlockwise) sense. 
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II. Cauchy's theokem. If C be a closed contour endowing the 
domain D and if f(z) = P (^, y) + iQ C'p. y) be a regular function of 
2 + iyl that is to say (i) f(z) is single-valued, and (ii) /' (z) 

exists uniquely everywh&t'C in D, then 


f{z) dz == 0. 


By definition 


f{z)=^ lim • 


f{z+£^)-f{z) 


and as is required in Cauchy’s theory of regular functions, this limit must 
be the same by whatever path Lz approaches zero. By allowing Az to approach 
zero by two different paths we deduce the Cauchy-Riemann differential 
equations which F and § must satisfy if f{z) is to he a regular function of z 
according to Cauchy’s definition. 

(i) Let A 3 be taken along the axis of x so that Ax, then 


/'(3)= lim ‘ 




ox ^^'dx 


(ii) Let Az be taken along the axis of y, so that A 2 =z Ay, then similarly 




and since (1) and (2) must be equal, 

dx dy^dx 

Now 


I f(i;)dz=f (P + zQ) (dx 4- idy) 

Jo Jc 

= [ (Pdx-Qdy) + if (Qdx + Pdy) 
J c J c 


by Green's theorem. On using equations (3) we see that the inte- 
grand of each of the double integrals is zero, and Cauchy’s theorem 
is proved. 

Note on the amimptioiis required in the above proof. 

The proof which has just been given is the simplest proof of Cauchy’s 
theorem, but the assumptions required are more restricting than thase 
required in the more difficult proofs. The preceding proof requires the 
Hssuiuption of the continuity (or something approaching it) of the function 
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f'(z). The more difficult proof, depending on Goui-sat's Lemma ^ assumes 
only the eadstence (not the continuity) of f (z). The fundamental part played 
by Cauchy’s theorem in the Theory of Functions of a Complex Variable 
makes it important to be able to prove the theorem with the least possible 
number of restrictions on the functions concerned. The greater difficulty of 
the Goursat’s Lemma proof is due to the reduction of the restrictions on the 
function /' (2). 


11 * 6 . Transformations. 

Many multiple integrals can be more easily evaluated by chang- 
ing the variables and expressing the functions and the integrals 
concerned in terms of new coordinates. Before considering the 
change of variables in a double integral we shall consider the 
theory of transformation of spaces, dealing for simplicity mainly 
with two and three-dimensional spaces. 

If the coordinates of a point (a?, y, s) in three-dimensional space 
are related to the variables f by a set of equations of the 
form 

(IX 


Arhere the functions <^i, <^, (^3 are single- valued, we say that 
(a, y, syspace is a transformation of (f, 'C^-spacey and the trans- 
formation is defined by the equations (1). There is a single point 
{oSy y, 2) corresponding to a given point (f, tj, 5'), but a point 
(a?, y, 2) may be the image of several points (f, 77, f). If, given 
(sCy y, 2) there is only one point (|, t), of which the former point 
is the image, the transformation is said to be reversible. A sufficient 

^ i^c 1/ 

condition for this is the non- vanishing of the Jacobian ^-7 . 

^ ^ (I, m 0 

This determinant is known as the determinant of the transforma- 

tiony and, as we shall see, it plays a fundamental part in the theory 

of change of variable in a triple integral. 

If a; = </>! (f, 7 })y y -= <j>2 (E v) the determinant of the transforma- 

• n d(x,y) 

tion 18 of course . 

9 v) 


We shall speak of (^, 77, O'Space as the original space, and 
(^, y, .^)-space as the image space: properties of the original space 
may be said to be reflected in the image space. 


* Set^ Goursat, d'AuaUjs^, u, 76. 
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11 '61. Curvilinear coordinates. 

Suppose that we are given a transformation from (^, tj, {D-space 
to {x, y, A)-space, and that attention is primarily directed to the 
latter space, but the formulae in which x, y, z figure are incon- 
venient, and we wish, if possible, to replace them by formulae in 
which I, n, ? figure. Corresponding to any point P of («, y, z)- 
space there are one or more points Pi of the original space; the 
1), K coordinates of Pi may be taken as coordinates, of a kind, of 
the point P; they are the curvilinear coordinates of P. They may 
be obtained in either of two ways, (i) by the solution of the equa- 
tions of transformation 

a! = ^1 (^, 77 , $■), y=4>i(^,v, 0> ^-4>3 (?, V, 0 —(I), 
which in practical cases is usually difficult, or (ii) from a knowledge 
of the surfaces in the image space which correspond to constant 
values of the coordinates r), f respectively. The three sets of 


surfaces 


^ = a, 7? = P, S’=7, 


for different values of the constants a, 0 , 7 define a transformation 
just as well as the equations ( 1 ): they divide the image space into 
a network of cells, which is not of course rectangular. 


Example, 


The equation 






>(2) 


defines, for varying values of X, a set of confocal quadrics in the image space. 
It is known that through any point (.2:, y, z) there pass three of these quadrics, 
an ellipsoid, a hyperboloid of one sheet, and a hyperboloid of two sheets* 
The corresponding values of X, which are the three real roots of the cubic in 
X given by equation ( 2 ) when x, y, z denote the coordinates of the particular 
point in question, are the so-called confocal coordinates of the point (a?, y, z ) : 
we shall denote them by Xj, Xj, X3. 

The transformation is only reversible as far as one-eighth of the image 
space is concerned. Corresponding to one point (Xi, Xg, X3) there are, in all, 
eight corresponding points in the image space. 

From equation (2) we have 

F{\) s (a 2 - X) (62 - X) (c2 - X ) - ^2 (52 _ X) (^2 - X) 

- y 2 (c 2 - X) (a 2 - X) - 22 (a2 _ x) (62 - X ) = 0 ( 3 ) ; 


* It is assnmel that the reader’s knowledge of analytical geometry of three 
dimensions is sufficient to enable the above result to be taken as known. The theory 
of confocal quadrics can be found in any text-book on Solid Analytical Geometry. 
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and to find where the roots he, if we assume that the sign of 

F (A), for the important values of A is given bv the table 


X 

-oo i c- 

6“ j X 

F{\) 



1 T ; - ' - 



From the table we see that the three roots of (A)=0 are such that 
Ai<c^, c^<X^<,h\ 

and the positive octant of [x, y, r)-space is the image of an infinite slab of 
(Xi, Xg, X 3 )-space whose rectangular end is parallel to the AoXg-plaiie and 
whose infinite length is parallel to the axis of Xi for values of \ ^ c-. This is 
illustrated in Fig. 27. 

In this particular case the surfaces 

Xi=a, X2=^, ^3=7> 

where a, ft y are constants, are respectively an ellipsoid, a hyperboloid of 
one sheet, and a hyperboloid of two sheets in the (x, y, z)-space, these quadrics 
being members of the confocal system defined by equation (2). To any given 
rectangular parallelepiped in the original space, there corresponds a curvilinear 
region, bounded by portions of the above-mentioned quadrics, in the image 
space. 

It is a known property of confocal quadrics that the three quadrics which 
pass through any given point ( 5 :, y, 2 ) cut orthogonally. The elliptic trans- 
formation is a case of an orthogonal transformation : in practice orthogonal 
transformations are always used because of their greater simplicity and 
convenience. 
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11-62. Elements of length and volume in a transformed space. 
I. Let the transformation in question be defined by the equations 

« = (f. ’ll D. y = 4‘2 (I. n> v> 0 ■■ -(i), 

the functions concerned being single- valued and differentiable, then 


0^2 




•( 2 ). 


so that 


ds* = da.'® + dy® + dz^ 

= Hid^^+E^dn^ -f flgdf® -h 2J’idy d?+ IF^d^d^ + 2Jf’sdf dy 

( 3 ), 

where 

with similar expressions for If 2 and ffs, 
and = 

r 9^7 94 

with similar expressions for F2 and F3. 

The square root of the expression on the right-hand side of ( 3 ) 
is called the element of length in the transformed space. 


II. Let P be any point in {x, y, -2r)-space, and Pi the point in 
(?) which P is the image. Let Fi be the volume of an 

element of the original space, and suppose that Fi surrounds the 
point Pi. If F be the corresponding volume in the image space, 
under appropriate conditions the ratio F : Fi tends to a unique 
finite limit as the dimensions of Fi are indefinitely decreased; 
this limit multiplied by d^drjd^ is called the element of volume in 
the image space. We shall see later that its value is 


where J — 


d (x, y, z) 

d(^:v:~^y 


\J\d^d7jd^, 

the determinant of the transformation. 
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11-621. Elements of length and area in plane space. 

If the plane transformation is 

® = <#>1 y =^ 2 (?, 7 ). 

ds^=Ed^+-2Fd^in + Gdv^ ( 1 ). 


we have 
where 


0^0 0^2 
0^ W ^ ’ 


vaf; 


The square root of the expression on the rig^ht of equation (1) 
is the element of length, and similarly we get the element of area 

\J\d^dr^. 


where 


jj d(x,y) 

dilvY 


In the next chapter, when areas of curved surfaces are considered, 
we define in a similar way the element of length and the element 
of surface-area. 


11-63. Orthogonal transformations. 

Any transformation for which the three sets of surfaces 

^ = a, 7; = ^, r = 7 

form a triply orthogonal system is said to be an orthogonal trans- 
formation. 

Theorem. The necessary and suficient condition for the trans- 
formaiion 

® (?, -7. ?). y = <#>2 (?, 7. D. « = ^3(?,7.D 

to be orthogonal is that Fx — F^ = Fz^ 0. 

(1) It is necessary, for if the surfaces cut orthogonally at any 
point, the tangent lines at this point to the curves of intersection 
of the surfaces taken in pairs are a set of three mutually perpen- 
dicular lines. Consider the surfaces 

= ? = 7; 

then the curve of intersection of these surfaces has equations 

PA 


20 
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and the direction cosines of the tangent line to this curve are 
proportional to 

dcf>i d(f>2 903 

w w w* 

Similarly on taking the surfaces 

the direction cosines of the tangent line to their curve of inter- 
section are proportional to 

901 902 903 

dr] ’ dr] ^ drj ' 

These two tangent lines are perpendicular if 

9 _ 01 , 902 ^ ^3 903 _ ^ . 

9| 9^7 '^d^dv 9f ~9i7 

in other words if = 0. Similarly Fi = 0. 

(2) It is also sufficient, for if Fi — F 2 — F 3 —O the three equa- 
tions of the type of (1) above express the condition that the above- 
mentioned set of tangent lines are mutually perpendicular, and so 
the surfaces 

^=a, 17 = ^, 

cut orthogonally. The theorem is therefore proved. 

For an orthogonal transformation the element of length takes 
the simpler form 

+ S^dr)^ Szd^^), 

It can be shown that the fundamental magnitudes of space 
transformation are connected by the relation 


J^= 

3u 

Fz, 

F 2 


-f's, 


Fi 


F,. 

Fi, 

Es 


The proof is left as an exercise for the reader, since it depends 
only on the rule for squaring a determinant. 

In the case of an orthogonal transformation the element of 
volume \ J\d^dr]dt becomes d^drjd^. 
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11*64. Conformal transformations. 

A transformation is said to be conformal if the ma^itiide of 
angles is preserved, that is to say the magnitude of the angle 
between any two lines in the original space is equal to that of 
the angle between the corresponding lines in the image space. 
If da be the element of length in a given space, and ds the 
corresponding element in the image space, the necessary and 
sufficient condition that the transformation shall be conformal is 
that the ratio da : ds shall be independent of direction. 

Now 

ds^ = iTidp + H^drf^ + + 2F^drj + 2F,dl:d^ + 

and the condition therefore becomes 

1 1 1 0 0 0* 

in other words, = Fx — F^ — Fz=^ 0. 

Thus every three-dimensional conformal transformation is 
orthogonal 

For a plane conformal transformation 
da^ == dp -I- drf, 

ds^ 2Fcl^dv + Gdrj\ 

and so the conditions are 

E^F^G 

1 0 ■" 1 * 

otE==G, F=0. 

It is easy to shew that ^^ = 0 is the necessary and sufficient 
condition for the plane transformation to be orthogonal; hence a 
plane conformal transformation is also orthogonal*. 

11*65. The polar transformations. 

The polar transformations are so frequently required in practice 
for changing from Cartesian to polar coordmates that it is worth 
while making a special note of the fundamental magnitudes. 

* Tins result is also obvious from the detiuition of a coBfariml traa^forn.auon 


20-2 
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I. The plane polar tramformation. 

x—uco8<f>y p^usin<j>f 
ds^ =* du^ + d<f)\ 

II. Tka cylindrical polar tramformation. 

a?=?4cos0, y=uam(j>, 
ds^ == du^ >h U'd(j >^ + 

\J\^u. 

III. The spherical polar transformation. 

a?=rsin dcos<^, ^=r8in^sm(^, s=r cos 
ds^=^dT^-^rHe^-\-r^ sin^ 
|J|=r2sm^. 



11*66. Direct and inverse transformations of a domain. 

Suppose that the domain Aj of the '77)-plane transforms into 
the domain A of the {x, y)-plane. If Cx is a closed curve in Aj its 
image (7 is a closed curve in A, but the senses of 0 and Gi may or 
may not be alike : if they are, the transformation is direct, if they 
are not, the transformation is inverse. 

Thiis, for example, the polar transformation 

x —^ cost ], y=Jsini7, 

is d24'e€t. See Fig. 31 . 

The reflection transformation 

IS 27iverse. 



AREA IN CUKV’ILINEAR CIOORDINATES 


I li)6j 


mi 


It is possible to determine analytically whether a transformation 
is direct or inverse : the criterion is the sign of the determinant J. 
Ill the next section it is shewn that, provided that the Jacmum J 



Pig. 31 


does not change sign in z\i, the transformation is direct or inverse 
according as the sign of J is positive or negative. 


11’7. Area in curvilinear coordinates. 

Suppose that the domain Di is the interior of a closed curve Ci 
within the region Ai, and let D be the image of Di : then B wiii 
have as boundary a closed curve G ^vithin the region A. The area 
A of the domain B can be calculated by means of a curvilinear 
integi’al, and so 

A == j xdy, 

Jc 

where G is described in the positive (anticlockwise) sense. On 
changing the variables to f and t) we get* 

and by applying Green s theorem 



the sign being + or — according as is described in the positive 
or negative sense. On evaluating the integrand we see that 


A=± 



* The X .5* left ancr’aaK-’ii. 
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if the sense of Gi is positive. 



if the sense of Ci is negative, 


the signs being determined by Green’s theorem. 

Now A is essentially positive, and if we assume that J does 
not change sign in Ai, the sign of J must be positive in the first 
case and negative in the second. 

We therefore see that the nature of the transformation depends 
upon the sign of J, In either case we have the important result 
that 


11*8. Change of variables in a double integral. 

Before proving the fundamental theorem, it is convenient to 
state, in the form of a preliminary lemma, the result which is really 
the generalised first mean-value theorem for double integrals. The 
proof of the lemma follows the same lines as the proof of the 
generalised first mean-value theorem for integrals given in § 7'8L 


Lemma. If h {x, y) is a function which is always positive in a 
domain D, and if m^g(x,y)^M in D, then 


mjl h (x, y)dxdy^ jj h (x, y) g [x, y)dxdy43f jj h {x, y) dxdy 

^ ( 1 ), 

the integrals involved being assumed existent. 


Theorem. Let f{x, y) he hounded and integrahle in a domain D, 
then 

/ 

where ft rj) is the function obtained when x— y— 

are substituted for x and y in the function f {x, y\ and Di is the 

domain of which D is the image. 
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If the (^, T^Vplane is covered with a rectangular network formed of 
lines drawn parallel to the axes of f and 77 respectively, the domain 
Dj will be divided up into a finite number of sub-rectangles pn. In 
the {oSf y)-plane the domain D will be divided up by the curves 

into a curvilinear network. Let a„ be the cell of this network 
which is the image of prg* 




Let TTirs, Mrs be the bounds of f(x, y) in ar«, and hence also the 
bounds of /i(f, ?;) in pm then, by the lemma, 

mrs\\ IJldidv^ff lfl/i(^.v)didrj4Mrsf[ 

J J Pri J Prt ^rs 

( 2 ). 

The extreme members of the above inequalities are respectively 
equal to rrirsars and since, by § 11*7, 

ff |/lc?|<i77=[l dxdy = ars. 

J J Pfi - • art 

On summing the inequalities (2) over the sub-rectangles, we get 

t^mrsars^ lJl/i(i,7j)d^d7j^tlMrsart (S). 

Now 1*1* f{x,y)dxdy exists, and the extreme members of the 

inequalities (3) are approximative sums 5 and S for this double 
integral: it follows that 
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lies between two sums 5 and S which ditfer by as little as we please 
from 


f y) d^dyi 


the theorem is therefore established. 

Ejxtmple 1. Shew that the area in the positive quadrant enclo.^ed hettveen the 
four curves p^x—y^, q^x=^y^ is i (a~6) 

, Let us make the transformation then 


I Di 3 (li l) 


d^dri. 


3 1 / 3 (g, 1) J , 


IMiiH. 

l{x,yy 


M 

3| 


3a'2 

3d 

0^’ 

dy 


y ’ 


dq 

h 


f 


dx' 

% 

1 

x^' 

X 


=8^, 


= -] -_i 

3 (I, n) 8xy 8 v'{i7) ' 

Hence = = (p -?)• 

Example % Evaluate the double integral 

jj (1 — .-r -y)^ dxdy 

over the domain D hounded hy the lines a’=0, a’+y = 1. 

The simplest method is to use the transformation .y=^7i which 

may he written in the form 

y=bh 

Now 

J =j (1 -x-y)i dxdy^ jj^ (1 -,)i . (1 - d^d,,, 

where A the square and 

i 

= ^. 


3(^,y )_ -i 
3 (f, v) ri. 


Hence 


^ ~ fo (1 “ dri. 


These integi’als cannot be expressed in terms of ordinary simple functions, 
but they can be expressed as Beta functions (see § 8*21), and so we may write 

I). 
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Example 3. Prove that B (.n. n)= . 

FroiJi the definition of the Gamma function, if m > 0 we have 

r* 

r(7n)= / 

1 0 

ami on writing t—x^ we get 

Let US write ra(M)^2 I e~^*dx, 

Jo 

fa fa 

whence P^ (m) (w) = 4 J j 

a repeated integral which has the same value iis the double integral taken 
over the square 0 ^ 0 ^ y ^ et. On changing to p^lar coordinates we get 

Fa (m) (?? ) = 4 jj (r cos d;-”* ~ * (r sin ~^e~‘^^rdrdB 

taken over the square. 

Write Ia — 4j sin-»” i $ cos^^” ' ^ S drdB, 

and since this is a repeated integral equal to the double integral of the f:xiit?tion 
over the positive quadrant of a circle of radius a, 

4<ra(^)ra(n)</^2a 


But 


j;. 

/ I^w 

sin-** ” ^ ^ cos-”* 2' . 

Now B (m, 7i) = j 1(1— dx^ 2 sin^** “ i ^ cos**' “ i d cf^, 

on writing .r=cos*- B. 

From (1) and (2) we have 

B (m, /i) <ro(w2)ro(?i)<r42a(:‘^i+??^ Bfm, n) 
and on making a-i^ oo , the limit of the extreme members is r + a B (js, ;; i 

and the limit of the middle term is r (ni) F (n). The result is therefore 
established. 


11*9. Formulae for calculating volumes. 

(1) Volume found by single integration. 

If tlie solid whose volume is sought is cut by a variable plane 
perpendicular to the line chosen as the axis of a\ the area of the 
cross section of the solid made by any one of these planes is 
a function of x, say A (x). Let a and h be the least and greatest 
values of x for points of the solid, then 
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For the ellipsoid +^2^52^32^^2 — 1^ the cross section by an arbitrary 
plane is the ellipse 

52+C2-1 ^2» 

the lengths of the semi-axes of 'which are b ^ ’ 

and so the area A in question is n-bc ^1 > hence 

F=n-6c J" {l-^^dx^^itabe. 


( 2 ) Volume found by double integration. 

Suppose that the surface of the solid 'whose volume is sought is 
only cut in two points by a line parallel to the axis of z, and let 
Zi and Z2 (which are functions of x and y) be the ordinates of these 
points. Let D denote the portion of the (x, 2 /)-plane into which the 
solid projects, then 

F= JJ dxdy dz = JJ (z% — dxdy (1). 

If the solid has a plane base B in the {x, y)-plane itself, and is 
bounded laterally by a cylindrical surface with generators parallel 
to the axis of z, and above by the surface z^f{x, y\ then the 
domain D is the plane base J5, z^ = 0, z^^ z, and so 



It is sometimes convenient to change the variables in the double 
integrals (1) and (2) in order to simplify the calculations. 


EXAMPLES XL 

1 . (i) If B and & are the approximative sums as defined in § 11*2, prove 
that further subdivision of the rectangle R cannot increase B and cannot 
decrease s. 

(ii) If ^Si, refer to any two modes of subdivision of and 2, <r 

refer to the mode consecutive to these, prove that 

and deduce that J'^L 


2. Prove, by evaluating the repeated integrals, that 
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3. Evaluate 

where - 1. 

4. If M + iV=(j?4‘^y)^5 shew that the curves m = constant, r* constant, are 
two sets of con focal parabolas. 

If 0 be the common focus, and the two parabolas w= Mj, intersect at 
P, prove that 

rf dxdy 

jj 

extended over the area between the parabola = i^j and the lines O-T and OP 
is 2 ^ 12 ?!. 

6. If 1= dx, prove, by expressing P as a double integral, that 

and deduce that ^ e~*’cte=i 

6. Prove that the volume of the wedge intercepted between the cylindei 
j(^j(.y^=z%acc and the planes z^mx^ z^nx is tt (ti- w) aK 

7. Evaluate 

(i) r2 sin Q dr dd over the upper half of the circle r = 2a cos 6 ; 

(ii) j j* xdxdy over the first quadrant of the ellipse ; 

and 

(iii) find the integral ai x^ydx—y-xdy along the arc of the semicircle of 
q ,2 '^vhich lies above the axis of x, 

8. ^ Find the area of either loop of the curve J!r=sasin 2^, y=5co3 B. 

9. “^ Deduce from Green’s theorem that if (j) and \l/ are functions of x and y 

where C is the closed curve which forms the boundary of the domain D. 
Specify what conditions have been imposed on (p and yp. 

10. Establish the formula 

r(m)r(n) = r(m4-n) B(m, ti) 

by evaluating ^ ^ y"” ^ rf-r cfy 

over the positive quadrant by means of the transformation 


s/ 

11. Evaluate 


X’^y=u^ y=uv. 

/ dxdy, 


where D is the domain defined by i?^0, y^O, x^+y® ^ 1. 
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12. ‘*^Find, in terms of Gamma functions, the area enclosed by the curve 



13. Shew that the area bounded by the four curves 

f-ax\ x^=cy^, 

is ^(h\-aM)(d^-ci). 

14. Find the volume enclosed by the cylinder the paraboloid 

and the plane 3=0. 

IS^Find the value of 

r r - .'/)^+ 2 (« +2 /) + <^<iy i 

Jo/o i 

by means of the change of variables defined by the transformation 

y=i;(l + w). 

16. Shew that the volume common to the sphere and the 

cylinder is 

3 / 2 ^ 

^ ® \ 3 9/ 

17. Find the volume between the (a?, ^^)*plane, the elliptic paraboloid 

and the cylinder 

18. Prove that 

fa fx fa r a 

ds J{x, y) j ^ <% j ^ /(^> y) 

Deduce Dirichlet’s formula 

and, by applying this formula successively, establish the result 

... ^y-vY-^mdy. 


19. Find the centroid of a plane lamina in the form of a quadrant of an 
ellipse of semi-axes a and h (i) when the surface density is uniform, (ii) when 
it varies as the product xy. 

Find also the moment of inertia of this lamina (i) about the minor axis, 
and (ii) about an axis through the ceuti*e of the ellipse perpendicular to its 
plane, in each of the above cases. ' 


20. A system of curvilinear coordinates in the first quadrant is given by 
the two families of confocal parabolas 

— -~2ux-^ _ 2i\t ■+* ; 

rind the moment of inertia about an axis through the origin perpendicular to 
its plane of the region S bounded by two parabolas from each family. 



CHAPTER XII 


TRIPLE AND SURFACE INTEGRALS 
121. Introduction. 

Although in the preceding chapter double integrals were the 
main topic for consideration, it may be remarked that most of the 
theory of multiple integrals is illustrated by the two-dimensional 
case. In the last chapter, where the extensions were immediate, 
the corresponding results about triple integrals were given im- 
mediately after the theorems proved about double integrals. As 
we shall see, the formula for the change of variables in a triple 
integral is the same in form as that already proved for a double 
integral, and it is proved in a similar way by an appeal to Green’s 
theorem. Just as Green’s theorem in two dimensions establishes 
a relation between curvilinear and double integrals, the three- 
dimensional form of this theorem is a relation between triple 
integrals and surface integrals. It is therefore necessary first to 
consider surface integrals and the theory of area of curved surfaces. 

12’2. Surfaces, 

The equations 

X = /(w, u), y - (w, t?), z-h(u,v) f 1 ), 

where u and v are variable parameters, define a surfece. Since a 
surface requires only two parameters to define it, a portion of am^ 
given surface may be regarded as the image of a plane domain in 
the (u, f;)-plane. When the point (u, v) moves so as to trace out a 
plane domain D, the point (x, y, z) traces out a portion of the 
surface /S. We are assuming that the functions concerned in the 
equations (1) are single- valued and continuous. 

ExamfU. If 

r=K<a! sin ^cos(^, 3 ^=asin ^sin <|>, r = cicos^. 

then as B goes from 0 to Att and (jb goes from 0 to ^?r, the point .r,?/, traces 
out the surface of an octant of a sphere whose centre is at the origin and 
whose radius is a. 
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The parameters u and v may be regarded as curvilinear co- 
ordinates : if we divide the (u, v)-plane into a network of meshes 
by lines parallel to the axes, the curves 

u = a, v — 

where a and y8 are constants, divide up the surface into a network : 
this curvilinear network on the surface S in the (so, y, ^)-plane 
corresponds to the network of rectangles in the (u, v)-plane. 

In the above example if Q is constant the curves on the surface of the 
sphere are lines of latitude, and if ^ is constant the curves are lines of 
longitude. 


12*21. Kegular surfaces. 

The surface defined by the equations 

x^f(u,'o), y^g{u,v\ z^h(u,v) ( 1 ) 

is said to be a regular surface if the domain in the (u, t;)-plane to 
which it corresponds can be divided into a finite number of pieces 
within each of which none of the determinants 

-g) y) 

d (u, v ) ' d(u,v)* 0 {u, v) 

vanishes. These three Jacobians are among the fundamental mag- 
nitudes of surface transformations, and they are usually denoted by 

A, B, G. 

Over any elementary portion of a regular surface we can make 
the dependent variables independent. This is an immediate 
consequence of the fact that over an elementary portion of such 
a surface the equations defining the surface can be solved. 

If =1= means that the equations 

y^g{u, v\ z^h(u,v) 

can be solved for u and v in terms of y and z\ on substituting 
these values in the equation = f (u, v) we get the equation of the 
surface in the form 

a;-=F(y, z). 

Similar remarks apply if jB =j= 0 or C 4 0. 


The reader should observe that the usual form of the equation of a surface 
f=(j!>(:r, y) implies that the Jacobian 


c{u, v) 


#=0. 
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SURFACES 


12-22. Elements of length and area on a surface. 

Let the surface be defined by the equations (1) above, then since 

dx= du-\-% dv, 
du dv 

, dh ^ dh . 

az— dii-h— dv. 
ou dv 


we get 
where 


ds^ = Edu^ + 2Fdu dv + G dt^ (3), 

s , (ff f ^ + ?A I , 

\fln) \duj \diij du dv du av ou 

\dv) ^ Vc 


G= 

^dv 


(dvj • 


The square-root of the expression on the right of (3) is called 
the element of length on the given surface. 

Let P be a point on the surface, and Pj the point in the 
(Uy t;)-plane of which P is the image : if Ai be any plane element of 
area enclosing the point Pi, and A the corresponding element of 
area on the surface, under the appropriate conditions the ratio 
A : Ai tends to a unique finite limit as the dimensions of Aj tend 
to zero. This limit, multiplied by dud% is the element of area on 
the surface : it is found to be 

f{EG^F^)dudv. 


12’3. The area of a curved surface. 

As the length of a curve can be obtained by means of inscribed 
polygons, it is not unreasonable to expect that the area of a curved 
surface might be obtained in a similar way by means of inscribed 
polyhedra. For a long time this was the method generally employed, 
and standard treatises contained demonstrations to this effect. It 
was pointed out by Schwarz ^ that, even for such a simple surface 
as the cylinder, this method gives us no definite result, the areas of 
the polyhedra varying over a wide range with the shape of the 
triangles which form their faces. 

* Werke, ii, 309. See also i'iexpont. Theory of Functions of a Meal VariaoU^ a, 
§§ 603, 604. 
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Satisfactory definitions of the area of a curved surface have only 
been given within recent years, but unfortunately the preliminary 
ideas necessary for enabling an account of these theories to be 
given are outside the scope of this book*. In order to shew the 
reader something of the difficulties involved, W. H. Young’s 
definition of the area of a curved surface is given in the next 
section, but, for the reason just stated, it cannot be fully treated, 
and further details may be found in the original memoir referred 
to in the footnote. 

12‘31. Young’s definition of the area of a curved surface. 

The fundamental idea is obtained in the following way. Consider an element 
of the surface in question, and inscribe, in the skew curve which forms the 
contour of this surface element, a polygonal figure the lengths of whose sides 
shall be all less than a certain assigned number. Suppose that there are, 
acting along the sides of this skew polygon, vectors represented by the sides 
in magnitude, line of action and sense ; these vectors are equivalent to a couple. 

If we suppose that the magnitude of this couple tends to a unique finite 
limit as the lengths of the sides of the polygon tend to zero, this limit is 
defined to be the area of the skew curve. 

Let (7 be a circuit in space described in a definite sense, and let ( 7 i, Ug, Cg 
be the closed plane curves which are respectively the projections of the circuit 
G on the three coordinate planes ; and suppose that each of the three plane 
curves is described in a definite sense. Let the areas of the three closed curves 
^1) Gz be Cl , 02, a^d express them by the formulae for area in terms of 
curvilinear integrals f, 

«i=i/ (^dz-zdy\ 02 — i {zdx—xdz\ cts—i / {xdV'-ydxX 

J Cl JCi J Cs ' ' 

The vector a, whose coordinates are (ai, «2, cg), is taken as measuring the 
vector-area of O. The modulus of the vector-area, 

is taken to be the absolute area of ( 7 . 

Let S be any curved surface in {x, y, 2:)-space, and A the domain in the 
(m, 2;)-plane of which & is the image: corresponding to a division of A into a 
network of rectangular meshes we have a division of S into curvilinear 
meshes |3r,. bet be the absolute area of the perimeter of the circuit 
and write 

(T ~ 2 2 . 

* See W. H. Young, Proc. Boyal Soc. xcvia (1920), 72; and J. C. Burkill, Proc. 
London Math. Soc, xxn (1923), 311. 

t See § il-51, L 
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The number a- ia an approximation to tbe area of and the upper bound 
of the sums cr is defined to be the area of S. 

If drs is the projection of 3^, on the (j^^j-plane, then the area of the closed 
plane curve Ci arising from is 

dydz— j j Adudv, 

where ^ ^ as previously defined. 

The area a required is therefore, by definition, 

iUL ^ • 

By assuming for the functions 

X=f(u, i>), (u, v), (u, v) 


absolute continuity, it can be proved that 

limSa^ IJ^s/iA’^+B^+C^dudv (1)! 

and, on using Minkowski’s inequality for integrals, that 

%a^fl^J{A^+£HC^)duclv ( 2 ); 

hence lim Sa= j ■d(A^ + £‘^+C^) dudv (3). 


It is not within the scope of this book to discuss the concept of absolute 
continuity, and the proofs of the inequalities (1) and (2) are not therefore given. 
Further details can be found in the original paper to which reference has 
already been made. 

Enough has been said to shew the reader that the area of a curved surface 
has to be defined quite differently from the way in which either the length of 
a curve or the area of a plane domain has been defined. 

12'32. Note on other methods of defining surface-area. 

In view of what has already been said, the author is of opinion 
that the best elementary approach is on the lines of de la Vall4e 
Poussin*, who defines the area of the surface a priori by the 
integral (3) above. This method is described in the next section. 

It may be remarked that attempts to define the area of a surface 
as the limit of the areas of approximative polyhedra have generally 
been successful only if the surface has a continuously varying 


Cours (VAnalys^e Injinitesmale, i (1921), § 287. 
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tangent plane. Under suitable restrictions a surface can be proved 
to have the area given by the integral (3) above, by projecting an 
arbitrary element of the surface on to one of the tangent planes 
belonging to that element. Provided that, the normals to the 
tangent planes only cut the surface once, and the first partial 
derivatives of x, y, z with respect to u and v are all continuous, 
the limiting value of the sum of all the plane areas obtained by 
the above projection is the value of the area of the surface*. 

Instead of projecting the element of surface on to a tangent 
plane, another method is to project it on to a plane for which the 
projection is a maximum. Provided that the surface S has a 
continuously turning tangent plane nowhere parallel to the axis 
of Zy this definition leads to the same value for the area B as 
before. 

12’33. De la Valine Poussin’s definition of surface-area. 

Let A be the domain in the (u, ^)-plane of which a curved 
surface B in the {x, y, ^)-plane is the image. Suppose that the 
functions 

y^g{u,v), z:^h(u,v), 

which define the surface, together with their first partial derivatives, 
are single- valued and continuous in the regions concerned, and that 
the three determinants A, By 0 are not simultaneously zero in A. 
We define the area of the surface B a priori to be 

jj >^{EG-F^)dudv (1). 

It is easy to establish the identity 
and so the integral (1) is the same as 


JJ VCA^'i- B^+ C^)dudv ( 2 ). 

The element of area on the surface may therefore be expressed 
in either of the equivalent forms 

V(A^ 4 - £2 4 - ( 72 ) dudvy s/(EG -F^)dudv ( 3 ). 

* See Goursat, Cours d'Analyse^ i (1917), § 131. 
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The latter expression shews that the element of area is invariant 
for changes of rectangular axes, since it depends only on 
ds^ = dx^ 4 - dy^ + dz^ 

and this is certainly invariant. Hence the integral (1) is inde- 
pendent of the choice of the rectangular axes of reference Ox, Oy, Oz. 

Let us consider the geometrical interpretation of the integral (2); 
since the direction-cosines of the normal to the surface at any point 
are proportional to A, B, 0, if these direction-cosines are denoted 
by I, m, n, we have 

^ _ m _ n 1 

A~B~ G~ + 

If we suppose for definiteness that(7=j=0 in A, the geometrical 
interpretation of this is that the normal is not perpendicular to the 
axis of z, and it can be drawn so as to make an acute angle with 
this axis, so that, since n is positive, 

1^1 

and the integral (2) becomes 

WJ-^^dudv ( 5 ). 

If I) denotes the projection of the surface S on the (x, ;y)-plane, 
then on transferring the integral (5) to an integral over the plane 

domain D, since J = == i , we get 

d {x, y) G ^ 


ff ^ f61. 

iij) ^ 

Similar integrals are obtainable by assuming that 
The integral (6), and those analogous to it, shew that the value of 
the integral (2) does not depend upon the choice of the parameters 
u and V. It must therefore depend only upon the shape of the 
surface S. 


If the surface S does not satisfy the condition that the three determinants 
B, C must not be sinaultaneously zero in the domain A, but if we can 
divide up the surface aS into a finite number of pieces S,. (r= 1, 2, ti), such 
that the three determinants A, B,C are not simultaneously zero in earh of 
the domains (7*=I, % w), the above argument is applied to each piece 

Sr separately, and the results are added. 


21-2 



316 


TRIPLE AND SURFACE INTEGRALS 


[CH. XII 

The condition under which formula (6) was established, namely 
that (7 + 0 in A, is equivalent to the geometrical condition that 
the surface S, which is the image of the domain A, has no tangent 
plane anywhere perpendicular to the (a?, When (7 + 0 we 

know that the equation of the surface assumes the form 

z==(j>{x,y); 

now n == l/\/(l + 4- q^), 

and so the area of the curved surface S is given by 

1 V(1 +p^ + q^) dxdy (7). 

The reader is advised to verify that the above integrals give the right 
results for the area of elementary curved surfaces. For example, in the case 
of the sphere 

a7==a8in^) cos<^, y=sasin dsin 2 ==acosd, 
it is easily verified that 

E= a- sin*^ = 0, 

and so the area of the surface of the sphere is given by 

A= f f^d(£0-r^)ditclv= j I jiHin Ode d<j>. 

If 0 ranges from 0 to tt and (j) from 0 to 27r the point {Xy y, z) traces out 
the whole surface of the sphere, and so 

A — a^j slnBdB j d(f) — 47rai 

The calculation of the surface-area by means of the integral (7) is loft as 
an exercise for the reader. 

12'4. The sides’" of a curved surface. 

Let She a, portion of a surfixce which is bounded by a definite 
contour. The surfaces with which we shall be mainly concerned 
must possess two distinct sides: by this we mean that if a moving 
point traces out a path in any manner on one side of the surface 
it cannot come to the other side by any means save by crossing 
the contour which forms the boundary of the surface. 

An example of a surface which possesses two distinct “sides ” is a s])herical 
cap. Consider the portion of the surface of the sphere which 

lies between the planes z-c, where c<a; it is clear that on whatever 
“side” the moving point starts it cannot get to the other “side” without 
crossing the boundary, which in this case is the circle == a“ - c^. 
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It is easy to construct a surface which does not possess two distinct sides.” 
Cut out a rectangular strip of paper, and on one face of it mark the lettera 
A, C, D as shewn in Fig. 33. 



Fig. 33 


Give the strip of paper a twist in such a way that the two narrow edges 
come into contact with the letter C falling on A, and D on B, It will he 
found that the surface so formed does not possess distinct sides^ for a point 
may start anywhere on the surface and move without ever crossing the 
boundary and yet return to its starting-point on the opposite side of the 
paper from the one on which it started. 

Suppose that we have a portion of a surface defined by the 
equation 

s - («. y), 

and let the axis of z be vertically upwards as illustrated in Fig. 34. 



The side of this surface from which the outward -drawn normal 
makes an acute angle with Oz is called the wpjoer side, and the 
other side, which faces the {x, 2 /)-plane, is called the lower side. 
The half-line drawn perpendicular to the tangent plane at any 
point on the upper side in a direction outwards above the upper 
side may be called the upper norincd: the other half- line drawn in 
a direction downwards below the lower side Is the lower norynal 
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12‘4:1. Dissection of a three-dimensional domain. 

Suppose that we have a domain T in (a;, y, -^)-space bounded by 
a surface S : the domain is said to be dissected relative to the cms 
of z, if it is divided by lines parallel to Oz into a finite number of 
pieces, each piece being bounded above by a surface -S’ = ^2 y), 

below by a surface z = (j>i {x, y), and laterally by a cylindrical 
surface with generators parallel to Oz, If a domain T is dissected 
relative to the axis of z we shall suppose that for any piece the 
two surfaces = are such that the tangent 

plane at any point is nowhere perpendicular to the (^, y)-plane, 
except perhaps on the curves which form the rims of these two 
surfaces. Such a dissected piece Tr is bounded by surfaces which 
are only met by a line parallel to any one of the axes in two points. 

Similarly we define dissection relative to either of the other axes. 

12*4:2. Surface integrals. 

There are two kinds of surface integrals, (i) integrals with respect 
to cr, where da denotes an infinitesimal element of the surface S, 
and (ii) surface integrals with respect to y and z, or with respect 
to z and x or with respect to x and y. The former can be defined 
at once. 

Let f{x^y, z) be a function which is single- valued and continuous 
at all points of then if the surface S is defined by the usual 
equations 

aj = a?(w, v), y = y(u,v\ z=^z{u,v\ 
the function f{x, y, z) becomes F(u, v) and 


is defined to be 



f{x, y, z) da 



F{u, v)^/(EG-F^)dudv, 


where A is the domain in the (% z;)-plane of which S is the image. 

The latter type is defined by first dividing up the surface 
which is assumed to be regular, into pieces each of which has an 
equation of a particular form. Take, for example, the case of in- 
tegrals with respect to x and y. Suppose that S is divided into a 
finite number of pieces Sf each of which has an equation of the 
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form z — v{x, y) and no tangent plane is perpendicular to the 
{x, y)-plane; then if Sr is the projection of Sf on the {x, yj-plane, 

/ [s i //s /{*’ V' 2/)} 

the positive sign being taken for the upper side of the negative 
sign for the lower side of >SV. By adding the results for all the 
pieces Sf we obtain 

fL 

If any of the pieces into which S is divided are portions of 
cylindrical surfaces with generators parallel to Oz, these portions 
give no contribution to integrals with respect to x and y. 

Integrals of the second type can be transformed into double 
integrals over the plane domain A in the (u, -yj-plane. By the 
formula for change of variables in a double integral 


and so by addition we get 


dudv 


the side of S which is taken being determined by the sign of O'. 

Similar results hold for integrals with respect to z and Xy and 
with respect to y and z. 


1243. Relation between the two kinds of surface integral. 

We now shew that 

[ IfioD, y, z) da- = f dydz (1), 

where (ly m, n) are the direction-cosines of the normal to the surface 
S drawn outwards from the side of S in question. 

I m n 1 
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hence the left-hand side of ( 1 ) above reduces to 

1 F{u,v) -JiEG -F^)dudv==\\ ^F{u,v) A du dv, 

which is identical with the right-hand side of ( 1 ). 

12*44. Integrals over closed surfaces. 

If the closed surface S is of the simple oval type, such as an 
ellipsoid, and the axis of z is vertically upwards, the points at 
which the tangent planes to S are perpendicular to the {x, 3 /) -plane 
lie on a certain Wisted curve G drawn on the surface S, Each of 
the two parts into which S is divided by this curve G has two 
distinct sides. The outer side of the given closed surface S is the 
upper side of that portion of the surface which lies above the 
curve G and the lower side of the portion which lies below G. 

Green’s theorem (see § 12*5) connects a triple integral through 
a domain T with a surface integral taken over the closed boundary 
surface S of the domain T, 

In order to prove this theorem we divide up the domain T into 
a finite number of pieces by dissection relative to one or more of 
the axes Ox, Oy, Oz, For definiteness, suppose that the domain T 
is dissected relative to 0z» In this case we divide up the domain 
into pieces Tr bounded by surfaces S,., each of which consists of 
portions having an equation of the form z=v[x, y) and cylindrical 
portions with generators parallel to Oz, The only curves on S along 
which the tangent planes are perpendicular to the (», 3 /)-plane will 
be some of the boundary curves of certain portions Since 
surface integrals with respect to x and y are zero over any cylin- 
drical portion with generators parallel to Oz, the sum of the surface 
integrals over all the dissected pieces Sr is clearly equal to the 
surface integral over the closed boundary surface S of the domain T. 
Similar remarks apply to dissection relative to Ox and Oy. 

12*45. Change of variables in a surface integral. 

Let the surface S in {x, y, 5 )-space be the image of a surface Si 
in (f , 5 )-space, and let A be the domain in the (w, ?;)-plane to 
which both these surfaces correspond. Suppose that 
f{m, y, z) =/i (I, = F{u, v). 
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We have already seen that 

1 1 ^ /(«. 2/. dydz = F{u, (1), 

but* 

9 (?/. ^ 9 (y. ■g) 5(^ v) d {y, z) 8 {y, , 8 (y, g) 8(^, g) 

8(m, t;) d (^, Tj) d (u, v) d (t), d (u, v) d (^, ^) d (u, v) ’ 

and on substituting this in the right-hand side of (1), since 

l^^.dudv^dPdr), 
d(u,v) ^ ‘ 

we get 


II /(«> y> <i)dydz 


12*5. Green’s theorem. 


The three-dimensional form of Green’s theorem may be stated 
as follows. 

Let P ((c, y, z), Q (x, y, z)y R {x, ?/, z) be three given integrands, 
T a three-dimensional domain ; then if the functions 


P, Q, 


^ ^ ^ 

dx ’ dy* dz 


are all continuous throughout T and on S, its closed boundary surface, 
and, if the surface integral he taken over the outer side of S, 


[ (P dydz + Qdzdx + R dxdy) = I [1^(1^ + dxdydz 

U)- 

To prove the theorem it is sufficient to consider one of the three 
parts into which the formula (1) may be divided, say 

[[_^ Rdxdy= dxdydz (2). 

where and Tr refer to one of the pieces into which the domain 
L has been dissected relative to the axis of .s. 


See § 10*G4, m. 

t These are the “stande.rd conditions,” and they are sufficient but not necessary. 
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Now the right-hand side of (2) becomes 



where 5^ is the projection of the dissected domain Tr on the {x, y)- 
plane and Zi = (j)i{Xy y), y), where Z 2 >zi. The integral 

(3) therefore becomes; 


j j [B (a;, y, - R (x, y, z{)] dxdy (4) 

J J Xf 

The integral (4) is the difference between two double integrals 
which are respectively the same as two surface integrals, the former 
over the upper side of the surface z = (f )2 {oo> y) and the latter over 
the lower side of the surface ^ {x, y). In each case it is the 

outer side of those portions of the surface 8 which belong to the 
dissected piece Tr under consideration. Since integrals with respect 
to X and y over the cylindrical surface with generators parallel to 
the axis of z are zero, it follows that the integral (4) is the same as 


IL 


Sr 


Rdxdy, 


hence (2) is established. 

Similarly we prove the other two parts, and the result for the 
whole domain T follows by addition. 


12’51. Volume in terms of surface integrals. 


In Green's theorem, if we write P = ^, Q = 0, B = 0, we get 


[ f xdydz — ff I dxdydz 
JJs JJJt 


and so it follows that the volume of the domain T can be found by 
evaluating any one of the three surface integrals 


j*!* xdydz J ydzdx, j zdxdy, 


the integral being taken over the outer side of 8 in each case. 


12'52. Volume in curvilinear coordinates. 

Just as in the two-dimensional case, Green’s theorem is used to 
obtain the required formula. 



GREEN S THEOREM 


Theorem. If the transformation is defined by the equations 
then the integral for volume in the coordinates r), f is 

IW^yid^dvd^, 

9 ^<37 ?y 2 ^ 

where J = and Ti is the domain in (^, rj, ^)-space of which 

the domain T whose volume is required is the image. 

Let S and Si be the closed surfaces bounding the domains T and 
2i, then, if V be the volume required, 

F == jj xdydz 

“ jfsf {afro ^ siIt) lllf) ■ 

On applying Green's theorem we get 




Sd 9(f.’7)) 


d^drjd^, 


and the integrand reduces to 

dxd(y,z) dxd(g,z) dxd(y, z) _d(x, y, z) 

9? 9 {V. r) 93 ; 0 (r, I) ^ ar 9 (?, 9(1, 0 ^ 

since the second order derivatives are annulled t follows that 




Since V is essentially positive we shew as before (§11*7) that 
the sign of J determines the nature of the transformation: if J is 
positive the outside of S corresponds to the outside of Si, while if 
J is negative the outside of S corresponds to the inside of >S^i. In 
either cose 


■.^^^^y\d^dr,dt 
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12*6. Change of variables in a triple integral. 

Without giving the detailed proof, we now state that if the 
domain T be divided into cells by the surfaces 
f = a, 7;==^, ?'= 7 , 

and we apply the formula for the volume of a cell and the generalised 
first mean-value theorem for a triple integral, then 

/ f "‘III T I I d^drjd^. 

The reader is advised to write out the formal proof as an exercise. The 
proof is on exactly the same lines as the one given for double integrals in 
§ 


Example. Calculate Dirichlefs integral 

^^jjj {I — X - g - z)^ dx dgdz 

over the interior of the tetrahedron formed hg the coordinate planes and the 
plane 1. 

Write jp4-y4-2=|, g-^2==Srj, z=^ 7 jC ( 1 ), 

and use the formula for change of variables above. 

The equations (1) may be written 

^s=|(l-r/), y=«|7(l-f)> (2), 

and the tetrahedron in (x, y, 2)-space is seen to be the image of a unit cube 
in (^, 7, ^)-space. The determinant 

y, z) 

5 (^) Vj C) 

may be calculated directly from the equations (2), but if we write 

w = |, y==^7, ( 3 ), 

so that x^u-v, y=v — w^ z^w •••(4), 

, d{x,n,z) _ Z{x,y,z) 3 (w, », w) 

d((,r,,crH^,v,z,)- d($,r,ro 


1, 

-1, 

O x 1, 

>?» 



1, 

-1 1 0, 

1, 


0, 

0, 

1 i 0, 

0, 



=^ 1 ]. 

The triple integral in (f, 7, ^)-coordiQatea can be calculated as a repeated 
integral, and so 

*=B(a-h^4‘y + 3, X4-1). B a+l). B('y+lj ^Hhl) 

r(q+i)r(i3+i)r(yfi)r(\-H) 

]" (o 4'34'y +-X + 4) 
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12‘61. Laplace’s equation in orthogonal curvilinear co- 
ordinates. 

Laplace’s equation 

is one of the fundamental differential equations of Applied Mathe- 
matics and Physics, and it is frequently necessary, for the applica- 
tion of this equation to many of the problems which involve its 
use, to he able to express it in terms of other systems of coordinates. 
The direct method of transforming into spherical polar co- 
ordinates was given in § 10*4. The method which is now given 
enables us to express Laplace’s equation in any system of orthogonal 
curvilinear coordinates. 

If {I, w, n) are the direction-cosines of the normal drawn out- 
wards from the surface S which bounds a given domain T, Green’s 
theorem may be written 

f j^(«P + mQ + nR) da = + Ij) (O'- 


and on writing P = ^, 


dV 

sdv 


^ ^ > equation (1) becomes 

dxdydz ( 2 ), 

9 0 0 0 

where — = + and denotes the derivative in the 

01 / OX oy oz 

direction of the normal to the surface element in question. 

Let u, Vy w be any system of orthogonal curvilinear coordinates, 
and let Ti be the rectangular parallelepiped bounded by the planes* 

U = Uiy V = Vi, W —Wi'y •li = U2. W = ZV2y 

then T (the image of Ti) in {Xy y, . 2 r)-space is bounded by surfaces 
which will be denoted by 

U„ F,, IFi; Fs, (3). 

On writing IIi = l/Ai^ Hz — llhz^, Z/a = l//i3^ 
the element of length is given by 

du^ dw^ 


da^ = -j—n + 




+■ 




\Ye are assuming that u^>-Ujy 
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and \J\=' Kj{HxIhHz) = 1lhihJiz, hence 


f[ — 


da = 




V 27 

r^T' dudvdw..,(4i\ 


The first integral in (4) may be calculated in another way. The 
surface 8 consists of the six surfaces (3), and by considering Ui 
only we get 

■ n, ' a*'*”) 

0 

for ^ is a derivation along the normal to the plane = ui in the 

0 0 

direction of u decreasing, so that ~ ^ second term 

in the last integral has a negative sign because the integral on the 
left-hand side of (5) is taken over the outer, which is the lower, side 
of Z7i. Hence, on assuming that the transformation is direct, we 
have 




A ^ 

Iiq du 


dvdw. 


Similarly for integration over the surface 172, and since integrals 
with respect to v and w are zero over the remainder of S, 

f[ 

JJ n,+ zjj ov J 

On treating the other four pieces of the bounding surface fi^in a 
similar way we get 




h dV ^ 0F, , , hz dV, , \ 

UTAs ^ + kzhx ^ ^ • 


and by Green’s theorem the last integral transforms into 


Ti 


d / hi dV\ 
du \h.JiQ du) 


+ 1 / A 

dv Khzhx dv ) 




1 /A 

dw \h 1 h 2 dw. 


By comparing (4) and (6) we get 
VW^hih^h 


dudvdw 

( 6 ). 


III 

f A 

dV\ 

, 9 / ^2 

0Fn 

, 0 , 

^A AU 


\hihz 

du) 

^sAi 

01) j 


0W/J 


For the polar transformation we have 

C^2 _ ^ ^2 ^^2 ^ ^2 gj 

l/Ai^a* 1, 1/A2^=r2, l/Ag^scr^ sin^ 0 ; 


and so 
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iience 

_ 1 ® /^2®Z^ J.1 , 1 

"r^arV dr J dS '^ 35 sin^ 5 3^2 • 

12‘7- Curvilmear integrals in three-dimensional space. 

The notion of a curvilinear integral can be extended at once to 
three-dimensional space. Consider an arc AB of a twisted curve 
on which £V varies in such a way that it is either always increasing 
or always decreasing from ^ = a to a? = 6. If the equations defining 
bhe curve are oc=f{t), y = </> {t)y z = 'y^(t)y by the inverse function 
theorem t is a, monotonic function of x, and so y and z can be ex- 
pressed as functions of x. If P (x, y, z) is a continuous function of 
Xy y and Zy and y and z are themselves continuous functions of Xy we 
define the curvilinear integral along the curve (7, 

[ P(iB,y,z)di)i! (1), 

J C 

to be the ordinary Riemann integral 

f P {^>y W) ^ (®)} dx= [ ^(x)dx (2). 

} a J a 

By an argument similar to that used in § 8*7, it can be shewn 
that the integral (2) certainly exists under the conditions stated 
above. 

If a given curve L does not satisfy the condition that the 
equations x = f{f), y — z — '>^{t) are monotonic functions of t, 
the definition can be extended to such a curve provided that it is 
possible to divide up the curve L into a finite number of curves 
Gr on each of which the coordinate x is always increasing or always 
decreasing. In this case 

f P{xyyyz)dx^i \ P(xyyyz)dx. 

JL r=lJCy. 

In the same way we can define curvilinear integrals with respect 
to y and with respect to z, and the most general expression of a 
curvilinear integral in three dimensions is 

[ (Pdx + Qdy + Edz), 

J L 

where P, Q, R are continuous functions of the three variables 
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12*8. Stokeses theorem. 

In certain problems which occur in Applied Mathematics and 
Physics, it is useful to be able to express a combination of surface 
integrals over a given surface in terms of curvilinear integrals 
round the circuit in space which forms the rim of the given surface. 
This is effected by means of Stokes’s theorem, of which a proof is 
now given. 

Stokes’s theorem is proved here mainly because of its importance 
in the applications of mathematics to physical problems. It oc- 
cupies a very different position from Green’s theorem, which, 
although it has important practical applications, is one of the 
fundamental theorems in the theory of multiple integrals. 

Stokes’s Theorem. If G he the circuit in space which forms the 
rim of a given surface S, then 

+ «>■ 

where P, Q, B are continuous functions of x, y, z, and the sense of 

description ofG is so related to the side 
of S that a person traversing G and 
keeping on the correct side of B has that 
side of the surface on his left 

The result may be divided into three 
it parts: consider one of these parts, 

fpd^ 

= lls 

We are assuming that the surface S 
is one whose equation can be expressed 
in the form z=^v {x, y). 

If this is not the case, then so long as the 
surface posse?ses two distinct sides we divide 
it up into suitable pieces by dissection parallel to the axis of s so that on each 
of the dissected pieces the tangent plane is nowhere perpendicular to the {x^ y)- 
plane. If the theorem is proved for any one of such pieces, it follows fur the 
whole surfac'c* S by addition. 




STOKES’s THEOREJ^I 


329 


12-8] 


Let 2 be the plane domain in the (a;, 3 /)-plane which is bounded 
by the closed curve F, the projection of the given circuit G on 
the (x, 2 /)-plane. If (Z, m, n) are the direction-cosines of the upper 
normal to 8, 

I ^ m n 
dz dz — i ’ 
dx dy 


and since dzdx — mda-y dxdy == nda, the right-hand side of (2) 
becomes 


f f fdP m dF\ 7 7 

^3). 

(4). 


The integrand of (3) is 

\dz dy^ dy) dy 
if Pi (x, y) = P {x, y, V {x, y )] . 

The integral (3) therefore reduces to a double integral over the 
plane domain S 

- aPi 


Now 


I* Pdx^ [ PicZa?, 


and so the required result is established if we prove that 

which is part of the two-dimensional form of Green s theorem. 

Thus equation (2) is proved, and the other two parts of the 
theorem may be similarly established. 


12‘9. Multiple integrals. 

Although there is no geometrical analogy for the case of more 
than three variables, the analysis of most of the work of this chapter 
is easily extended to n variables. 

If/(xi,X 2 , ...,Xn) is an integrable function of the /i independent 
variables Xi,X 2 , we can easily define the /i-ple integral 


/(xi, 


> X/i') dx-y^dx^ • • • dx-jif 


where R is a hyper-rectangle in ?i-(limensional sp;.re. 


22 
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It is unnecessary to restate theorems which readily extend from 
three to n dimensions, and one example is sufficient by way of 
illustration. The formula for change of variables remains the same 
for n-ple integrals, for let 

Wr = 4>r ^2, O' =1,2,...,??) 

be the equations which define the transformation, and let 

j ^ ^ (^1 > ^2 ? • •• j ^n) 

0 (^Xi , tZ’g , • . • j ) 

then 

jj . . . I* f(xi, Xn) dxidx2 ... dx^ 

~jf"' (o' I I ■■■ dxn, 

where D and D' are the domains in the respective spaces which 
correspond by the given transformation. 


EXAMPLES XII 


1. Prove that the volume enclosed by the cylinders 


is 128a3/15. 


^2 ^^2 _ 2cuv, z^=2,ax 


2. A solid is bounded by the cone z^—^xy and the cylinder V. 27 +\/?/ = L 
Prove that the volume of the solid is 2 v^2/46, and find the area of the conical 
surface bounding it. 


3. Prove that 



-Igr-l 


dxdydz^^a^h^d" 


T{p)T{q )V{r) 
r(p+2' + r+l)* 


where T is the tetrahedron formed by the coordinate planes and the plane 
xla-\-ylb + z/G=l. 

Verify that the moments and products of inertia of the tetrahedron about 
the axes are the same as those of four particles, eacli F, at the corners of 
the tetrahedron together with a fifth particle, f F, at the centroid, where 
F= 


4. If T denote the domain in which x, y, « take all positive values such 
that {xla)P + (y/b)^ ^{sJoY ^1, shew that the triple integral 


////’{(O'H0 


‘i ) + 


x°- ^dxdydz 
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can be reduced to a constant multiple of the single integral 




where X = a/jo + + -y/r - 1 . 

Deduce that if T is the unit sphere with its centre at the origin, 

dxdy dz 2 


///, 


5. Prove that the area of the surface ^ = %xy included between the planes 

:r=0, y — 0, is ^sliah) (a+b)/Z 

6. Prove that the area of the portion of the sphere 
contained within the paraboloid 2z=x^la-\-y^lh is 47rc .^/(ab). 


/7. Shew that, if the x and y coordinates of any point on the paraboloid of 
Question 6 are expressed in the form 

^=atan ^cos (^, 3/=5tan^sin^, 

the angle 6 is the inclination of the normal at any point to the axis of 2 . 

Prove that the area of the cap of the surface cut off by the curve ^=X is 
lirab (sec^X-l). 

Find the area of the surface of the spheroid 
(^2 ^ y^)/a^ + z^l<^ = 1 . 

(ii) A nearly spherical ellipsoid is defined by the equations 
x = asin 6 cos(j>, y— (a+o)) sin ^ sin 2 :=(a+e) cos 
where € and o) are small compared with a. Prove that, if squares of € and 0 
are neglected, the area of the surface is approximately 4:Tra^ + § (w + e). 

9. If (7 is the curve defined hj x^-i-y^-\-z^-2hx-2hy=0, x+y = 2b, prove 
that 

/ (ydx-\-zdy+xdz)== -2 Aj^nb^^ 

J C 


the path beginning at the point {2b, 0, 0) and lying at first in the portion of 
space for which z is negative. 

10. Prove that the volume of a cone which extends from the origin to the 
surface x^f{u,v\y=g {u, v), z=h(u, v) is given by 



Adudv, 


where 




^ , 
2/u, 


'bx 

and suffixes denote partial derivation, = . 


Hence prove that the volume of one octant of the cone x^-\-y^ — z^ a 

between its vertex and the surface xf^-\-y^+^=l is 

2 4 r (|) J 0 \/(cos u) * 
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11. Find the position of the centroid of the spherical sector formed by the 
revolution of a sector of a circle of angle 2a about its axis of symmetry 
(i) when the density is uniform, (ii) when it is proportional to the distance r 
from the centre. 

12. Find the moment of inertia of an octant of a sphere about one of its 
straight edges, by direct evaluation of the triple integral. 

13. By choosing as axes of coordinates three coterminous edges of a cube, 
prove that the coordinates of the centroid of that portion of the cube which 
remains when the corner bounded by the plane aj+y = 2a has been removed 
are given by 

l=9a/20, 

where a is the length of an edge of the cube. 

14. Find the position of the centroid of the solid formed by rotating a 
plane semicircle of radius a about an axis in its plane perpendicular to the 
base of the semicircle when the distance of the axis of rotation from the centre 
of the semicircle is 5, (6 > a). 

[The solid is one-half of an anchor-ring.] 

15. Deduce from Green’s theorem that 

JIIt 

where da- denotes an element of the surface which bounds the domain T, 
and ^ denotes derivation along the outward-drawn normal. 

Deduce also the “generalisation” of the formula for integration by parts 



(P^ Pi dy dz ’^Q^QidzdX'\- Ei dx dy) 


■fi. 




16. If by the inversion transformation where 

rp « -f ^ £2^ p2 ^ ^2 ^ ,^2 ^ 2 ^ twice differentiable function V {x^ y^ z) 

becomes f), prove that, if V^Fi— 0, then V*(F/r)~0. 

17. Prove that 


fr f dx\dX2...dXn _ 

Jj J (I- x^^ 2’^ r (Jn-1-^)’ 
the integration extending over all positive values of x^^ X 2 ^ ...» Xn which 
satisfy the inequality + + ^ 1. 


1 8. Prove that 


///■' 


Ixdydz s 


(1 — w) v/(l -b2??t)’ 

where the integration extends over all values of a?, y, i such that 
a'^jf.y^jf 2 ^-\-^m{xy-^yz+zx) does not exceed unity, and <?n.< 1. 
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13*1. The definition of a power series. 

The series 

ao 4- ai (2? - a) 4" a2 (^ - ... + ffn + (1), 

in which z, a and the coefficients are in general complex numbers, 
is called a power series about the point z = ol as base. The Taylor 
expansion of f{!c) as a series of ascending powers oi oc — a, 

/(a;) = ao 4- ai (ic - (x) + aa (^ - a)2 4 (2), 

where 

ao=/(a), ai=/(a), 

is an example of a power series with which the reader is already 
familiar ; hut in our previous discussion of these series we have 
only considered the case in which all the numbers involved are real. 
The Maclaurin series is a power series about the origin, and it 
corresponds to the series (1) above when a = 0. 

Power series are some of the simplest as well as the most 
important series which occur in Analysis. We have already con- 
sidered the exponential and logarithmic series, and, as we shall see, 
one of the rigorous methods of introducing the circular functions 
sin a? and cos a; is by defining them as the sum-functions of certain 
power series. 

13*2. The concept of uniform convergence. 

In §3431 we have already mentioned the concept of uniformity 
with special reference to uniform continuity, and it was stated there 
that although uniformity of continuity was not an important 
concept, uniformity of convergence was of very great importance 
in Analysis. Before discussing the theory of power series it is 
convenient to establish some fundamental results about operations 
on uniformly convergent series. When this has been done it is an 
easy matter to deduce from them their application to power series. 
This procedure is preferable to proving these properties only for 
the special case of })()wer series. 
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Consider the series 

t/,1 (iz;) 4- wa (^) + • • • + ^» (^) + (1), 

n 

and write Sn (^) == 2 Ur (x), 

r^l 

If Sn (x) tends to the limit 5 (^r) as n oo , then [s^ (^c)} is said to 
converge to the sum s(x), and s(x) is the “ sum-function ” of the 
series (1). As we have already seen in the case of a sequence { 5 ^} 
which does not depend on x, the number v involved in the definition 
of a limit in § 2*53 necessarily depends on e. When the sequence 

(^)} is considered, the number v is, in general, a function of e 
AND OF X. It is precisely here that the concept of uniformity 
becomes important. J/, given e, a number m (e) can he found which 
DOES NOT DEPEND ON X such that 1 (x) - s (ic) | < € for all values of 
n'^m(€) and for all values of x in a^x^h, then Sn (x) converges 
UNIFORMLY to 8 (x) in (a, b). 

Let m (e, x) denote the least m for which the above holds, then 
the question as to whether a sequence (^)} converges uniformly 
to s (x) in (a, b) is precisely the same question as the following. For 
a fixed value of is the function m (e, x) hounded for all values of 
X in X 

For if m (e, x)^/jl (e) for all values of x in (a, 6), then the number 
/M may be chosen instead of w, and since /a does not depend on x the 
condition for uniformity of convergence is satisfied. 


Example L Let in the range 0 ^ ^ 1. 

Clearly here s (x)^0 in 0 a; < 1, and s (1)= 1. 

(a) If 0 ^ < 1, then | (x) - « (a?) | < e if, and only if, 


where f < 1 : and so 


. log(l/^ 
^log(i/^) 


Wi (f®, 



iog(iA) T 
log(l/. 2 :) J 


.( 2 ). 


* The symbol [x] is used to denote the greatest integer oontaiued in x. The 
reader riiiould realise that m must be an uiie^er. 
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(b) If ^ — 1 then \sn {sc) - s (a’)[ = 0 and so we have m (e, ^)~0. 

We therefore see that m (e, a) exists for every value of in 1, but 

it is not bounded in this interval, for as sc approaches the value 1 from below 
the value of m (e, .r) given by (2) increases indehnitely. We therefore see that 
in the interval this sequence {%(^)} is non-uniformly convergent, 

and further that the non-uniformity is due to the inclusion of the point 1 
in the range. The sequence considered is uniformly convergent in the interval 
0 < 1 — where S > 0 and as small as we please. 

^^oie. The reader will observe that uniform convergence is essentially the 
property of an interval, and the definition of uniform convergence presupposes 
a specified range of values of usually some given interval (a, b), which is 
always a closed interval. 

The concept of uniform convergence at a given point has however a good 
deal of importance, and for our present purpose the following definition may 
he given. The sequence {s„ (j?)} is said to converge uniformly at the point if 
given c, vue can find a number in^ and an interval surrounding the pobit 
such that throughout it^ and from and after n—m^ 

\s^{x)-s{x)\<^ 

If the interval is (ccQ-d, scQ-h S), then both B and m are functions both of jcq 
and of e. 

This may be contrasted with the concept of continuity, where continuity at 
a point is the essential original concept, and “ continuity in an interval ” is 
derived from it. 


13’21. Discontinuity of the sum-function of a power series. 

Let us consider the series 

^•2 ^2 Qp ! 

Since this series is a geometrical progression with common ratio 
1/(14-^^) which is always less than unity, save when 5r=0, the 
series is absolutely convergent for all real values of x (each term 
is in fact essentially positive). 

N 0 w (^r) = 1 + — 1 ;' ( 1 + 

and so s {x) = lim (a?) = 1 4 x^, when x 4= 0, 

and clearly from the series s (0) = 0. 

Thus, although the series is an absolutely convergent series of 
continuous functions, its sum-function s (x) has a discontinuity at 
the point ^ = 0. The fact that a convergent series of continuous 
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functions can have a discontinuous sum-function was first pointed 
out by Abel*, and, as we shall see, this can only occur when the 
series in question is non-uniformly convergent. 

13*22. The uniform convergence of series. 

When the definition of uniformity of convergence for a sequence 
(^)} given, the case of uniform convergence of a series 

follows at once by writing Sn(^)== 2 Ur(x). 

The gen^eral principle of uniform convergence. The neces- 
sary and sufficient condition that a sequence (^)} should conmrge 
uniformly to s (ai) in a given range a is thaU given e, there is 

a number m (e) INDEPENDENT OF x, such that 

|««(a:)-s«'(^)|< e, 

for all values of n' >n where n^m, and for all values of m in 

(a, b). 

By recalling the general principle of ordinary convergence, § 2*53, 
we see that the necessity is trivial. To prove the sufficiency we 
assume that the condition holds, and then prove (i) that Sn(x) tends 
to a limit for each value of x, and (ii) that the convergence of Sn (x) 
to this limit s (x) is uniform. Result (i) follows at once from the 
general principle of convergence. To prove result (ii) we observe 
that the above inequality holds for all values of n': make n-^oo, 
then 

I ^11 (^') ^n' (^) I 1 (^} ^ (x) j , 

and so | Sn (x) — 5 {x) ] ^ €, 

for 71'^ 7)1, and for all values of x in (a, b). Hence Sn(x) tends uni- 
formly to s{x). 

Corollary. The necessary and sufficient condition that the series 
'lun (x) should converge uniformly in a given interval a^^x^b is 
that, given e, it must be possible to choose a number m, independent 
of X {but depending on e), such that 

\vm+i{x)-{~u,^+2(x)-{- e (1) 

for all positive integral values of p, 

* J. Math. (Berlin, 1826). Cauchy in 1821 stated dehnitely that a fimction 
defined by a convergent series of functions which are continuous in an interval 
must itself be continuous in that interval. See Gours d' Analyse, i, 131 (1821). Com- 
pare with Theorem 1 below. 
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The proof follows at once from the theorem, for we have only to 
write 71 ~ 711, n' - w -f p in the statement of the general principle 
above. 

It is convenient to WTite 

^n, p (^) = {o}) + Un+2 (^) + . . • + (x), 

and then the inequality (1) above becomes simply 

1 -fim, p (^) 1 < 

13’3. General properties of uniformly convergent series. 

Theorem 1. IJ every term of the sei'ies Sun(®) is coiitmuous in 
the interval and if furthe)' the series convei'ges uniformly 

to s {x), then the sumfunction s{x) is also continuous in a^x^b. 

Write Sn {oc) ^s{x) — {x), 

so that, on the hypothesis of uniformity of convergence of the series, 
we have 

for all values of n>m(e) independent of x. 

Let c be any point of (a, 6), and, to fix the ideas, suppose that 
it is an internal point, so that a<c<b. 

Now 

I S {x} - 5 (c) 1 = I {Sm (^r) - S,n (c)} + {s (x) - S^n {x)\ - {s (c) - (c)| | 

^ 1 Sjn (^') Sffi (c) j + j Rrn (^) { "1“ | Rm 1 
^\sm(x)-Sr». (c)l + 2 e; 

but, since Sry^(x) is continuous at the point x = c, there is a number 
S (e, m) such that, whenever | a; - c ] S, 

and so |5 (^) — 5 ( 0 ) |< Se, 

under the sole restriction that [a; — c|t$S. Since further m is a 
function of e only, 3 is a function of € only, which proves that s {x ) 
is continuous at £r= c. 

A slight modification of the argument covers the case when c 
coincides with either a or 6. This is left as an exercise for the 
reader. 

The above theorem still holds if x is a complex variable. 
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Xote on the theorem. 

The reader should observe that discontinuity in the sum-function 
involves non-uniformity of convergence of the series, but the follow- 
ing example illustrates the important fact that series exist which 
have a continuous sum-function but which are nevertheless non- 
uniformly convergent. 

Exanifle. Let (^) = nxl(l + 

Whatever the value of a?, we have 

lim = 

and so s (.r) is continuous for all values of x. Also we see that {x) is, for 
each value of w, a continuous function of x. 

Now = 

if + € >0. 

If € < I the expression on the left-hand side has the same sign as the 
coefficient of save when n lies between the two real roots of the quadratic 
in n, 

.T^€71^-^\x\ 7^4- 6 = 0. 

The expression JS is therefore positive if w |:r| >X, where 
X = {1+x/(1-4.2)}/2.. 

Thus m(e, ^)=[X if lar|>0, 

while m(€, 0) = 0. 

Hence m (f, x) is not bounded, and there is non-uniform convergence in 
any interval which includes the point J7=0^. 

Theorem 2. A uniformly convergent series of continuous f unc- 
tions of a real variable x may be integrated terrn-hy-terrm 
Suppose that we have the series 

ui (a;) -p % (aj) 4- . .. 4* (^') + (f ), 

of which each term is a continuous function of in and 

suppose also that the series ( 1 ) is uniformly convergent to sum 5(0?) 
in a ^x^h. 

Write s{x)-Sn{x)-^R,fx) ( 2 ), 

* A very interesting graphical method, due to Osgood, is described in Bromwich's 
Infinite Series (1926), § 43. The method illustrates tlie non-uniformity of con- 
vergence of the above sequence in a striking way, but it is nut proposed to discuss 
the graphical illustration here. 
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then, since s (x) is continuous by Theorem 1, the equation (2) is 
integrable in (a, b), and so 

I s (x) dx= [ s„ (x) dx-i- [ (x) dx. 

J a J a J a 

Now let CO , and, since the series (1) is uniformly convergent, 
I < 6 when n^m{e\ independent of x\ and so, when n'^m^ 

if Rn{(^)dx ji2«(ic)|(fe<€(6->a). 

\ J a J a 

Hence 

[ s{x)dx— liin [ Sn{oo)dx 
Ja «->.oo j(x 

= [ iti(x)dx+l 2 i 2 (x)dx-h -r f u„(x)dx+.... 

-'a J a J a 


Corollary. If the integrations are expended only to the portion 
(a, x) of the interval (a, b\ the integrated series is also uniformly 
convergent in {a, x\ 


For 


rx ra; r b 

Rn{x)dx ^ \Rn{x)\dx4 \Rn{x)\dx< €(b-a) 
J a J a J a 


for n'^7n (e), which proves the result. 


Theorem 3^. Let the integrable function s{x) he the sum of the 
series of integrable functions % {x), U2 {x\ . {x\ , and suppose 
that this series converges uniformly to s{x) in a ^x^b except for a 
finite number of sub-intervals, the sum of whose lengths can be made 
less than e: then, if there eonsts a positive number K, such that 
\sn{x)\<K for every value of x in (a, b) and for every positive 
integer n, 

I s (£c) = lim I Sn{x)dx— lim S Ur[x)dx, 

J a -J a r=l J a 

Let the sub -intervals in ’which the uniform convergence fails be 
(tti, bi), (ttz, hi) (Ui, h\ where 

k 

2 (fir — O^r) < 


* This theorem is given by Carslaw in the HJathematical Gazette, xiri (1927), 
p. 438. It gives a set of sufficient conditions for terni-]>y-term integration other than 
the standard condition of uniform convergence given in Theorem 2. 
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Then we have 


fd 6 

j 5 (^r) da; — Sn (a?) da; 

J a J 

f {a (a;) ~ (a?)} da; — 2 [ {s (a;) — Sn (a;)} da; 

ja 1 J^r 


+ 2 {s(a;)~5n(a;)}da;, 

1 Jar 


.( 1 ). 


Now |5n(a;)l< K and so |s(a;)| =|lim 5n(a7)l<Z', 
whence 1 5 (a;) — (a;) | < 2 K. 

The series converges uniformly in (a, b) except in the sub-intervals 
(^i> h)> ••• > (%> h}y there is a positive integer m* such that 

|s(a;)-5n(a;)|<6 

when n'^ 7 n (e), the same m serving for all values of a; in the part 
of (a, b) which remains when the above set of sub-intervals is 
removed. 

It follows from (1) that, when n ^ m, 


[ s (a;) dx — I (a?) dx 

J a J a. 

where il/ is a constant. Hence 


< (6 - a) e -f 2Ke ~ Me, 


s (x) dx - lim Sn (x) dx — lim 2 / Ur (x) dx, 

J a J a 1 J a 

An example of a series which is iutegrable term-by-term but which is 
non-uniformly convergent is provided by considering the scries for which the 
sum to n terms, (x), is given by 

nx 

i -f 71-2^2 * 


We have already seen that this sequence is non-uniformly convergent in 
any interval which includes the point a;=0. 

The reader may easily shew, however, that 

{ lim (a;)<fa;=0== lim { Sr,{x)dx, 

J 0 n-*- ® J 0 


• Of course the number vi must be independent of x. When the reader is quite 
familiar with the concept of uniform convergence it is not so necessary to emphasise 
the fact that m must be independent of x, although it is of course the fundamental 
and the most important fact of ail. 
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Theorem 4. Let the series 

(a?) -f (a?) + . . . + % (ic) + (1 ) 


he a convergent series of functions of the real variable the sum- 
function of which is s (a?) : then, if the series of derivatives 

ui (x) (x) + ^Un (x) + (2) 

is a UNIFORMLY Convergent series in {a, b) with sum c (x), 

s' (x) = O' (x). 

By Theorem 2, 

r® f* / f® 

cr(x)dx= Ui (x) dx 4" (x)dx'h 
J a J a J a 

CO 

= S {Mr(«) -««r(a)} 

r=l 

= i w, (a:) - S Ur (a), 

1 1 

since the series (1) is convergent. Hence 

I cr(x)dx-s(x)-s (a), 

J a 

and, on taking the derivative with respect to x, we get 

c {x) = s (x), 

since o- {x) ia continuous in (a, h). 

The reader {should observe that for the validity of term-by-term derivation, 
it is the derived series which must be uniformly convergent. It can be shewn 
that the theorem holds if the series (1) converges for at least one value of x 
in (a, h). 

13*31. Weierstrass’s test for uniform convergence of series. 

A series (x) is uniformly convergent in a given range of values 

of X, provided that (i) | (x) [ < il/„/or all values ofn greater than 

a fixed number m, whei'e is a function of n only, and (ii) 

{5 a convergent series. 

The proof is simple, for with the notation explained above, 

wi+p 

|J?„,p(£c)|< l/,<e 

r~m 

for all positive integral values of p, the number m depending only 
on €, and not on x. Hence it follows that 1ur{x) is uniformly 
convergent in the given range. 
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13-32. Another test for nniform convergence. 

If {x) 5 {x) for everij xof a certain range and is the up'per 

hound of Tn (x) = 1 (x) - 5 (a;) | for fixed n and varying x, then the 
necessary and sufficient condition for uniform convergence is that 

0 05 ?i X . 

(i) Let Mn 0 ; then, given e, <€ for n'^m (e) and so 

T„(x)%Mn<€ 

for n ^ m (e) and all x. The convergence is therefore uniform. 

(ii) Let the convergence be uniform. Then T^{x)<e for 
n>fi{e) and all x. Hence 31^ ^ c forn > /a (e). This being true for 
every e, Ji„ 0. 

We deduce at once that, if { 5 ,, (a;)} is non-uniformly 

convergent. 

13*4. Power series. 

Let us consider the power series where, in the general 

case, both and the coefficients a^ may be complex numbers. 

i 

(i) If I o„ I ^ 0 as n X the power series is absolutely con- 
vergent for all values of 2 , for 
1 1 

I I ” = I I 1 2 ^ I 0 as n 00 , 
and so 2|on||^|^ converges by Cauchy’s test, §5*2 (iv), hence 
is absolutely convergent for all values of z. 

1 

(ii) If lira I I ^ = X) the power series never converges, for 

i i 

iTm 1 a„ 1 ^ = I ^ I lim | | = x =j= 0), 

and so | does not tend to zero. 

(iii) If neither of the above cases holds, then lim | | ^ must be 

finite and not zero. It is usual to write 

1 

Iim|aop‘ = I/iJ, 

where R is a positive constant. In this case we have 
Iim|a„s:**|» = i0|/E, 

and, by Cauchy’s test, the series is absolutely convergent if 

I ^ I < i?. If I ^ I > -B the rith term of the series does not tend to zero, 
and is divergent (or oscillates infinitely). 
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Cauchy’s test gives no criterion ii\z\ — R, and, as we shall see 
later, this case needs separate discussion. 

The number R is called the radius of convergence of the power 
series, and it is so called because if we consider the circle \ z\=R 
in the Argand diagram, then for values of z inside this circle the 
series is absolutely convergent, and for values of z outside 

this circle the series does not converge at all. For values of z 
on the circumference each case must be considered on its own 
merits, and for such values of z the series may converge, diverge 
or oscillate. The circle \z\^R is called the circle of convergence 
of the power series. 

By writing the series ^a^z^ becomes where 

and the radius of convergence of the new series is clearly 
unity. Without loss of generality therefore we can take power series 
whose radius of convergence is unity as typical seines. 

When the variable is real the circle of convergence | .sr | = 1 
reduces to the end-points of the interval — 

The theorems which follow are proved only for real power series 
and these will be considered as power series whose radius 
OF CONVERGENCE IS UNITY. 

13*5. Properties of real power series. 

Theorem 1. The series Xa^x^ is absolutely convergent in the open 
interval — 1 < 1. 

This is immediate, for we are assuming that the radius of 
convergence of our typical power series is unity. 

Theorem 2. The series is uniformly convergent in the 

interval — (1 — S) ^ ic < 1 - S, where 3 > 0, and as small as we please. 

This follows at once from Weiers trass’s test, for 
1 

lim|a„ir^|” = |^|<$l -S, 
i 

and so | |” < 1 — S for values of n'^v(S); 

hence | | < (1 - for ^ 

and 'IMn is clearly convergent, since it is a geometrical progression 
with a common ratio less than unity. 

The above theorem is very important, for it shews that for power 
series a knowledge of the range of absolute convergence is all that 
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is necessary to give the requisite information about uniform 
convergence. 

Abel’s Lemma. Let s„ = Sa, and let {«„} he a positive non - 

1 

incTeasing sequeticey tke7i, if K ^in'dx\sp\, 

\'S.a^Vp\ <Kvi (A). 

1 

Now SiVi + (S 2 -Si)V 2 + 

1 

= 6*1 (Vi — V'z) + 62 ('^2 ““ ^s) • • • + (^W- 1 '^n) + ^n'^nj 

and since >0,Vp> 0, inequality (A) follows. 

Theorem :3. Abel’s theorem on power series. 

If 2a„ converges, then /(/c)=ia„^^ is uniformly convergent in 
0:^£c4l*,and 

f{x) ^ /(I) 05 1 ~ 0. 

Let Abel’s lemma, 

12a„ii**'l ^Ka;^, 

m 

where K = max j + Ow+i + . . . + o.^ j, -wi < n. 

Since 2a„ converges, K < e for in:^p{e)\ and so 

n 

I Soi.a?*' I €, 

m 

and since p is independent of x, 2a„a;'‘ is uniformly convergent in 

1 . 

Further, by Theorem 1 of § 13-3,/(ir) is continuous in 
and so (1) as .r -»• 1 — 0. 

It follows similarly that r/2(-)«a„ is convergent, then 

f (x) -*■/(- 1) as x-*-l-^0. 

Example. Pro ce that log 2 = 1 - ^ ^ - i + . . . • 

We have already seen that 

log(H-A’) = ^-|- ~ 4- W 

if -1<^< 1, this range being the range of absolute convergence of the series 
on the right-hand side of (1). By Theorem 2 we deduce that the above scries 

* Since we are only concerned with the point a: = 1, the interval 0 .r 1 has been 
chosen, but the theoicm is equally true in ^ (1 - 5) < x 1, if 5>0. 
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is unifoimly convergent in - (1 - S) ^ 1 - S. We now consider each of the 
extreme points ^=1 and — 1 separately. 

If wa put 1 in the series (1), it becomes 

( 2 ), 

which can easily be shewn to be (conditionally) convergent by the alternating 
series test. Hence, by Theorem 3, the series (1) is uniformly convergent in 
^ 1 . 

Again, because the series (2) is convergent, we deduce from Abel’s theorem 
that the sum-function of the series (2) is the limit of the sum-function of the 
series (1) as jr ^ 1 —0 ; and since 

lim log(l+.r)=log2, 

X~^l -0 

the required result is established. 

If we put . 2 ?= - 1 in the series (1) it becomes 

which is known to be divergent, and so Theorem 3 is not applicable in this 
case. 


13‘6. Operations on power series. 

Lemma. The series obtained by the derivation or integration of a 
power series term-by-term has the same radius of convergence as the 
original series. 

Let the given series be then the reciprocal of the radius 

1 

of convergence is lim j 1 

For the integrated series we have 

h ^ \ 

lim I aj{n 4-1)1'' = lim {l/(7i -f 1)}’' j 

I 

= liml a^l’' = l/R. 

Similarly for the derived series 

1 1 1 

lim I I” “ lim \an\^ 

== lim 1 an 1"'= l/R, 

1 

since 1 (see Examples V, 10). 

Theorem 1. If the 'power series has radius o f convergence 

unity, its sum- function is continuous in\x\< 1 ~ 8, S > 0. 

This follows at once from Theorem 1, § 13*3. 

PA 


23 
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Theorem 2. If = for values of x such that |^|< 1, 
then, for the same range of values of x, 

f* (a?) == 1,nanX^'“\ 

All that is needed is to shew that the conditions of Theorem 4 of 
§ 13*3 are satisfied. By the lemma the derived series has radius of 
convergence unity, and is therefore uniformly convergent in 

S>0. 

The original series is certainly convergent, and each term 
possesses a derivative in j a’ j < 1. 

Theorem 3. If \x\<1,\xq\<1, then 

jf(t) - V+i). 

This follows at once from Theorem 2 of §13*3. 

The above theorem can he extended to give the following im- 
portant result, which for convenience may be stated as 

Theorem 4. A power series may he integrated term-hy-term 
right up to the radius of convergence, provided only that the result- 
ing series converges at that point 

For, if Xan/(n + 1) converges to sum A, then, by Abel's theorem, 
-I- 1) A as if 1 — 0. 

Hence, by taking the lower limit of integration xq to be zero, we 
deduce that 

lim f f{t)dt 

*>^ 1 - 0 . 0 

exists and is equal to A. 

The following examples illustrate the application of the above 
theorems. 

Example 1. By the binomial theorem, if O^-r < I, we have 
(1 4- - 1 — ^ 

and so + 

in other words log2*=l -^4- J ~ 

since the latter series is convergent. 
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Example 2, Again, if < I, 


hence 


(1-^2) 




1.3 


1.3.5 




^+... ; 


dx ,1 1 1.3 1 1.3.5 1 

0 '^2*3"^2.4‘5'^2.4.6'7 


provided that the series on the right of (1) is convergent, 
proved by Gauss’s test, for 


.( 1 ), 


This is easily 


Un _2n(2?i4-l) 

(2?i— 1)2 




1 + 1+0 



and p,~| > 1. 

In this case the integral on the left-hand side of (1) is not an ordinary 
Riemann integral, since the integrand is not bounded when “ 1. The integral, 
however, exists as an infinite integral for 


n-e dx 

lim I -jjz 5- — lim {arc sin (1 - «)} = 4 rr, 

and, even in this case, it is true that the sum of the series on the right of (1) 
is^TT. 


13*7. The general binomial theorem. 

Consider the series 

f(x) = 1 + + m (m - 1) — j 4- m (m — 1) (w - 2) g-, + ... ; 

the convergence of the series for real values of m and x has already 
been mentioned, and the investigation of the convergence has been 
set as an example (Examples V, 8). On recalling the results we 
find that the series is absolutely convergent if | | < 1 ; if = 1 the 
series is (conditionally) convergent if m4-l>0; and if x= — l 
(the series being then one whose terms are ultimately all of the 
same sign) there is convergence if w >0. 

If I I < 1, it can be shewn by Maclaurin s theorem that the sum- 
function f{a)) = (1 + but the extreme cases can only be rigor- 
ously investigated by an appeal to AbeFs theorem, and so the 
discussion has been postponed until this point. 

Since the above series is absolutely convergent when |.r| < 1, it 
is uniformly convergent in any interval (— Z), 6), w^here 0 < 6 < 1. 

Now 
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where (f) (cc) only differs from /(a?) by having 77^- 1 in the place 
of m. 

Now 

(1 + a;) ^ (j;) = 1 + wa; + m (m - 1) + m (m - 1) (m - 2) ^^4- 

and so ( 1 + = ^/(^)» 



in other words / (aj) = ^ (1 + 

where A is an arbitrary constant. Since /(0)= 1 and the positive 
value of (1 + x)^ is to be chosen, it follows that A — 1, and so 

The above argument only applies when x is restricted to lie in 
the interval where 0 < & < 1. 

By Abel’s theorem we deduce that the sum of the series when 
a; = — 1 is zero provided that m>0; and if m + 1 > 0 the sum of 
the series when a? = 1 is 2’^ 

The discussion in the case when both m and x may be complex 
numbers is more diflScult and is not given here*. 


13’8. The circular functions. 

(1) We are now in a position to give rigorous definitions of the 
circular functions. Consider the two series 


TV’S /y.4 




^’‘( 2)1 + 1 )!'^ 


both of which are absolutely convergent for all values of x'f. It is 
clear that each of these series has an infinite radius of convergence, 
and so they represent functions which are everywhere continuous, 
and each may be differentiated term-by-term any number of times 
in succession. It is easily seen that, for every value of x, 

C'(x) = -S(x), C"(x)=^-^C(x), 0"'(x)^~ (7-Cr) = (7(^;); 

S' (x) = C {x\ S" (x) = (x), S'" (x) = - a (x), (x) = S (X). 


* The reader may refer to Bromwich’s Injinite. Stories (1926), §96. 
t These results are easily established by means of the ratio test. 
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Since the fourth derived functions are equal to the original func- 
tions, the same series of values is repeated in the same order in 
the successive differentiations. 

We see also that 0 (x) is an odd function and S (x) is an even 
function, that is to say 

(7(-. aj) = (7 (x\ 8{-x) = ^S(x) (3). 

(2) The addition theorems* 

There are several ways of proving the addition theorems, but it 
will suffice to indicate one of these methods. Consider the function 
F{x) = [G{x^ %) - C(^) C (^x) + S{x)S (^i)P 

-h [S (x 4- ^i) — S (x) C (xi) — S (xi) G (a?)} 2 

It is easy to see that F' {x) = 0, and so F{x) must be a constant: 
but since (0) == 0 it follows that F{x)^F (0) = 0 and consequently 


G (x + xi) — G (x) G (xi) “ S (x) S (xi) (4), 

S (x-{'Xi) = S (x) G (xi) ’hG(x)S (xi) (5). 

From these addition theorems, by writing xi = x^ we get 

G{2x):=^G\x)-S^x) (6), 

S{2x)::^2S(x)0(x) (7); 

and by writing = — a? in (4) we get 

C^x) + SHx)=^l ( 8 ). 

(3) Periodicity* 


It is rather more difficult to establish the properties of periodicity 
directly from the series ; this may be done in the following way. 

We have (7(0)- 1>0; 

but (7(2)<0, 


for 


02 

(7(2)-l-J + 


2^ 

4! 


/2« 2S\ / 

U'! §1/ “ [lOl 


12 \) 


where the expressions in brackets are all positive, since for n^2, 

9n 

nl (714 2 )!^^’ 

, . 4 - 1 () 1 

and so C (2) < 1 - ^ ^ » 


hence 0 (2) is certainly negative. By Theorem 7, § 3*45, 0 {x) vanishes 
at least once between a; = 0 and x - 2. 
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By writing 

8(cc) = c[)^l — 





we easily see that between a? = 0 and x = 2, S{x)>0, and so 
G' {x) = — S (x) is constantly negative in this range. It follows that 
C{x) is a strictly monotonic decreasing function in this interval 
and can therefore only vanish at one point | in the interval 

The number which is the least positive zero of G (a?), is there- 
fore a well-defined real number which, for a reason to be seen in 
a moment, will be denoted by l-'cr. 

Since (7(|isr) = 0, it follows from (8) that 

and, since 8 (od) is positive between 0 and 2, it follows that 

From (6) and (7) we deduce that 

= >Sf(^)=:0, 0(2tzr)=:l, >S(2^)=:0, 

and from the addition theorems we deduce that 

C + 2i3r) = 0 (x), 8 (xi- 2ot) = 8 (x), 

and the functions G (x) and S (x) possess the period 2t*r. 


(4) It now remains to shew that the number zs =Tr, the length of 
half of the perimeter of a circle of radius unity. When this has 
been done the complete identity of the functions G (x) and 8 (x), 
with the functions cos x and sin x, will have been established. 
Consider the curve defined by the equation 

a^==0(t), y = S(t); 

then the point P whose coordinates are (x, y) is always at a distance 
from the origin given by 

I OP ! = ^ 2^2) _ ^ ^.2 ^ 1 

by equation (8) above. The locus of P is accordingly a circle whose 
centre is the origin and whose radius is unity. In particular, if t 
increases from 0 to the point P starts from the point A, (1, 0), 
on the axis of x and describes the perimeter of the circle exactly 
once in the anticlockwise sense. As t increases from 0 to ot the 
function G{t) is monotonic decreasing from 1 to — 1, and so the 
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abscissa of P assumes each of the values between 1 and — 1 exactly 
once, while S(t) remains positive. The point P therefore describes 
the upper half of the circle steadily and passes through each of its 
points once only. In exactly the same way, by using the appropriate 
relations deducible from the addition formulae, we can shew that 
when t increases from ^ to 2-sj the point P describes the lower half 
of the circle. 

We therefore see that if x and y are any two real numbers for 
which 4- 2 /^ == 1, then there exists one and only one number 
such that 0 < ^ < 2^, for which the equations x = C (t), y = S(t) are 
simultaneously satisfied. 

The length of the curve described by the point P when t increases 
from 0 to a value to is given by 

Jo Jo 

and so the complete perimeter of the circle is obtained by putting 
to = 2-57. Since the perimeter of a unit circle is of length 27r we 
have proved that the numbers txr and tt are identical. 

We have now established the result that the abscissa C (t) of the 
point P for which the arc AP = t coincides with the cosine of the 
angle subtended at the centre of the circle by the arc AP, and S(t), 
the ordinate of P, coincides with the sine of that angle. Hence we 
may write cos t for G (t) and sin t for S (t). 

13*81. The other trigonometrical functions. 

The two functions sin x and cos x are fundamental, and from them 
the remaining four may be deduced. Thus 

cosec ^ = I /sin x, sec -aj = 1 /cos x, 

tan X = sin x/cos x, cot x = cos fl?/sin x. 

The expansions in power series for these functions are not so 
simple. We consider first the expansion 

--- + + + + ( 1 ), 

er — j J, i o 1 . 

where the numbers the sO'Called Beniotdli'^ ntnnhen^f, are not 
explicitly known but are easily obtainable from recurrence ionnulae 
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which can be found as follows. On using the expansion of e" in 
powers of x we have the identity 

hence 5o = 1 , .Si = — and for w ^ 2 , 

1 ^ 1 Si, 1 = 0 

-,So + (^^,T + (;r4^!2!+-^l(n-l)! 

v,4' 

The first few of Bernoulli’s numbers (which do not conform to any 
apparent law of formation) have the numerical values 

B2=h £ 3=55 = 5 ,= ... =JB 2 „+i = 0 , 54=-^5, 

58 = -^. 5io = ^, 5 i2 = -#5V. 5i4 = |. 

a; + 

Now ■*■ 2 “ 2 e®'* - 

= z coth z 

by writing x = 2z, It follows that 

a cot 2 = 1 - |-j ( 2 ^)^ + 1 -" ( 2 ^)* - (S). 

Since tan a; = cot a; - 2 cot 2a;, we deduce that 

tan 0 

and with the help of the formula 

cot + tan ^x^l/sinx 

^ __ ^ / \r-l (5) 

^ "(2r)! 

The remaining useful series for sec.^ is usually written 



where the coefficients 5„, usually called Euler’s ^lumbers, can be 
found from the identity 

The first few of Euler’s numbers are 

^ 0 = 1 , ^4=5, 

and “ -^8 ~ -^5 = •••== J^2n+i " 0. 
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13 9. Illustrative example. 

In order to illustrate the procedure which is adopted to obtain 
power series from other known power series by means of the opera- 
tions of term-by-term derivation and integration, the following 
example is given here. 

Prove that 

{log (1 — as) j “ I J ( 1 + I) + 1(1 ^ 4- . ^ . r 

and that the result remains true when £c= — 1. 

If j a; 1 < 1 the two series 

(1 — a?)“^= 1 H-aj-f + ... 

-log(l-a;) = a; + ^ + |- + ... 

are absolutely convergent, and so, by § 5*71, their formal product is 
absolutely convergent in the same range and its sum is - ^ . 

1 — X 

Thus, when |a’|< I, 

- ^ -a; + x^l+i)+x^{l+i + ^) + ..., 

and on integrating from 0 to x, where ] a; | < 1, we get 

h {log (1 - a;)j2 = -1 + ^ + 1 (1 4 - + J) + (i), 


integration term by term being valid over any range strictly within 
the range of absolute convergence. 

The result can only remain true when zr = — 1 if the series 

I (1 + -2’) + 4 (1 + 2 + +1 4- i) -f (2) 

is convergent. The series clearly cannot converge absolutely, for 
when all the terms of the series (2) are taken positively 




n -f 1 


1 J 1 

4" d" o 4" . . . H — 

2 o n 


1 

V 4- i 


and so each term of the series exceeds the corresponding term of 
the series 4- i ) which is known to be divergent. 
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Now M„ > Mn 4 i 


that is if 


(.- 


1 


1 + 


\ + l n + 2 

which is true, because if w > 1, 


1 1\ 

2 nj 


+ 1) (/I + 2) ’ 


1 1 1 1 


Further 0 as ?i oo , for 

-.1 1 

1 + ^ + • • . + - 

2 n n 


Un — ■ 


n 


’ n+l 


2 n 

n 


n 


, 1 1 

1+2 + ---+- ^ ^ I 

hence 0 for tends to the same limit as - (5 2 ’6). 

n n ^ 

The alternating series test therefore applies, and so the series 

(2) is conditionally convergent, and its sum is ^ (log 2)^ 


EXAMPLES XIIL 


1. Discuss the imiforraity of convergence of the sequences 

(i) 5,^ (^) = arc tan 7i.r, (ii) Srt(^) = :c”/(1 

2. Prove that the series 




converges in the interval (0, k), where /fc is a positive constant, for all values 
of X, but that the series is not uniformly convergent in this interval. 


3. Prove that the series 

^ i ^ 1 ^ 

^TT (^4-1)(24’+1) ■*' (Ii + l)‘(3^+r) 
is non-unifonnly convergent near the point j;=0. 

4. Prove that the series 


r +:*2 2 3 +,»•■■■" 

is uniformly convergent in the interval but that it is not absolutely 

convergent. 
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6. Prove that the series 

(1 + (1 -a;) + (1 -.-r) + 

is absolutely convergent in the interval where 0<c<l, but that 

it is not uniformly convergent in this interval. 

«5 1 

6. (i) Prove that the series 2 ^ ^ is uniformly convergent for all 

1 TV* “T Ih 

values of x, and that it may be differentiated term by term, 

(ii) Examine for uniformity of convergence the series 

i . 

1 n{l-^nx^) 

7. Justify the equation 

1 1 1 1 
m m+w. 7w-|-3?i'^”‘ jo l + 

when m > 0, 7i> 0. 

Deduce the values of the sums of the series 

8. (i) The series has radius of convergence R and the series 

has radius of convergence R' : determine the radii of convergence of the series 
2 (an ± 6n) 2 an 2 {a^jb^) x\ 

(ii) Pind the radii of convergence of the series 

2-^, 2-^, 2annlx^, 

TiP ^ n\ ^ ” ’ 

if the radius of convergence of 2a„^»‘ is i2> 0. 

9. Pind the expansions in power series for arc sin x and arc tan x^ specifying 
the range of values of x for which they are valid. 

10. Prove that, if |.rl < 1, 

arc sin^ 2, 2.4, 2.4.6-. 

and deduce that |(arcsm^)^=— -f ^ ^ -^-*1- .... 

Examine whether the last equation remains true when 1. 

11. Prove that, if 1 a? I < 1, 


12. If I a; I < 1, prove that 


/; 


sP’ 

arc tan xdx^^^ ' 


^ ™ _ 
374 '^ 5. 6 


and deduce that the sum of the series 
1 


is 0-4:>b82 approximately. 
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13. Prove that 

14. Shew that, if |a’| < 1, 

^(1 +x‘) log {a;+J(l +a^*)}=a:+ J " g |- + O Y~ “‘5 
and that the result remains true when ± 1 . 


15. Prove that, if j ^ ] < 1, 

iog[Hi+va+®)}]=il- 

Is it allowable to put ic=lora7=— 1 


1 . 3 ^’2 1 . 3 . 5 ^ 

2.4 4 '^2.4.6 6 
? 


16. Examine the convergence, whether it is uniform, and the validity of 
term-by-term derivation of the series 

d* sin ^ -f- sin 2^ 4- , e^® sin 4* .•• • 


17. If shew that 

Urn Sn(^)dj;4= lim / s„(5:)<f57, 

Jo Ji~*-oo n-»-ao J 0 

and give reasons why this is so. [See § 13*32.] 


18. Find the sums of the following series in terms of elementary functions : 

... 1 a; , ^2 ^4} 

.r® 


1 .3"3, 5'‘'5. 7 


(iii) a; + v--r-^+- 


x^ 

T '"s 

[To prove (i), observe that if / [x) is the required function 


whence /( j:) may be found.] 

19. Find the expansions in power series of the functions 

X 


, sin X 
(l) log-—, 


(ii) 


e^'+l' 


20. Prove that the converse of Abel’s theorem on power series, (which is 
not in general true), holds if the coefficients are all non-negative: that is, 
if for all n, and if 

lim 

a:-- >1-0 

exists, then converges, and its sum is equal to that limit. 
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1. If {t^} is a sequence of positive numbers such that, when a> 0, 


prove that the sequence is non-decreasing and that -> x or a according 
as ti>a or t^^a. 

2. If a sequence be defined by 5o=i, 5^=52=^ 

2(5n+3-'«n+l) = ’5n-^n+2 ^ 0 ^ all 71^0, 
find the upper and lower bounds and the upper and lower Hmits for {«„}. 

3. If the sequence {5„} satisfies the relation 

^ (^n ^n+l) “ 


prove that Sn-^±h according as > 0 or hlk<0. 

4. Prove that, if k > 0, 

P + 2^+. 1 

nTao" ^k+V 


Hence evaluate 


lim 

n-^co 


F{n) 

{n+l)^+^’ 


where F (») is the coefficient of z''~^ in («— P) (*—2’*) ... (*—»*). 

5. Evaluate the limits as n ->■ oo of 


(ii) ^.{(u+l)(»i+2) ...{n + n)}i'». 

% 

6. lf/(a:, )/) = !/ \/(*H 2/*); 

^2 _L 

<l>{x,y) = if x^y, <^(r,y) = 0, if x=y; 

x-y 

discuss whether at (0, 0) these functions are [a) continuous, (6) differentiable, 
and (c) possess first-order partial derivatives. 

7. Discuss the continuity at the origin of the functions: 

(i) if (a;/) 4= (0,0); /{0,0)-0; 

(ii) ^(.r,;/)- ;7, if (^■,'/) + (0,0); ^(0,0)=0. 

X -t U 
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8. Disoiiss the oontinxiity at x = 1 of the functions : 

... ... x + a:"sina: 

( 1 ) /(a!)=hm , ; 

71— >co x-r*' 

a:4-ic” 

Illustrate grapMcaEy. 

9. Shew that /' (a;) vanishes only once in the interval 0 < a; < J, where 

f (x)= 7 rx (1 —x) COS Tra; “ (1 — 2a:) sin ttX, 

Deduce that ■ steadily increases as x increases from 0 to h 

x{l-x) 

10. JIf {a) =/ (6) =0 and / (re) is twice differentiable, show that the function 

^ {t) = (t-a) [t-h)f[x)-{x-a) {x-h)f{t) 

is such that <l>" (t) vanishes at least once in u < a; < 6. 

Deduce that, if /"' (a:) 4= 0 in CK a; < 6, then / (a;) 4= 0 in that interval. 

11. Determine constants a, |S, y so that the function 

(f> (a:) = a + j5 (a;--l)4-y {x—1) (a:— 2) 
equals / (0), / (1), / (2) when a:=0, 1, 2 respectively. 

Deduce that (x-2)/'" (c)/3!, 

where c lies between the greatest and the least of 0, 1, 2, x, 

12. Find the radius of convergence of each of the series for a>0, 


(i) 1(ooshm)x«; (ii) 


Shew that the second series is absolutely convergent for a; = 1 when a < and 
conditionally convergent for a; = ~ 1 when J <a < f. 

13. If Un — [-\YI's/n and t?„ = ( + (“-!)” log prove that 
ujv^ -> 1 as -> 00 , but that is convergent and 2u„ is divergent. 


^ 1 

14. Prove that 2 \/n — 2 — - 
r^i V'r 

Hence prove that the series 


• finite limit s as w ~> oo. 


J ^ J ^ 

^■^V2 V3'''V5 vs'*'"' 

has sum (^3 — 1) s, 

15. If a be real, test the convergence of the series: 


( 2 /^- 1 )!! 


. I'ii) 2 a:**, 

’ ^ ^ I (2/i)!! J 
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16. lf/(a:)>0, f" {x)^0 and ^ {x) = e^f {e~^^)y verify that ^"'{.r)>0 and 
hence obtain the inequality 

2/(e-2x)^e-7(l)-fe^/(e“n 

17. Express in terms of F (|) : 

dx 

jo(r=?) 


fl r^TT .^C3( 

Jo Jo 


18. Prove that 


where a>0 and G = r(l)/r (1+1). 

F{n)=^j^_^^P,{x)dx, 


19. If 

prove that {2n + l) F {n)=7iF [n—l). 
Evaluate 


20. I£ 

for 71^0, shew that 


j A" W*!. 

^n(^ng-x) 


L„{z)=e=‘ 


dx^ 


I Z,„ (a’) •Lnix) e~^ dx=0 if 7i>m'^ 0, 

Jo 

= (nlf if m = n, 

21. Sketch the curve sin 40 and shew that the length of the arc of 

one loop is a {F (i)}2/2iiM F(i). 

22. If it, V, w are differentiable functions of i such that ^.2 24.2 — 0 

i is a differentiable function of the independent variables x, y, z satisfying 
t=xui'yv+ ziOf prove that ^2^ ^2^ ^2^ 

23. If / (x, y,z) = 0 is a homogeneous function of degree n with 2 as the 
dependent variable, prove that 


dh dh 




dh / d^z dh 

24. If u=f(x,y,z) and v = g{x, y,z) where 2 is defined by /i (.r, y, 2) = 0, 
prove that d {u, v) _d (f,gji) 


az ' d (x, y) d {x, y, z) * 
If u = xjz^, V = yjz^ and = prove that 

0 (^?O__2_ 1 
d {x, y) ^ ' 
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25. Shew that ii^^xyz has fourteen stationary values on the sphere 

of which one is u=a^lS a/3. Determine whether this stationary value is a 
maximum or minimum. 


26. If I, m, n, p>0, prove that the extreme value of w = 2a: + wy +• ?ig_sub ject 
to the condition 

is c + + w^here q—pj{p — l). Shew that this value is a maximin* 

if j) > 1 and a minimum if jp < 1. 

27. If 0<a<|'7r and the domain D is the interior of the circle + 


prove that 


//, 


dxdy 


D {a seooi—xf 


= 2ot (cosec a - 1). 


28. Prove that the volume common to the two cylinders x^ + z^=a^ and 

is 16a®/3. Find also the volume common to these cylinders and the 
cylinder = a^, 

29. A vessel is in the shape of the part of the hyperboloid x^ + y^Sz^=:b^ 
which lies between the planes 2=0 and 2 = 6. Calculate the volume and the 
curved surface area of the vessel. 


30. If 0 consists of the two straight lines LM and MN where L (0, 1), 
M (3, 1) and N (3, 4), prove that 

L {(' <^2/) = 18 + log U. 

Shew that this curvilinear integral has the same value if C is any simple 
curve joining L to A. 

If the integrand is d<j), determine the function <f) and verify the above result. 

31. Evaluate by Green’s Theorem, or otherwise, 

// + 2/2) ^^2/ (22 + ^2 (22** + dzdz-^^ ( 2 ^ + xy) dx dy| 

over the outside of the ellipsoid 


32. If 0 < jS < I'TT, prove that the volume common to the spheio 
x^i-y^+z^-~ \/2ay~- y^2az = 0 
and the cone tan® ^8 = a;® + y® is 


33, Shew that 


sill® j8 (5 - cos® ^). 


taken over the region common to the el]ip.soid .r®/ft®4- ?/®/6® f 2 ®/c® = 1 and the 
part of the cone = for AA'hich 2 > 0 , has the value Tr/a/i. 
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34. If a^>b^> shew that the volume common to the ellipsoids 
is ^abc tan“^ cja. 

35. Discuss the uniform convergence in a: >0 of the series 

00 ^ 00 ^2 oo ^ 

36. If s (x) is the sum of the power series 

X? 

3 4 6 7^9 10 12 


when it is convergent, find s {x) in terms of elementary functions. 

37. Shew that the function 


/w= 


“ 1 

.n=i 


is uniformly convergent for all values of x and that term-by-term differentiation 

is valid when a <4. 

If «= 4, show that , 

/(0)-/(a:)^ 


r® xdt 

Ji 


when a:>0. Hence deduce that/' (0) does not exist. 

38. Shew that, if j)>0, the series 


(1 -a:)»’-t-2a:(l -sF-f ... (1 - 

is convergent when 0 < a: ^ 1, hut that it is not uniformly convergent in this 
range unless j3> 2. 

05 

39. If <^(X}= ^ — — rr, 

prove that, when |,i'l<I, ^ (x)=(l-a;)log(l-a:)-f.r. Does the result stilt 
hold when a:=-l? 

40. Shew that /W= 2 -„log (1-fM®) 

II =1 

can be differentiated term-by-term for all values of x. 
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Examples I 

5. Parabola 4^. 7. (i) Appoloiiius’ circle for points a and /S. (ii)^^cfe 

on line a and jS as chord. 8. Perpendicular bisector of line a to -jS/y. 

9. n exp j| {%=0, 1, 2, 3, 4) where a+ib=pe^t 

Examples II 

1. (a) if=l, A=A = 1; (b) m=l, 31=2, A=A=Z=|; (c) m=0=A, 
lf=3=:A; (d) m=l, 3I=^S, A=A=1; (e) m= -2, 31=7, A = l, A=4* 

2. s=b. 

Examples III 

3. (i) 3-|;^(ii) 4; (iii) i; (iv) 0; (v) 1. 4. Yes. 6. Yes. . 7. l-l/(Ma; + l). 

9. Continuous. 10. (i) Discontinuous; (ii) continuous. 14. f(x) not 
continuous at :r=l. 16. (i) Removable discontinuity at a; = 0; (ii) discon- 

tinuity of second kind at x=a; (iii) discontinuity of first kind at £r=0; 
(iv) discontinuities of first kind at + 24. Upper bound 1 + 2/6. 

Exaiviples IV 

4. (i) R.H. = |-n’, L.H. = -Jtt; (ii) R.H.=0, L.H. = 1. 7. Discontinuity at 

a:=l. 12. (i) 1 ; (ii) 1 ; (iii) 1 ; (iv) 2a/6. 13. (i)coifw>l; (ii) 1; (iii) l;(iv)e’-^; 

(Y) -1/a; (Vi) (vii) -J; (viii) 2a/3; (ix) (abc)i. 15. + 

/2 2‘^.3^\ 

18. 1/A 21. Minimum (0, 0), maximum ^2. (ii) No extreme 

for ^ [x), minimum for i/r (.t*). 

Examples V 

(C. = convergent, D. = divergent, A.C. = absolutely convergent, C.C. = con- 
ditionally convergent.) 

1. (i) D. ; (ii) C. ; (iii) D. 5^ 1, C. 5 > 1 ; (iv) D. ; (v) D. ; (vi) D. (a + 1 ) ; (vii) D. 
e^l, C. t>l; (viii) C. s>l, D. s<l, a=l, same as (vii); (ix) C.; (x) C. x<l, 
D. a;>l, a;=l D. with +, C. wdth ~ sign. 3. (i) D.; (ii) C. 5. (i) A.C.; 
(ii) C.C. 6. (ii) i2=l, C. for a;=l if 5--a>c; C.C. for a;= ~~1 if 0<6"-a:^c. 
7. (i) R = l, A.C. for x = l if 5> 1, C.C. for a;= - 1 if 0<s^l. 

9. E=l, A.C. for a:=:l if oa+6; C.C. for x= — 1 if c<a+6<c + l. 

00 TT °° f — D” 

12. l+2(-l)”‘{ir’‘(*-^)’*/»!}wherem=[»/2]. 13. -2-- -) 

1 4-0 [ZtL + i \al 

14. a:+2 4'-(r!f a:2’'+V(2r+l)!. 

1 
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Examples VI 

2. (i) Concave for ^ > 0; (ii) concave for ^ > 0; (iii) convex for f > 0; (iv) convex 
for i>0; (v) convex for all t; (vi) convex except at i = 0; (vii) convex. 

9. (i) Converges if p>l, diverges (ii) converges for ail a if J>>1, 

converges for a > 1 if ^ = 1, diverges otherwise. 


Examples VII 


V 2 , 


11. (i) ilog{(a-l)/(a: + l)} + -— taa-ia:/v/2; 

(“) “^°®{l-a;) 3 (l + a: 3 )'^ 2 V 3 *‘’'“ 


.ifi t* P t 1 


). 


(iii) i]og{3pl(3p + l)} + {2iP+S]/6(pP+lf-, (iv) 6 ^’ ( 9 +8 + 7 + 6 ■ 4 

where i® = l+a:; (t) — (2.c°+a;* + 8.K^— 2x — 9)/18 (r^ + 1)®— 7 ^; 

u ■yy o 'y* o 

(vi) A(4a:2-3) (l+a:^)*/^. 

12. 14/3 r 8 log{(*‘~l)V{“°+w+l)}+ 5 -^taa-^?^-, where 

O o \/ o 

13. (ii) — |-7rlog2. 


Examples VIII 

I. No, yes, no, yes. 

3. (i) 2%(7^-fl)/(2?i + l); 

(ii) 2/(2ti4-l)-{2 (?^-}-l)V{2?^ + 3)4-2?lV(2a~-l)}/(2?^ + l)■^. 

II . Wcsinhl. 13. (i) 92a3/15; (ii) fIog(^ + l). 

14. ^ log (a; 2 +y 2 ) ^ tan“^ xjy; yes. 


Examples IX 



14. 


Examples X 

1 . (1 - (1 ^ ^ y iQg (1 ^ log 

5. (i) = cos a; . cosh y; = cos x cosh y - sin x . sinh yUx -r 5^/) ; 

\dx/y \cxf^ 

(ii) (|)^ = !/24r'.; (|)y-2/3-^ (|)^ = (444r+l)/244^4.(.-3r^). 

/g;?A I /diA _ 1 ^ ii ) f \ 1 + 4 //?? 

[dzJu tt'^v {ov i - Ur )" 

24-2 
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0^2 8 ^ [ Sz \^ — -? L . 

^ ‘ 00 “"^ W/ ‘Su^ 8u'dv'8u8v’ 

,«,..(a)V«..-.-, «(!)•. 

17. (i) Maximum at (1, 0), minimum at (7, 0); (ii) maximum at x= ± v'2; 
(iii) maximum at (0, 0). 

18. Stationary at (0,0,+ J). 20. {2a-V{a^ + b^+<^^)}/V^^a.>b>e. 

22. it=0 and roots o{V‘l(u-a^)+nt?l{'u,-i^)+ny{u-c^)=0, {'u=r‘). 

24. abc+2fgh-af-bg^-ch^=0. 28. (i) u^+v^=2w. 


Examples XI 


3. (51 v'2/4-J cosli-i 3)/o^ 
8 . fu 6 . ll._A^,„il. 
14. fwa’. 15. 2 log 2 -i-. 


19. (i) 



M is mass of lamina. 


7. (i) fa®; (ii) Ja^6; (ui) -ina*. 

12 . -fobs (i^o, i). 

17. ^ndb {pa'^+gb^). 


M-,M 

4 



; Mj,M 



, where 


Examples XII 

2. fV2. 

S. (i) 277 j sin'i ej , if a < c, where ce = 1 / (c^ - ; 

(ii) 27r|a=+(oc“/V[®*-c2])log^^ + ^^^^^f^^^^)|^ ifa>c. 

11. (i) |a(l + cosa); (ii) fa (1+ cos a). 12. pfo-^. 

14. (8a5+3aS)/(67r5 + 8a). 

Examples XIII 

1. (i) Non-U.C. at :c = 0; (ii) non-XJ.C. at a;= 1. 6. (ii) U.C. for all x, 

1. (i) I (77/V3-log 2); (ii) {77 + 2 log (V2 + 1)P \/2. 

S. (i) (a) ^min (J?, i2')» (^) {<^) (ii) -K; go; 0. 

9. (i) (^) + - for |x|^l; (u) a:-j£'> + |a^-’7x’ + ... for 

l^'l 

15, Yes. 16. Converges if a: U.C. for a: <0. 

18, (i) x"^ |rr/6 y/ 3 — taii'i -- -i- J log {x'^ + X'\-l)l{l “a:^)| ; 

(ii) I (a;^ + 1 ) tan“^ x - lx ; (iii) ^ taii"^ { \/ 2 .r/( 1 - x^)}. 

V-^ 


10 . 


2n{2n)l ’ 


(ii) 


e®+l 


X 

e*--l 


and use (1), p. 351. 

1 
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Answers to the Miscellaneous Examples 
2. A=-i A=|, m=-J,Af-L 4. 

5. (i) 1; (ii) 4/e. 6. (i) Yes, no, yes; (ii) no, no, yes, 

7. (i) Continuous; (ii) discontinuous. 

8. (i) Discontinuous; (ii) continuous only if a = l. 

11. a=/(i),i8=/(2)^/(l),y = H/(0)-2/(l)+/(2)}. 

12. (i) e-'^; (ii) 1. 

15. (i) i2=l, A.C. if |a;| = l when a< — C.C. if .u= -1 for - 
(ii) i2= 1, A.C. if I = 1 when a>2, C.C. if x=^ —1 for 0<ai^2. 

17. {i){r(i)}V^.3l.2i; (ii) ^^2J/{r (iii) {F (J)F/,r.2J. 

19. 4 (n^ + w — l)/(2?z - 1 ) {2-ii + 1) (2/^ + 3). 25. Ivlaximiim. 

28. 8a3 (2 - V2). 29. F = 2Tr&®, S = vV y 13 '^^ 7 ^ log (2 V'3 + v'13)j . 

30. (l>=y^—2 log y + log {x + y^) + x. 31. l^Ttabcjo* 

36. ilog(a: + lj=(*Hl) + ;~tan-i|^. 
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GENERAL INDEX 


[The numbers refer to the f ages. Numbers in brackets refer to the examples] 

Abbreviated notation for complex num- single integral 182 ; surface integral 
bers 21 320 ; triple integral 324 ; «-ple inte- 

Abel’s theorem on power series 344, gral 330 


345, 347 ; converse of (356) 

Absolute area 312 

Absolute convergence 121, 131, 342, 
(354), (355) 

Absolute value (modulus) 31 
Addition theorems for circular functions 
349 

Aggregate 5 
Alephzero 10 
Algebraic function 54 
Alternating series test 131 
Approximative sums for integrals 166, 
281, (306) 

Archimedes, principle of 89 
Area, definition 278; curvilinear inte- 
grals for 291; in curvilinear coordi- 
nates 301 ; of surfaces 31 1 seq. 
Argand diagram 23, 343 
Argument (amplitude) 23 
Arithmetic mean 144 
Asymmetry 8 
“At’’ 59 

Auxiliary series 126 

Axes of section of ellipsoid (262) 

Bernoulli’s numbers 351 
Best possible constant 159 
Beta function 198, (217), (304) 
Binomial series 140, (142); theorem 
49, 347 

Borel’s theorem 68, (82), (84) 

Bounded sequences 34, 42 
Bounded variation 205 
Bounds, of set 29 seq. 

Cantor’s theory of irrationals 16, 147 
Cardinal numbers 3, 7, 0 ; operations on 
12 

Carleinan’s theorem 158 
Cauchy’s convergence tests 124; form 
of remainder 106 ; formula 103 ; 
function (118), (143); general prin- 
ciple of convergence 38, 48 ; inequality 
145 , principal value of integral 195 ; 
theorem on regular functions 70, 292 
Caiicliy-Riemann dilferential equations 
292 ‘ 

Change of variable in, differential equa- 
tions 255 ; double integral .‘>02; 


Circle of convergence of power series 343 
Circular functions 97, 348 seq. 

Classes 5; operations on 11 
Classification of functions 79; of dis- 
continuities 79 
Closed curve 205 
Collection 6 

Complex number 19scg.; sequences 47 

Conditional convergence 121 

Confocal quadrics 294 

Conformal transformation 299 

Connectivity 8 

Contact of plane carves (US) 

Content (inner and outer) of a set 279 
Continuity, Principle of 28 
Continuous functions, of one variable 
63 seq. ; of several variables 76 seq . ; 
in infinite interval 81 ; integrability 
of 173, 282 ; semi- 80 
Continuous sum-function of power series 
337 

Continuum 28 

Convergence, of sequences 38 ; general 
principle of 38, 48 ; of series, abso- 
lute 121, 131, 342 ; conditional 121 ; 
criteria for 122 seq.i (see Uniform 
convergence) 

Converse domain 5 
Convex functions 152, (161) 
Correspondence, one-one 6 
Counting 3 

Curves 205 ; length of 208 saq. 
Curvilinear coordinates 294, 310, 322. 
825 

Curvilinear integrals 213, 289,291,327 

D’Alembert’s ratio test 123 
Darboux’s theorem 170, 286 
Dedekind section (cut) 16 
Dependence of functions 265 seq. 
Derivable function 86 
Derivation, rules for 91 ; of composite 
functions 231 ; ol series terin-by-tenn 
341 (see Partial derivation) 

Derivative 85 seq. ; right-hand, left- 
hand 86 ; notation for 92 ; \s^ e 
Partial derivatives) 

Determinant of transformation 293 
[see Jaoobians) 
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Differentiable functions, one variable 
87 ; several variables 219 
Differential coefficient 221 
Differentials 87, 221 seq.\ of higher 
orders 227, 232, 253 
Differentiation, of explicit functions 
227, 229; of implicit functions 248, 
253 

Dirichlet’s formula (308); function 79; 
integral 324 

Discontinuous, functions 78, 335; sum- 
functions 338 

Dissection of a domain 286, 290, 318 
Divergence, of senuences 40; of series 
119 

Divergent series, formation of 12-5 
Domain, of a relation 5; two-dimen- 
sional 283 

Double integrals, over rectangles 280 
seq. ; calculation of 283 ; defined as 
limits 286 ; over plane domains 287 ; 
connection with curvilinear integrals 
289 

Double limit 225, 286 
Double point on curve 205 
Doubtful case in extreme values 259 

e 60, 244 

e* 96, 136, 141, 246 
Elementary functions 94, 243 348 

seq. 

Element of length, area, volume 296, 
311 

Elliptic coordinates 294 
Equivalent series 10 
Eudoxus, theorem of 89 
Euler’s numbers 352 
Euler’s theorem on homogeneous func- 
tions 235 

Exact bounds of a set 29 
Existence theorem, implicit functions 
241 ; inverse functions 242 ; several 
implicit functions 263 
Explicit functions 56, 219 seq. 
Exponential function 96, 136, 245 
Exponential limit 49, 140, 247 ; series 
50, 246 

Extreme values, one variable 112 seq.'^ 
several variables seq. 

Field 5 ; nnmber-tield 25 
Fractions 13 seq. 

Function, algebraic, rational, transcen- 
dental 54, 94; of a function 57; of 
functions 232; of integral variable 
32 ; of real variable 53 ; of several 
variables 56, 58, 219 seq. 

Functions, explicit 56, 219 seq. ; im- 
plicit 56, 240 seq. ; of bounded vari- 
ation 205; orthogonal 200 


Functional determinant {see Jacohians) 
Fundamental theorem, oi integral cal- 
culus 179; on intervals 67 

Gamma function 197, (217), (305), (307) 
(308) 

Gauss’s test for convergence of series 
129, 347. 

General principle of convergence 38 
48 

Geometric mean 144 
Green’s theorem “ 290, (307), 309, 321, 
329, (332) 

Hardy’s theorem 156, (162) 

Harmonic mean 144 
Heredity 9 

Hermite’s method of integration 184 
Hilbert’s theorem 160, (218) 

Holder’s inequality 149 
Homogeneous functions, Euler ’s theorem 
on 235 

Implicit functions 56, 240 seq. 

Improper integrals 194 
Independent variables, choice of 250; 

of a problem 229 
Indeterminate forms 106 seq. 
Inequalities 144 seq . ; Cauchy’s 145 ■ 
Holder’s 149 ; Jensen’s 153, 155 • 
Minkowski’s 150, 154 ; of the means 
144, 155 

Inferior number 34 
Infinite integrals 193 347 

Infinitesimal 89 

Infinity, of rationals 14 ; tendency to 
39, 60, 62, 119 etc. 

Integer 13 etc. 

Integrability, conditions for 172, 282 
Integrable functions 173 seq. ; continu- 
ous 173, 282 

Integral, single 163 srg.; defined as 
limit 169,172; change of variable in 
182 ; fundamental theorem of calculus 
179 ; properties of 176 seq. : (see also 
Curvilinear, Double, Improper, In- 
finite, Surface, Triple) 

Integration, definite 164se<7.; of series 
term-by-term 338, 346; meau-value 
theorems 188: indefinite 163; Her- 
mite’s method 184; of rational func- 
tions, etc. 187 : by parts 184 
Intermediate number 35 
Interval, , definition 58; fundamental 
theorems on (58 seq. 

Inverse functions 94, 243 
Inversion of order, of integrations 285 ; 
of limit operations 225 ; of partial 
derivation 2'Hseq. 

Irrational number 15 seq., 147 
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Jacobians 263, 310; dependence of 
functions 2QB seq.; properties of 271 
Jensen’s inequality 155 ; theorem 153, 
(162) 

Kummer’s tests for series 127 

Lagrange’s multipliers 261 
Lagrange’s remainder in Taylor’s 
theorem 104 

Laplace’s equation 255, 325 
Laws of algebra 11, 18, 20 
Legendre’s polynomials 198 seq. 
Leibniz’s theorem on derivation of a 
product 111 

Length of curves 208 seq . , 351 
Less than 9 seq. 

Like series 10 
Limit point of a set 31 
Limits, of functions 57 seq . ; of se- 
quences 33 seq . ; theorems on 37, 46, 
61; unique 37; upper and lower 34, 
(88) ; of and (w,,)V« 125 ; of 

••• 

46; oflogaj/aja (274): functions de- 
fined as 79, (83) 

Limits of integration 167 
logic 55, 94, 243, (274) 

Logarithm 95 
Logarithmic series 136, 344 
Lower bound 29 etc. 

Lower integral (I) 167, 281, (306) 
Lower limit, of sequences 34, 44 ; of 
functions (83) 

Lower normal to surface 317 
Lower side of surface 317 

Maclaurin’s series 135, (143), 333 ; 

theorem 106, 237, 347 
Many-one relations 5 
Maxima and minima, one variable 112 
seq.; several variables 2BQseq. 
Means, arithmetic, geometric and har- 
monic 144, 155 

Mean -value theorems, of differential cal- 
culus 101,(117): of integral calculus, 
first 179, 188 ; second 189, (191), 
(192) : for double integrals 302 : for 
triple integrals 324 
Minima {see Maxima) 

Minkowski’s inequality 150, 154 
Modulus (absolute value) 19, 23 
Monotonic sequences 45 ; functions 
(118), 207, 214, 242, 327 
Multiple integrals 329 
Multiple point on a curve 2C5 

“Near” 59 
Neighbourhood 58 


Normal to a surface 315; outward- 
drawn 319; upper and lower 317 
Null class 6 

Number, definition of 6 ; cardinal 3, 
7, 9 ; complex 19 seq. ; inferior 34 ; 
intermediate 35 ; irrational 15 seq . ; 
ordinal 9; rational IS; real 13 
superior 35 
Number- field 25 

o-notation 89 
0-notation 89,129 
One- many relations 5 
One-one relations 5; correspondence 6 
Operations, on cardinal numbers 12; 
on classes 11 ; on complex numbers 
20 ; on power series 134, 345 ; on 
series 122, 133 ; on uniformly con- 
vergent series 338 seq. 

Order % seq. 

Ordered aggregate 7 
Ordinal number 10 

Orthogonal functions 200 ; transforma- 
tions 299 

Oscillation of functions 59, 75; of 
sequences 40 

ix) (Legendre’s polynomial) 198 seq., 
(217) 

Partial derivation, change in the order 
of 224 seq. ; of composite functions 
231 

Partial derivatives 220, 223, 249 seq. 

Periodic function 54, 349 

Plane curves, analytic definition of 205 ; 

contact of (118) 

Point 58 

Polar transformations 299 
Polynomial 53 ; Legendre’s 198 seq. 
Power series 131; multiplication of two 
134; theory of 342 seg. ; operations 
on 345 ; for circular functions 348 ; 
for trigonometrical functions 351 
Primitive 164, (190) 

Principal part of infinitesimal 90 
Principal value, of argument of complex 
number 23 ; of intiuite integral 195 
Principle of Continuity 28 

Raabe’s test for series 129 
Radius of convergence 343, 345 
Rational function 54 
Ratios 14 seq. 

Real numbers 13 seq. 

Recurrence formulae for P,i(.r) 205 
Regular function 292 
Regular surface 310 
Relations 5, 7 

Remainder in Tavior’s theorem 1 U4 seq., 

(192) 
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Kepeated integrals 283, 285 
Riemann integral 166 seq. 

Rodrigues’ formula for {x) 201 
RoUe’s theorem 100 
Rough bounds of a set 29 

Section, of rational numbers 16; of 
real numbers 28, 89 
Segment, of ratios 17; of real numbers 
29 

Semi-continuous functions 80 
Sequences, bounded 84, 42;. complex 
47; divergent and oscillatory 40; 
monotonic 45; unbounded 39: limits 
of 33 $eq> : of n and x, S^(x) 334 
Serial relations 7, 8 
Series, of positive terms 120 seg.; in 
general 130 ; uniform convergence of 
336 (see also Power series) 

Set 5 

Sides of a surface 316 
sigmmx 78 
Similarity of classes 6 
Simple curve 205 
Single-valued function 53 
Stationary values 112, (114), (275) 
Stokes’ theorem 328 
Successor 9 
Sufficiently near 59 
Sum of an infinite series 119, sum- 
function 835, 337, 338 
Superior number 35 
Surface integrals 318 $eq. 

Surfaces 309 seq.; area of 311 seq,; 
closed 320 ; elements of length and 
area on 311 ; regular 310 ; sides of 
316 

Taylor’s series 135 seq., 333 ; theorem 
103, 110, 235, (239) 

Term-by-term, derivation of series 341, 
346 ; integration 333, 346 
Tests for convergence, of series of 
positive terms 122 seg.; Cauchy’s 124; 
d’Alembert’s 123; Gauss’s 129; 
Rummer’s 127; Eaabe’s 129: of 


alternating series 131 ; uniform con- 
vergence, Weierstrass’s 341 
Total differential 232 
Transcendental function 54 
Transformations of spaces 293; con- 
formal 229 ; direct and inverse 300, 
323 ; orthogonal 297 ; polar 299 
Transitiveness 8 
Trigonometrical functions 351 
Triple integral 281, 284, 321 seq. 

Uniform continuity 72 

Uniform convergence 74, (190), 333 seq , ; 

of power series 343 
Uniform (single-valued) function 58 
Uniformity, concept of 74 
Uniformly convergent series, properties 
337 ; integration of 338 ; Weierstrass’s 
test for 341 
Unique limit 37 

Uniqueness, of inverse functions 242; 

of Taylor expansion 111 
Upper bound of a set 29 
Upper integral (J) 167, 281, (306) 
Upper limit, of sequences 34, 44 ; of 
function (83) 

Upper normal 317 
Upper side of surface 317 

Variables, independent and dependent 
56, 87, 221, 229, 248, 250 
Variation, bounded 205 ; positive, nega- 
tive and total 207 
Vector 22 
Vector area 312 

Volume, calculation of 305 ; definition 
of 279 ; in curvilinear coordinates 
328 ; in terms of surface integrals 322 

Wave equation 234 
Weierstrass’s non-derivable function 99, 
164; test for uniform convergence 
341 ; theorem on limit points 32 

Young’s definition of surface area 312 
Young’s form of Taylor’s theorem 110 




